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Unit 10 


Sequences and series 


Introduction 
Introduction 


This unit introduces the concept of a sequence, which is the mathematical 
name for a list of numbers arranged in a particular order. The list can stop 
at a particular number, or it can contain infinitely many numbers. Here 
are some of the sequences discussed in the unit: 


[ee es ree 
7.15, 10.50, 13.85, 17.20, ..., 245.00 
1000, 950, 900, 850, ..., 0 


1000, 1050, 1102.50, 1157.63, 1215.51 
2000, 1400, 980, 686, 480.2, ... 


eG 2408 2”. 
1 ib ypu 1 
AS lO eto 
eel. faccll. 
Here the three dots ... stand for ‘and so on’, to indicate that the list 


continues. If the dots are followed by a number, then that number 
terminates the sequence. Otherwise, the sequence continues indefinitely. 


Several of the sequences above arise from practical situations, such as 
estimating the height of a bouncing ball on successive bounces. Each of 
them has a definite mathematical pattern, and you may like to try to spot 
the pattern now in each case. (However, do not spend longer than a few 
minutes on this. The patterns may become harder to spot as you move 
down the list.) You'll see later what pattern is associated with each 
sequence. 


In Section 1 you’ll meet two different ways, known as closed forms and 
recurrence systems, to specify sequences using formulas. A closed form is a 
formula for each term (individual number) in a sequence, whereas a 
recurrence system indicates what the first term is and how each subsequent 
term is related to the previous term in the sequence. 


In Section 2 you’ll study two special types of sequence, known as 
arithmetic and geometric sequences, which include the majority of the 
examples above. 


Section 3 explores how sequences can be visualised, and how they behave 
in the long term, that is, when a large number of terms are considered. 


In some eases, it’s possible to calculate the sum of the terms of a sequence, 
even if there are infinitely many of them. An expression that’s obtained by 
adding the terms of a sequence, such as 1+3+5+7+49, is known as a 
series. Series are the subject of Section 4. 


In Section 5 the focus moves from sequences to the binomial theorem. This 
important result enables you to multiply out expansions such as (1+ 2)4, 
(a +b)’ and (2y — 3)? quickly. 
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1 What is a sequence? 


In this section you'll meet some notation used for sequences, and two 
different ways to specify sequences using formulas. 


1.1 Sequence notation 


We frequently see lists of numbers arranged in order. For example, a list of 
numbers can be used to represent a quantity that’s varying over time, such 
as the midday temperature (in °C) at a particular location, recorded each 


day for a week: 
(SA IOP ING! UO bere) er 


or the amount of money (in £) in a savings account on each | January 
over a five-year period: 


1000.00, 1050.00, 1102.50, 1157.63, 1215.51. 


In mathematics, a list of numbers is called a sequence, and each number 
in the list is called a term of the sequence. 


A sequence that has a finite number of terms (and hence has a last term as 
well as a first term) is called a finite sequence, whereas a sequence that 
has an infinite number of terms is called an infinite sequence. 


For example, 
ee eave OO te 


is a finite sequence, whose first term is 13 and whose last term is 8. On the 
other hand, the sequence of odd natural numbers, 


lie gers OC 


goes on forever, with first term 1 but no last term, so this is an infinite 
sequence. For each term in the sequence there is always a next term, an 
odd number 2 greater than the one before, so the sequence has no end. 


Many sequences have a structure, or pattern, that allows us to give a 
concise description of the sequence and helps us to understand its 
behaviour. For example, the sequence 1,3,5,7,9,... has a simple 
mathematical structure; each term is exactly 2 more than the previous 
term: 


Lo a ee 


The savings account sequence 1000, 1050, ..., 1215.51 also has a simple 
structure, though this is less obvious. For this sequence, you can check 
that, to three significant figures: 


1050 _ 1.05 1102700) ee Mee. 63 Ly 1215.51 
1000 sc, Ry ee 1102.50 | CS iio ae 


so each term is 1.05 times the previous term (approximately, at least). 


This pattern arises because the savings account pays compound interest of 
5% per annum, and there have been no withdrawals. We consider this 
sequence again in Section 2. 


The last two fractions above are not exactly equal to 1.05 because the 
numbers in the sequence have been rounded to two decimal places, that is, 
to the nearest penny. Without this rounding the sequence would be 


1000.00, 1050.00, 1102.50, 1157.625, 1215.506 25, 


for which each term is exactly 1.05 times the previous term. 


There’s no reason to suppose that the temperature sequence above has any 
simple mathematical structure, since it is obtained by making independent 
measurements each day. In this unit, we’ll investigate various types of 
sequence that do have simple underlying mathematical structures. Such 
sequences arise in various real-world situations and have many applications. 


First, however, here’s some notation associated with sequences. In 
elementary algebra, we use letters such as a,b,c, x,y,z, A,B,C, and so on, 
to represent variables. With a sequence, we represent the terms by using 
one particular letter with an attached subscript; this subscript is an integer 
that indicates which term of the sequence is referred to. Thus the sequence 


@1, 42, 43, ---, 10 


has 10 terms, the first being a; and the last being aj9. This notation is 

called subscript notation (or suffix notation). The terms above are 

read as: a-one (or a-sub-one), a-two (or a-sub-two), and so on. (You’ve 

seen subscripts used previously, for coordinates in Unit 2, and for vector 
components in Unit 5.) 


Sometimes it is possible to choose an appropriate letter for a sequence. For 
example, you might use t for the temperature sequence. Since the first 
term is 13, you write t; = 13, and so on, giving 

pe — et 10 10 tg 10 tg 9 ty = 8. 
You can use either upper- or lower-case letters to represent sequences. ‘The 
use of appropriate letters can be helpful, especially when dealing with 
several sequences, but it is not necessary and indeed not always possible. 


If you want to refer to a general term of a sequence, rather than a 
particular term, then you use a letter for the subscript as well, as follows: 


a, denotes the term of the sequence with subscript n. 


Here n represents a natural number in the appropriate range; for example, 


for the sequence a1, @2,..-,d@10, the range of n is 1,2,...,10. In 
mathematics, the letter n often represents a natural number or, more 
generally, an integer; that is, one of the numbers ..., —2,— 1,0, 1,2... . 


Other letters commonly used to represent integers are 7, j, k, 1, m, p and q. 


The notation a, denotes an individual term of a sequence — the term with 
subscript n. You can represent a whole sequence by using notation such as 
the following: 


(an), denotes the finite sequence a), 42, 43, ---, 17 


(an)°2., denotes the infinite sequence a1, @2, a3, ---- 
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Because infinite sequences occur frequently, we use the abbreviated 
= CO 
notation (a,), with no subscript values, to mean (an )p2y. That 1s; 
(an) denotes the infinite sequence a1, a2, 43, ---- 


The variable n in the notation for a sequence is sometimes referred to as 
the index variable for the sequence. It’s a dummy variable: you can 
change it to any other variable name you like without changing the 
meaning. For example, 

(Gn)nei1, (@i)@21 and (ax) gar 
all denote the same sequence a1, d2,a3,.... (The idea of a dummy variable 
featured also in Unit 8.) 


Activity 1 Using sequence notation 


Consider the infinite sequence 

(Gales with: tering 1747, On or. 1 Oreo tees 
(a) Write down the values of b; and 64. 
(b) For which value of n is b, = 16? 


(c) Can you write down the value of bo? 


1.2 Closed forms for sequences 


The notation a, is useful when you want to specify a sequence by giving a 
formula for the terms. For example, suppose that you want to specify the 
infinite sequence of perfect squares: 


ae Osean ae) ae 
If you choose to represent this sequence using the letter s (for square), then 
S] =]? sq = 27, 83 = 3°, s4 = 4’, 


For a general natural number n, we have s, = n?, which is a formula for 
the general term, called the nth term, of the sequence. To complete the 
specification of the sequence, you need to state the range of values of the 
subscript n. You do this using brackets, as follows: 


Sn =n? (teat Seen) 


Note that it’s important to include the range of values of n here. It tells 
you that for this particular sequence the first term corresponds to n = 1 
and that the sequence continues indefinitely, rather than stopping after 
some number of terms. 


A formula like s, = n?, for defining a sequence in terms of the subscript n, 
is called a closed form (or a closed-form formula). A closed form for a 
sequence enables you to calculate any term of the sequence directly, once 


yow’re given the value of n. Unfortunately, however, not all sequences have 
such a formula. 


Closed form for a sequence 


A closed form for a sequence is a formula that defines the general 
term dp as an expression involving the subscript n. To specify a 
sequence using a closed form, two pieces of information are needed: 


e the closed form 


e the range of values for the subscript n. 


Example 1 Using closed forms for sequences 


For each of the sequences specified by the following closed forms and 
ranges of values of n, find the first four terms and the 10th term. 


Cap 2 mn (w= 1,2, 352.) 
ono, ln nS 10978 2) 
Solution 


©. Substitute in turn n = 1,2,3,4,10 into the closed form for each 
sequence. £2 


6) so,=/2) = = 1 (byob ii =4 
OS OH? Hf bg = 1/27 = 1/4 
a3 = 22-3? =-1 bs 1s = 1/9 
ipa A= 0 ba 14 1/16 
Gwe 2 — 102 = 024 big = 17100 = 1/100 


Here are some examples for you to try. 


Activity 2. Using closed forms 
For each of the sequences specified by the following closed forms and 
ranges of values of n, find the first five terms and the 100th term. 
omy yt — 1, 2,3, vp) (RU tenia 2, See) 
fhe 1 (1, 273,42.) (CCl) icles (a) rai aged De) 
ee (2) (1, 2,3...) 
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Notice the device used in Activity 2(c)—(e) to specify a sequence whose 
terms alternate in sign (that is, are alternately positive and negative). The 
expression (—1)” has value —1 when n is odd and 1 when n is even, and 
the expression (—1)"*+! has value 1 when n is odd and —1 when n is even. 


In part (e), (—2)” = (—1)"2”. 


If you’re given some terms of a particular sequence, then you may be able 
to spot a closed form for the sequence by recognising the pattern involved. 
It’s helpful to consider questions such as the following. 


e Is the nth term a constant multiple of n or of some fixed power of n? 


e Is the nth term a constant multiple of the nth power of some fixed 
number? 


e Do the terms alternate in sign? 


Activity 3. Spotting closed forms 


For each of the following sequences, given by the first four terms, try to 
spot a closed form for the sequence. Denote the nth term of the sequence 
by a, in each case. Then use your closed form to find the 10th term in the 
sequence. 


(Don’t spend more than a short time attempting each part. Some of the 
closed forms are harder to spot than others.) 


(Ayr 2 34 oe (by eat 8 16. cea | 
(1S 9273504. eee (CRO OO One (f) 5,3, 3,2, ... 
(g) 2, —4, 6, —8, ... 


When you write down a closed form for a sequence, you should usually also 
write down the subscript range, as demonstrated in the solution to 
Activity 3, so that you have fully specified the sequence. 


So far you’ve represented sequences using the subscript 1 for the first term. 
For example, you’ve seen that you can represent a sequence as 

a1, 42,a3,.... This seems natural and easy to remember, but there are 
occasions when it is convenient to be flexible about how you represent the 
first term. Consider, for example, the sequence 


AC weal Oi. eet 
This is a sequence of powers of 2: 

Pe ea 
You can specify this sequence in closed form, using @, = 2”, but only if 
you start numbering the subscripts from 0 rather than from 1: 

Caan (Ud) AO ee 


In this case, the simplicity of the formula a, = 2” generally outweighs any 
inconvenience of starting with ag. There is the possibility of confusion in 


having ao as the first term of a sequence, with a, as second term, and so 
on, but with practice this should not cause difficulties. If it were 
considered essential to have the first term with subscript 1, then you could 
specify the sequence as follows: 


i ee ee eee 
Then, for example, b; = 2'~! = 2° = 1, 


Further flexibility about the subscript for the first term of a sequence is 
sometimes useful, as illustrated in the next activity. 


Activity 4 Using a subscript other than 1 for the first term 


(a) For each of the following closed forms and ranges of values of n, find 
the first three terms of the sequence specified. 


CG, = (ee 


eee) i a 

Ci) bre Gs) ay ( Dae Aad) 
i 21933 

(iii) ea aay Ci 4 Gin oes) 


(b) For each of the following sequences, given by the first four terms, try 
to spot a closed form for the sequence, using the notation specified. 
Then use your closed form to find the sixth term in the sequence. 
(Don’t spend more than a short time attempting each part.) 


(i) 1, 3, 9, 27, ... (general term d,, first term do) 
ye eae a. 
(ii) Bol piay a? (general term e,,, first term e5) 
1 Pell: il 
(iii) 7) eee are (general term f,,, first term f2) 


The sequences in parts (a)(ii) and (a)(iii) of Activity 4 illustrate the fact 
that two sequences whose descriptions appear to be different at first sight 
can actually have exactly the same terms. This activity also highlights the 
importance of including the range of values of n in the definition of the 
sequence. 


It’s sometimes useful to convert a closed form for a sequence into a 
different closed form for the same sequence, which uses a different 
subscript for the first term. Here’s an example. 
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CS) Example 2. Changing the subscripts used for a sequence 
Consider the sequence given by the closed form 
in = nin 2) (7 = 1,2,3,-.-). 
For the same sequence, find a closed form 
beet iS Ol eae 
Solution 


©. The value of n corresponding to each term is reduced by 1 in 
moving from (ap) to (by), so you need to replace each occurrence of 
in the formula for the term by n + 1, to leave the term unchanged. Ba 


The required closed forrn is 
bn = (n+1)(n+1+2) @=0,1,2,.--); 
that is, 
b= (nee Gr 3)e 0, eel 
©. As a check, the closed form for (a,,) gives 
d= XB, Oo 2 X45. Gs = 3 5, 
The closed form obtained for (b,,) gives 
Oy =e Ue Oa a 


which is the same sequence. £? 


Activity 5 Changing the subscripts used for sequences 


(a) For each of the sequences (a,,) given by the following closed forms, 
write down a closed form b, =... (n=0,1,2,...) that specifies the 
same sequence. 


(GG elie les ees) 

CU ee a MaRS 
(RG noe = ee) 
(WY) Gp 4) (pe TD) 


For each of the sequences (a,,) given by the following closed forms, 


write down a closed form b, =... (n= 1,2,3,...) that specifies the 
same sequence. 


(i) Fae 04" 0 12 es) 
Cr Oe 


© 
iat 


(iii) an == (mn =0,1,2,...) 
(iV). yp pe eet) ee eee) 


10 


(c) For each of the sequences (an) given by the following closed forms, 
write down a closed form b, =... (n = 2,3,4,...) that specifies the 
same sequence. 

mr 


GQ) ta = (=O le doe 2) 


Ti 1 
i) 
(n + 1)(n + 3) 


(Gils Gi = CS ae) 


It’s implicit in what we’ve done so far that where a simple pattern is 
evident from the first few terms of a sequence, that pattern is assumed to 
continue unchanged. For example, in Activity 3(d) you were asked to find 
a closed form for the sequence 1,8, 27,64,.... The answer 


An = n° ated Oe) 
was found by spotting that the first four terms are the cubes of 1, 2,3, 4, 
respectively, and assuming that this pattern continues. However, 


alternative closed forms can be written down that give the same first four 
terms; one of these is 


a nn 2 s)\(n— 4) (n= 1,2,3%...)) 


The terms of the sequence (b,,) differ from those of (a,) from the fifth term 
onwards, so these are different sequences. In general, no finite number of 
terms can describe a sequence without ambiguity, whereas a sequence 
described by a closed form with a subscript range is unambiguously 
defined. Where sequences are described by giving the first few terms, we 
shall always assume that any simple pattern that is evident continues for 
the remainder of the sequence. 


1.3 Recurrence relations for sequences 


Some sequences have the property that each term (after the first) can be 
obtained from the previous term by using a formula. For example, consider 
the sequence with closed form a, = 7n (n = 1,2,3,...). Its terms are 


hase Ohl OR ei ae 


Each term (after the first) of this sequence can be obtained from the 
previous term by adding 7: 


ag=a,+7, ag3=agt7, a=az+?, 
If a term (after the first) has subscript n, then the previous term has 
subscript n — 1, so you can write 

pete) I 22, by 4, 22) 


Note that the range of values of n here begins with 2 rather than 1, 
because 2 is the first value of n for which the equation a, = Gn—1 + 7 
applies. 
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In a similar way, the sequence with closed fori y= 27? = 0) a), 
whose terms are 

eres eG eee, 
has the property that each term (after the first) is always twice the 
previous term: 

b, =2bo, b2=2b1, 63 = 262, 
Hence you can write 

On = 2b; 51 Gori DES rare) 


A formula like an = @n_1 +7 or bn = 2bn—-1, which allows each term of a 
sequence (after the first) to be obtained from the previous term, is called a 
recurrence relation. It’s more specifically a first-order recurrence 
relation because it involves only the immediately preceding term of the 
sequence. (A second-order recurrence relation would involve the preceding 
two terms, and so on.) In this module, the words ‘recurrence relation’ 
always refer to a first-order recurrence relation, unless otherwise stated. 


If you have a recurrence relation for a sequence, and you also know the 
first term of the sequence, then in principle you can determine any term of 
the sequence by starting from the first term and repeatedly applying the 
recurrence relation. For example, from the recurrence relation 


iba, te en 

and the first term 7; = 2, you can successively calculate 
Cir 
io 2, 
t3 =a. = 47 = 16, 


t= se = Ne = UNE, 


and so on. Here the expression ee, for example, means (aa)? the square 
of U1. 


Notice that if you keep the same recurrence relation but change the first 
term, 21, then you obtain a different sequence; for example, with x; = 1, 
the recurrence relation above gives 2 =1, 3 =1,apf=1,...: 


Taken together, the specification of a first term, a recurrence relation and 
the range of values of n for which the recurrence relation applies is called a 
recurrence system, and the resulting sequence is called a recurrence 
sequence. We display the three parts of a recurrence system as follows: 


Mai ie Pa al (i Se 


the first term of the sequence is on the left, and the recurrence relation and 
the range of values of n are on the right. If the first term of the sequence is 
labelled not as x, but as xo, say, then the range of values of n has to begin 
with 1 rather than 2, as follows: 


Ly =o (es ie (ele) e wae): 


Recurrence system for a sequence 


A recurrence relation for a sequence is an equation that defines 
each term other than the first as an expression involving the previous 
term. To specify a sequence using a recurrence system, three pieces 
of information are needed: 


e the value of the first term 
e the recurrence relation 


e the range of values for the subscript n. 


Example 3. Using recurrence systems for sequences 


For each of the following recurrence systems, find the first five terms 
of the sequence specified. 
CS ar paw bs Ge Oe ae 2 An 

1 
bn—1 


be Nicg = 1s Cree ie ee Baa, 


(b) b) =2, bn = (n = 2,3,4,...) 


Solution 
@. Apply the recurrence relation for each value of n in turn. © 
(a) nore. 

G39 Xa, = 3 

ag=5 x<ao—2=13 

a4 =5 X a3 —2= 63 

d=) X a4 —_2= 313 


(b) b) =2 
bo = 1/b1 = 5 
yl bg 2 
by = 1/b3 = 5 
bee l/by 2 
(c) Cel 


co= lx qg=1 
Creo Cy 2 
Cao Cp = 6 
CL 4 x C3 = 4 
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Activity 6 Using recurrence systems 


For each of the following recurrence systems, find the first five terms of the 
sequence specified. 

(aay == 0} Gy == OFins ea ae al Gv PSS a5) 

(b) b} = 1, by = bt 1) (2 Ae) 


n—1 
(C)imep 225 Culms (Ca at tae). cnet) (i= 12a ee) 


In part (c), round the terms to six decimal places when writing them 
down, but maintain full calculator precision when calculating each term. 


The sequence in Activity 6(c) has the property that it very rapidly gives 
good approximations to 2, as you can check by finding /2 on your 
calculator. A proof of this property is outside the scope of this module, 
but it illustrates an important use for recurrence systems, namely, that 
sequences defined by using recurrence systems can sometimes be used to 
calculate approximations to certain irrational numbers to as many decimal 
places as may be required. 


The next box summarises what you have seen in this section. 


Three ways to specify a sequence 
A sequence (a,) can be specified by giving one of the following. 


e The values of the first few terms, if we assume that any simple 
pattern that is apparent continues. 


e A closed form, 
Qn, = expression in 7, 
and a subscript range. This permits the value of a, to be found 
directly for any value of n in the subscript range. 


e A recurrence system, consisting of the value of the first term, a 
recurrence relation, 


Qn = expression involving an_1, 


and a range of values of the subscript n. This permits the value 
of a, to be found from the value of an—; for any value of n in the 
subscript range. 


It’s often (though not always) convenient to take the first subscript of a 


sequence to be 1, so to avoid constant repetition we adopt the following 
convention. 
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Convention 


The first term of a sequence (a;) is taken to be a, unless indicated 
otherwise. 


In the next section, you’ll study two particular types of recurrence system, 
and investigate whether closed forms can be found for the corresponding 
sequences. Many sequences defined by recurrence systems do have closed 
forms, but not all. 


2 Arithmetic and geometric sequences 


In this section, we consider two types of sequence that occur frequently in 
practice. 


2.1 Arithmetic sequences 


We begin with two sequences that arise in different ways but are of a 
similar mathematical type. 


First, consider the finite sequence 
(el orC om o.55,.01 1220, 2.4. -240.00. 


This sequence could represent the heights in metres above ground level of 
successive floors in a very tall building, from the first floor upwards. 

(The terms are similar to the heights in metres of the habitable floors of 
the Shard, in London.) We’ll call this sequence (hy), so hy = 7.15, 

he = 10:50), hz = 13.85; and ‘so on. 


To get from any term in this sequence to the next, we add the same 
number each time: 


ilo 3:40 = 10.50, 


ee to) The Shard, with St Paul’s 
13°35-- 5.50 = 17.20, Cathedral on the left 


and so on. The number 3.35 occurs here because it is the height difference 
in metres between successive floors. Thus this sequence can be defined by 
the recurrence system 


ral eee oe =, 23/35 © (n= 2, 3,4, - 772). 


The last value in the range of n here is 72 because, as will be confirmed 
later in this subsection, the last term in the sequence is h72. (The 72nd 
floor of the Shard is about 245 metres above ground level. The total height 
of the building is 310 metres.) 
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Next, consider the finite sequence 
1000, 950, 900, 850, ..., 0. 


This sequence could represent the volume, measured in litres on successive 
Saturdays, of oil in a tank supplying a boiler that uses 50 litres of oil per 
week, We'll call this sequence (vp), SO U1 = 1000, v2 = 950, v3 = 900, and 
so on. 


Once again, to get from any term in this sequence to the next, we add the 
same number each time: 


1000 + (—50) = 950, 
950 + (—50) = 900, 
900 + (—50) = 850, 


and so on. The negative number —50 occurs here because each week the 
volurne in the tank is reduced by 50 litres. Thus this sequence can be 
defined by the recurrence system 


v; = 1000, U, = 0,1 00, (it 2s 8,4 ee 


The last value in the range of m here is 21 because 1000 litres at 50 litres 
per week lasts 20 weeks, so the last term in the sequence is v2, = 0. 


Any sequence with the structure demonstrated above — the addition of a 
fixed number to obtain the next term — is called an arithmetic 
sequence, or alternatively an arithmetic progression. (In this context, 
‘arithmetic’ is pronounced with emphasis on the syllable ‘met’.) Thus a 
general arithmetic sequence is given by the recurrence system 


Ct = Ga; Pr ete Ct noe oe 


where a is the first term and d is the number that’s added to each term to 
give the next term. That is, d is the difference x, — 2,1 between any pair 
of successive terms, usually called the common difference of the 
sequence. Choosing the values of the first term a and the common 
difference d determines a particular arithmetic sequence; we call a and d 
the parameters of the arithmetic sequence. For example, the floor heights 
sequence has parameters a = 7.15 and d = 3.35, and the oil volumes 
sequence has parameters a = 1000 and d = —50. 


An arithmetic sequence (x,,) can be finite, as for the floor heights sequence 
and the oil volumes sequence, or infinite. Also, the first term can be x9 
rather than 2;, in which case the sequence is given by 


Ly = a igoe—ciee eee ai (taal eS 8. os) 


Activity 7 Recognising arithmetic sequences 


Which of the following recurrence systems define arithmetic sequences? 
For each arithmetic sequence, write down the values of the first term a and 
common difference d. 


(a) 2y=—1, ipo marth Wit eh. 80) 
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i ey = a (9 = 2, 34..2.) 
(Op reak C= net (1, ee.) 


Suppose now that you have been given the first few terms of an arithmetic 
sequence (z,,). How can you find its parameters a and d? Well, a is just 

the first term, and d is the difference x, — x,_1 between any two successive 
terms x, and x,_; in the sequence, as illustrated in the following example. 


Example 4 Finding parameters of arithmetic sequences 


(a) For the infinite arithmetic sequence (x,,) whose first four terms 
are 
100, 95, 90, 85, 


find the values of the first term a and common difference d, and 
write down the corresponding recurrence system. Calculate also 
the next two terms of the sequence. 


(b) Repeat part (a) for the infinite arithmetic sequence (yp) whose 
first four terms are 


ih PAS rs 
ee ae 
Solution 


©. By the convention stated on page 15, take the first term of each 
sequence to have subscript 1. 


Remember that to specify a recurrence system, you have to write 
down three things: the first term, the recurrence relation and the 
subscript range. © 


(a) The first term is a = 100, and the common difference is 
d = 95 — 100 = —5. So a suitable recurrence system is 


£1 = 100, Leen ea eee eas Js) 
The next two terms are 

f5 = %4—5 = 85 —5 = 80, 

eth 0 = 0 — 0 =, 10; 

(b) The first term is a = $, and the common difference is 
d= 1 — : = ;- So a suitable recurrence system is 
Bie i ep ict 12,3 Ag,:) 

The next two terms are 


y= yet g=l+7z= 


5 
4? 

a ee es 
YeoH=YetqgqrHati=5 
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Activity 8 Finding parameters of arithmetic sequences 


(a) For the infinite arithmetic sequence (x) whose first four terms are 
ee Ok 


find the values of the first term a and common difference d, and write 
down the corresponding recurrence system. Calculate also the next 
two terms of the sequence. 


(b) Repeat part (a) for the infinite arithmetic sequence (yp) whose first 
four terms are 


Ta, es) 


(c) Repeat part (a) for the finite arithmetic sequence (zn) with eleven 
terms, whose first four terms are 


iL OCS, OL 


A special type of arithmetic sequence arises when the common difference d 
is zero. In this case, each term of the sequence is equal to the first term. 
Such a sequence is called a constant sequence. For example, 


OO eo 


is a constant sequence. 


Finite arithmetic sequences 


As you’ve seen, the method of finding the values of the parameters a and d 
is the same for any arithmetic sequence, whether it’s finite or infinite. For 
an infinite sequence, the recurrence system has the form 


C= a, Dy yee de eee 


whereas for a finite sequence, with N terms say, the recurrence system has 
the form 


Pipa = Byes a oe eee oe 


Here the final number in the range of values of n is N because the final 
term xy is obtained by applying the recurrence relation with n = N. 


If you have the first few terms and the last term of a particular finite 
arithmetic sequence, and you want to find a recurrence system that 
specifies the sequence, then you need to find not only the values of the 
parameters a and d, but also the subscript of the last term. To see how to 
do this, consider the floor heights sequence, 


7.15, 10.50, 13.85, 17.20, ..., 245.00. 


To find how many terms there are in the sequence, you need to work out 
how many times the common difference 3.35 has been added to the first 
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term 7.15 to produce the last term 245.00. The total amount added is 
245.00 — 7.15, so the number of times that 3.35 has been added is 


245.00 — 7.15 
3.35 


So there are 71 terms of the sequence after the first term, and hence there 
are 72 terms altogether. The corresponding recurrence system for the floor 
heights sequence is therefore 


hp t15, = bp =hp-t+3.05 (n= 2,3,4,..-,72), 


aie 


as stated earlier. In general, the number of terms of a finite non-constant 
arithmetic sequence is given by 


last term — first term 
number of terms = 


common difference 


That is, if a finite arithmetic sequence has N terms, with first term 71, last 
term xy and common difference d, then 


eh 
SS ee ele 
vot (1) 


You ll meet this equation in a slightly different form in the next subsection. 


Activity 9 Finding the number of terms in a finite arithmetic 
sequence 
(a) Find the number of terms in the finite arithmetic sequence 
100029 70.9405 910, 22410. 


(b) Hence write down a recurrence system for this sequence, denoting the 
nth term by Zp. 


2.2 Closed forms for arithmetic sequences 


Arithmetic sequences have a particularly simple form: to get from one 
term to the next, you add the same number each time. This pattern allows 
you to obtain closed forms for such sequences, which makes them easier to 
handle mathematically. 


To see how to do this, consider the sequence 

Demo Whe 14s, co, 
This is a finite arithmetic sequence with parameters a = 5, d= 3 and 
12 terms, which can be described by the recurrence system 

OaMay bebe 8 (= 234 12). 


So b; = 5, b2 = 8, and so on, up to bj2 = 38. The way in which the terms 
of this sequence are obtained from the recurrence relation can be pictured 
as follows. 
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Figure 1 Obtaining the terms of an arithmetic sequence 
Starting from b; = 5, 

to obtain be, we add 3, 

to obtain b3, we add 3 twice, 

to obtain b4, we add 3 three times, 


and so on. In each case the number of added 3s is one fewer than the 
subscript on the left. Thus, to obtain the general term b,,, you have to 
add 3 exactly n — 1 times; that is, you add 3(n — 1). This gives the value 
of the general term as 


Bp = D8 ie ee (i LA ee 2), 
which can be simplified to 
bon ais roe) 


(Notice that the first value in this range of n is 1, whereas the first value in 
the range of the recurrence relation was 2.) 


For example, using this closed form we find that bs = 3 x 4+ 2 = 14, as 
expected. 


The reasoning above can be applied to a general arithmetic sequence, to 
obtain a formula for the nth term. Consider the arithmetic sequence given 
by the recurrence system 


i= a, La Oy et en ae 


Figure 2 shows how each successive term is obtained from the term before. 


add d add d add d add d 


| @ |—msfata]| ala baa] eo a ie a 
seal v2 v3 Ln 


Figure 2. Obtaining the terms of a general arithmetic sequence 


To obtain a general term x,, you start with x; = a@ and add d exactly 
n—1 times, sot, =a+ (n—1)d. 
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Closed form for an arithmetic sequence 
The arithmetic sequence with recurrence system 

CT Sa: ee et On We, hh | 
has the closed form and subscript range 


pee ANG Mie 20S) a) 


If you have a finite arithmetic sequence, with N terms say, then it has the 
closed form stated in the box above, but a finite subscript range: 


15 = (Op ctl = 16 Naa | (Ciel ae es earorers A 


It’s easy to check that the formula in the box above gives the correct 
answers for the first few terms. For example, when n = 1 and n = 2, the 
formula gives the correct values x; = a and x42 =a+d. 


You can simplify the expression a + (n — 1)d in the closed form for an 
arithmetic sequence when a and d have particular values. For example, 


5+ 3(n—1) =3n+2. 


The next example and activity are about applying the closed form in the 
box above to particular sequences. 


Example 5 Finding a closed form for an arithmetic sequence 


Find a closed form for the arithmetic sequence 5,9,13,17,..., given 
by the recurrence system 


Taya, ee Bnet (ie, By A 


Check that your answer gives the correct value for the fourth term, 
and also calculate the 10th term of the sequence. 


Solution 
@. Apply the closed-form formula 7, = a+(n—1)d 
(n=1,2,3,...). # 


Since a = 5 and d = 4, the closed form is 
In = 5 +4(n — 1) 
eta n= 22, 3,....:): 
This gives 4 = 4 x 4+ 1 = 17, as expected, and also 
%i9 = 4x 104+1= 41. 
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Activity 10 Finding a closed form for an arithmetic sequence 


(a) Find a closed form for the arithmetic sequence 1,4,7,10,..., given by 
the recurrence system 


Tesile Fie a er. (i= 2, 3A eee 


Check that your answer gives the correct value for the fourth term, 
and also calculate the 10th term of the sequence. 


(b) Repeat part (a) for the arithmetic sequence An 3.24.3, 9 Anes welmem 
by the recurrence system 


ut = 2.1 Vp Sy ar acl! Gig Aes 


(c) Repeat part (a) for the arithmetic sequence 1, 0.9,.0.8,.0:7,. 4. , 0.given 
by the recurrence system 


cia ls pears sr (alee (Triav the ane 


(You were asked to write down the recurrence systems for these sequences 
in Activity 8.) 


Note that if a finite arithmetic sequence has last term xy, then the closed 
form that you’ve met gives 


oy =a+(N —1)d, 
which can be written as 
LN =21+(N—- ae 


This is a rearrangement of equation (1) on page 19, so the two formulas 
are really just saying the same thing. 


Finally, note that an arithmetic sequence with first term a and common 
difference d has an alternative closed form that’s sometimes useful. The 
closed form that you’ve met, 


Eee eta oe ee 


holds when the subscript n takes values starting from 1. If instead you 
choose to have the subscript n start from 0, then the closed form is 


Oy an se (io (ie OS ed rae 
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2.3. Geometric sequences 


Next we investigate a different type of sequence. We begin once again with 
two sequences from real-world contexts. 


First, consider the savings account sequence, 
1000.00, 1050.00, 1102.50, 1157.63, 1215.51. 


This represents the amount of money (in £) in a savings account on each 
successive 1 January over a five-year period. As pointed out in 

Subsection 1.1, the terms of this sequence after the third term have been 
rounded to two decimal places, since they are amounts of money and hence 
need to be expressed to the nearest penny. The corresponding sequence 
with unrounded values is 


TOCOM LOS 0 0225 stl 76259 1215-50625. 


We shall call this unrounded sequence (s,,), so s1 = 1000, s2 = 1050, 
s3 = 1102.50, and so on. 


To get from any term in this sequence to the next, we multiply by the 
same number each time: 


1.05 x 1000 = 1050, 
1.05 x 1050 = 1102.50, 
1205.0 1102.50 = 1157.62, 


and so on. The number 1.05 occurs here because the interest added at the 
end of each year is 0.05 times (that is, 5% of) the amount in the account 
at the beginning of the year. Thus this sequence can be defined by the 
recurrence system 


8, = 1000, B= Oost i= 2635450): 


Here the range of values of n stops at 5, since the last term in the sequence 
is s5. Note that, where rounding is required, you should carry out the 
complete calculation for each term using exact arithmetic first and round 
only at the end, rather than rounding at each application of the recurrence 
relation. 


Next, consider the sequence 
2000, 1400, 980, 686, 480.2, .... 


This could represent the heights, measured in millimetres, of successive 
bounces of a ball that is assumed to rebound to 70% of the height from 
which it falls. We shall call this sequence (h,,), so hy = 2000, ho = 1400, 
hz = 980, and so on. 


Once again, to get from any term in this sequence to the next, we multiply 
by the same number each time: 


0.7 x 2000 = 1400, 
Ver -< 1400 — 930), 
0:7 x 980 = 686, 
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and so on. The number 0.7 occurs here because each successive height is 
70% of the previous one. Thus this sequence can be defined by the 
recurrence system 


hy = 2000, hg =O-thyar (1 2;3,43-5.); 
where we have assumed (unrealistically) that the ball will bounce infinitely 
many times. 


Any sequence with the structure demonstrated above — multiplication by a 
fixed number to obtain the next term — is called a geometric sequence, 
or alternatively a geometric progression. Thus a general geometric 
sequence is given by the recurrence system 


iO CT oa yy ae a) 


where a is the first term and r is the number by which you multiply each 
term to obtain the next term. That is, r is the constant ratio Dean OF 
any two successive terms, often called the common ratio of the sequence. 
Choosing the values of the first term a and common ratio r determines a 
particular geometric sequence; we call a and r the parameters of the 
geometric sequence. For example, the savings account sequence (sp) has 
parameters a = 1000 and r = 1.05, and the bouncing ball sequence (hn) 
has parameters a = 2000 and r = 0.7. 


A geometric sequence (x,,) can be finite, as for the savings account 
sequence, or infinite, as for the bouncing ball sequence. ‘The first term can 
be xo rather than x1, in which case the sequence is given by the recurrence 
system 


Lo as CT Open Aa 2, Oe 
Notice that when r = 1 we obtain the constant sequence a, a,d,..., SO 


constant sequences are not only a special type of arithmetic sequence, as 
you saw earlier, but also a special type of geometric sequence. 


Activity 11 Recognising geometric sequences 


Which of the following recurrence systems define geometric sequences? For 
each geometric sequence, write down the values of the first term @ and 
common ratio r. 

(en Da — Sine (ita ee 

(oe g sie Ue = =0:9pan A 

(C) ea 2 = ee a ee) 


Suppose now that you know the first few terms of a geometric 

sequence (x,,) and you want to find its parameters. As with arithmetic 
sequences, the parameter a is just the first term. The other parameter, r, 
is the ratio of any pair of successive terms. 


The next example and activity are about finding the parameters for some 
geometric sequences, and so obtaining recurrence systems for these 
sequences. 
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Example 6 Finding parameters of geometric sequences 
(a) For the infinite geometric sequence (2) whose first four terms are 
2 SAS 6.75, 


find the values of the first term a and common ratio r, and write 
down the corresponding recurrence system. Hence calculate the 
next two terms of the sequence, to three decimal places. 


(b) Repeat part (a) for the infinite geometric sequence (yp) whose 
first four terms are 


100, 99, 98.01, 97.0299, 
calculating the next two terms to three significant figures. 
Solution 


©. Using the convention stated on page 15, take the first term of each 
sequence to have subscript 1. 


Remember that to specify a recurrence system, you have to write 
down three things: the first term, the recurrence relation and the 
subscript range. © 


(a) The first term is a = 2, and the common ratio is 
r = (—3)/2 = —1.5. So the recurrence system is 


Ce ae Ge OTe Cie A el 
The next two terms are 


G5 = — 1.5604 = — 1 & (= 6:75) 210.125 


xe = —1.545 = —1.5 x 10.125 = —15.1875 = —15.188 (to 3 d.p.). 


(b) The first term is a = 100, and the common ratio is 
r = 99/100 = 0.99. So the recurrence system is 
i= 100." 0, = O-O0tnet (mad, 0, 4.6 cp, 
The next two terms are 
ys = 0.99y4 
= 0.99 x 97.0299 
= 96.059 601 = 96.1 (to 3 s-f.), 
Yo = 0.99y5 
= 0.99 x 96.059 601 
= 95.099 004... = 95.1 (to 3 s-f.). 


® 
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Activity 12 Finding parameters of geometric sequences 


(a) For the infinite geometric sequence (x,) whose first four terms are 


ede il 
Ik Do AS 5 
find the values of the first term a and common ratio r, and write down 
the corresponding recurrence system. Calculate also the next two 


terms of the sequence. 


(b) Repeat part (a) for the infinite geometric sequence (Yn) whose first 
four terms are 


AD. 7 VAw12.138,.20.6346: 
Give the next two terms to three decimal places. 


(c) Repeat part (a) for the infinite geometric sequence (zn) whose first 
four terms are 


Oe 


Finite geometric sequences 


The method of finding values for the parameters a and r is the same for 
any geometric sequence, whether it is finite or infinite. However, for a 
finite sequence you may need to find how many terms there are, as you did 
for finite arithmetic sequences. 


For example, suppose that the savings account sequence is changed by 
lengthening the period over which the account balance accumulates, giving 
this sequence of annual balances: 


1000-00; 1050.00, 1102.50, 1157.63; 222, 2073-93: 


Here, as before, the amounts are rounded, after their calculation, to two 
decimal places (that is, to the nearest penny, since the amounts are 
measured in £). As before, the interest rate is 5% per year, and hence each 
term (before rounding) is 1.05 times the previous term. How can you find 
the number of years for which the money is kept in the account? In other 
words, how many terms are there in the sequence? 


Apart from the rounding that takes place, this is a finite geometric 
sequence with first term 1000, last term 2078.93 and common ratio 1.05. 
In order to determine how many terms there are in the sequence, N say, 
you need to find how many times s; = 1000 has to be multiplied by 1.05 in 
order to obtain sj = 2078.93. Since progressing from s; to sy involves 

N — 1 multiplications by 1.05, we have 


1000 x 1.05% —! = 2078.93. 


This is an exponential equation of a type that you saw how to solve in 
Subsection 4.4 of Unit 3. Dividing through by 1000 and taking the natural 
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logarithm of both sides gives 


2078.93 
105 St = 2. 
1000 2.078 93 
(N — 1)In 1.05 = In2.078 93 
In 2.078 93 
[Na rene eG qe 
- near 16.0000 (to 4d.p.) 


(Recall that the value of sy has been rounded to two decimal places, so it 
is not surprising that the outcome for N is not exactly an integer.) 


Hence there are 16 terms in the sequence, and the corresponding 
recurrence system is 


s; = 1000, Sra 0S = 1 i= 20d, 4. en IO) 


The same argument can be applied in the general case. If the finite 


geometric sequence 21, %2,%3,...,¢y has common ratio r, then you obtain 
xn from x; by multiplying by r exactly N — 1 times. That is, 
IN = ar a, 


So you can find the number of terms, N, in the sequence by solving the 
following equation for N: 
x 
jit alg 
neal 
You can always do this by using logarithms, as above (except in the simple 
special cases where 7; = 0, r = 0 or r = +1). However, care is needed if 
r <0. In this case, you can find N by solving the equation 
I7|¥—! = |2n/a1| by using logarithms. 


Here is an example for you to try. 


Activity 13. Finding the number of terms in a finite geometric 
sequence 


(a) Find the number of terms in the finite geometric sequence (Zp) whose 
terms are 


Te Oe Ts 2 TB E87: 


(b) Hence write down a recurrence system for this sequence. 


The situation posed above for the savings account, in which sy = 2078.93 
is known but N is unknown, is somewhat artificial. A more realistic 
question is: how many years will it take for an initial sum of £1000, placed 
in a savings account paying 5% interest per year, to double in value? In 
other words, what is the smallest value of N for which sy > 2000? 


This question can be answered with a similar approach to that above, by 
solving the equation 


1000 x 1.05% —! = 2000. 


27 


Unit 10 Sequences and series 


28 


The solution is given by 


|Wrau 
ee ee 2067 (co One 
NS ata ( P.) 


This shows that when N = 15 the account balance has not yet reached 
twice its initial value, whereas when N = 16 it has more than doubled. 


2.4 Closed forms for geometric sequences 


Geometric sequences, like arithmetic sequences, have a particularly simple 
form: to get from one term to the next, you multiply by the same number 
each time. This pattern allows you to obtain a closed form for such 
sequences. 


To see how to do this, consider the bouncing ball sequence, 
2000, 1400, 980, 686, 480.2, .... 


This is a geometric sequence with parameters a = 2000 and r = 0.7, which 
can be defined as 


fo = AUS), h, 20. tina (ie 273,45) 


The way in which the terms of this sequence are obtained from the 
recurrence relation can be pictured as follows. 


ORO RY SHOT SOULE 0% 
hy ho h3 ee 


Figure 3. Obtaining the terms of the bouncing ball sequence 
Starting from hy = 2000, 

to obtain hg, you multiply by 0.7, 

to obtain h3, you multiply by 0.7 twice, i.e. by One 

to obtain h4, you multiply by 0.7 three times, i.e. by yee 


and so on. To obtain the general term h,, you have to multiply by 0.7 
exactly n — 1 times; that is, you multiply by 0.7°-!. This gives the value 
of the general term as 2000 x 0.7”~1, so the closed form is 


he 2000SC07" =) Real ass ee 


For example, using this closed form you find that h4 = 2000 x 0.7? = 686, 
as expected. 


The reasoning above can be applied to a general geometric sequence to 
obtain a formula for the nth term. Consider the geometric sequence given 
by the recurrence system 


Li =a, Cea TT iat) Gee Oe 
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Figure 4 shows how each successive term is obtained from the term before. 


aah eo xT OMe 
[ree eee 
Ly 2 x3 Gir, 


Figure 4 Obtaining the terms of a general geometric sequence 


To obtain a general term x, you start with 7; =a and multiply by r 
exactly n — 1 times, so x, = ar™"!. 


Closed form for a geometric sequence 
The geometric sequence with recurrence system 

Ly =i, CP eae RS ova i IC ik aN BO oe 
has the closed form and subscript range 


ie, ee eee eee 


If you have a finite geometric sequence, with N terms say, then it has the 
closed form stated in the box above, but a finite subscript range: 


Tore (eo ee), 


Once again, you can check that this formula gives the correct answers for 
the first few terms. For example, in the cases n = 1 and n = 2, the formula 
gives the correct values x; = a and x2 = ar. Also, if the ratio is r = 1, then 
you obtain the constant sequence zr, = a (n = 1,2,3,...), as expected. 


The next example and activity are about applying the closed form in the 
box above to particular sequences. 


Example 7 Finding a closed form for a geometric sequence 


Find a closed form for the geometric sequence 2,6, 18,54,..., given by 
the recurrence system 


Ty 2, EES Utne 1 1 2A On es we 5): 


Check that your answer gives the correct value for the fourth term, 
and also calculate the 10th term of the sequence. 
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Solution 
©. Apply the closed-form formula %, = ar” (n= 12,35 
Since a = 2 and r = 3, the closed form is 
tq ORO Ga 1 oe) 
This gives 24 = 2 X 34-1 — 54, as expected, and also 


i eB ge ee Oe 


Activity 14 Finding a closed form for a geometric sequence 


(a) Find a closed form for the geometric sequence 1, 55 i z, ..., given by 
the recurrence system 
1 =1, i, = Sip) (ee 


Check that your answer gives the correct value for the fourth term, 
and also calculate the 10th term of the sequence (correct to four 
significant figures). 


(b) Repeat part (a) for the geometric sequence 
4.2, 7.14, 12.138, 20.6346, ..., given by the recurrence system 


yi = 4.2, Ue Up ly gee 


(c) Repeat part (a) for the geometric sequence 2, —2, 2, —2,..., given by 
the recurrence system 


ee) i ee 


(You were asked to write down the recurrence systems for these sequences 
in Activity 12.) 


Finally, note that the geometric sequence with first term a and common 
ratio r has an alternative closed form that’s sometimes useful. The closed 
form that you’ve met, 


Ce ar als hoes 


holds when the subscript n takes values starting from 1. If instead you 
choose to have the subscript n start from 0, then the closed form is 


Te (n = 0c 12a ay 


3 Graphs and long-term behaviour 


3 Graphs and long-term behaviour 


In this section you’ll see how the information contained in a sequence can 
be plotted on a graph. You'll then look at what can be said about the 
behaviour of a sequence after a large number of terms. 


3.1 Graphs of sequences 


In Unit 3 you were introduced to the idea of a function. You can think of 
any sequence as a function whose domain is the set of natural numbers 
{1,2,3,...}. For example, you can think of the sequence 


ile 2S aries ONG Fe ies omer 


as the function for which the input 1 gives the output 1, the input 2 gives 
the output 4, the input 3 gives the output 7, and so on, as shown in the 
mapping diagram in Figure 5. 


In general, the sequence (x,,)°°., defines a function for which each input 


number n gives the output z,, as shown in Figure 6. If you want the 
subscript of the first term of the sequence to be 0 rather than 1, then you 
should take the domain of the function to be {0,1,2,...} rather than 


{1,2,3,...}. You can make similar adjustments for other possible ranges of 


subscripts. 


Functions can be represented by graphs, and this is in particular true of 
sequences. Each term x, corresponds to a point (n,2,,) on the graph. The 
next example demonstrates how to plot a graph for a sequence. 


Example 8 Plotting the graph of an arithmetic sequence 


Plot a graph for the first six terms of the arithmetic sequence given 
by the closed form 


Meal on ie 1 Di hile): 
Solution 
The sequence is 1,4,7,10,13,16,.... 
@. Plot the points (n,z,) forn =1,2,3,...,6. & 
The points to be plotted are 
(ie)? 4), (3,7), (420), (5,13), (6,16). 


inputs outputs 


Figure 5 A sequence viewed 


as a function 


inputs outputs 


Figure 6 A general sequence 


viewed as a function 
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The graph for the first six terms is as follows. 


eh 


20> 


= 
We 


Activity 15 Plotting the graph of an arithmetic sequence 


Plot a graph for the first six terms of the arithmetic sequence given by the 
recurrence system 


Zieaal, Meee per IY Ge ae ek 


Notice that, in each of Example 8 and Activity 15, the graph of the 
sequence consists of points that lie on a straight line. This happens for 
every arithmetic sequence. To see why, consider the arithmetic sequence in 
Example 8, which is given by 


2 Ol ee alee) 


This equation defines x, as a linear function of n, as introduced in 
Subsection 1.6 of Unit 3. So it is the equation of a straight line, with 

n and x, in place of the usual variables x and y, respectively. You can 
read off the gradient, 3, in the usual way. (You can also read off the 
vertical intercept, but it has no relevance here since 0 is not in the domain 
of the function.) However, the graph of the arithmetic sequence consists 
only of those isolated points on the line that have first coordinate 

n =1,2,3,..., rather than the whole straight line. This graph and the 
straight line on which it lies are shown in Figure 7. 


3 Graphs and long-term behaviour 


Figure 7 ‘The graph of an arithmetic sequence lying on a straight line 


In general, the arithmetic sequence with first term a@ and common 
difference d has the closed form 


Deore lid. ie 123, ), 
which can be rearranged as 
ted (Or — 0) 1 2d, 
So its graph consists of points that lie on a straight line with gradient d. 


Note that in the particular case d = 0, the straight line has gradient zero 
and so is horizontal. Correspondingly, the arithmetic sequence is a 
constant sequence, @,da,a,.... 


We turn next to the graphs of geometric sequences. 


Example 9 Plotting the graph of a geometric sequence 


Plot a graph for the first six terms of the geometric sequence 


Pa SOS, Se) 


Solution 

The sequence is 1, 5, i 3 %: aor oir 

@. Plot the points (n,z,) for n =1,2,3,...,6. @ 
The points to be plotted are 


(1,1), (2,5), (3,3), (4,3), (© 76)) (6, 35). 
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The graph showing the first six terms is as follows. 


Lak 
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ee ne eee: tee ig 


In each part of the next activity, your first task is to calculate the terms 
for which the corresponding points are to be plotted. 


Activity 16 Plotting the graphs of geometric sequences 


(a) Plot a graph for the first six terms of the sequence given by the 
recurrence system 


yi 4.2, Uy a le GU eatin | aaeee ak tase 


(b) Repeat part (a) for the first five terms of the sequence given by the 
closed form 


CIES ee AS) Sea b 


In Example 9 the common ratio of the geometric sequence is r = - and the 
graph is decreasing, whereas in Activity 16(a) the common ratio is r = 1.7 
and the graph is increasing. In each case, the graph consists of points that 
lie on the graph of an exponential growth or decay function. You saw in 
Subsection 4.6 of Unit 3 that an exponential growth or decay function is a 
function of the form f(x) = ae’, where a and k are non-zero constants. 
Such a function can also be written in the form f(x) = ab”, where a and b 
are constants witha £0,b>Oand 641. If b> 1, then f is an 
exponential growth function, whereas if 0 < b < 1, then f is an exponential 
decay function. . 


For example, consider the sequence from Example 9. It has the closed form 


LY etn 8 ae 


tn = (5 


which can be rearranged as ®p), = 2 (3)", and this is the formula for an 

exponential decay function, with n and «x, in place of the usual variables 
x and y, respectively. (Comparing this equation with the general form of 
an exponential decay function, from above, we have a = 2 and b = 3.) 


3° 
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However, the graph of the geometric sequence consists only of those 
isolated points on the exponential decay curve that have first coordinate 
n=1,2,3,..., rather than the whole curve. The graph and the 
exponential decay curve on which it lies are shown in Figure 8. 


Tah 


Figure 8 The graph of a geometric sequence lying on the graph of an 
exponential decay function 


As another example, consider the sequence (y,,) from Activity 16(a). It has 
the closed form y, = 4.2 x 1.7"~!, which can also be written as 
a) eee Vr that is, UY, = iE x 1.7”. So the points of this graph 


lie on the graph of the exponential growth function f(a2) = ab” with a = E 


andes. 7, 


In general, the geometric sequence with first term a and common ratio r 
has the closed form 


aa a = 12,3. ), 


which can be rearranged as 
— (=) Hs ogi Vie Ee nee) 
r 


provided that r 40. If r > 0 and r £1, then the graph of this geometric 
sequence consists of points that lie on the graph of an exponential growth 
or decay function. 


Plotting graphs of sequences with a computer 


When you plot the graphs of sequences by hand, you can usually plot only 
a small number of points. In the next activity you can find out how to use 
a computer to plot graphs of sequences showing many points. This work 
will prepare you for studying the long-term behaviour of sequences in the 
next subsection. 


Activity 17 Plotting graphs of sequences with a computer 


Work through Subsection 11.1 of the Computer algebra guide. 
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3.2 Long-term behaviour of sequences 


A graph of a sequence can show information about the sequence only for a 
limited number of terms. We now investigate what can be said about the 
long-term behaviour of infinite sequences, that is, how each sequence 
will develop as more and more terms are considered. To start with, here’s 
some terminology that’s useful for describing the long-term behaviour of 
sequences. 


Terminology for long-term behaviour 


First, we use the words increasing and decreasing for sequences in much 
the same way as was introduced for functions in Subsection 1.4 Of Winters: 
A sequence (z,) is increasing if tp-1 < © for each pair of sucessive terms 
In_1 and x», and decreasing if z,-1 > ¢p for each pair of successive 
terms 2p_1 and xp. The graphs in Figure 9 illustrate how this terminology 
applies. The sequences in (e) and (f) are neither increasing nor decreasing. 


Next, suppose that all the terms of a sequence (#,,) lie within some 
interval [—A, A], where A is a fixed positive number, as illustrated in 
Figure 9(e), for example. Then we say that the sequence (z,,) is bounded. 
If there is no fixed value of A, however large, for which all the terms of the 
sequence (x,,) lie within the interval [—A, A], then we say that the 
sequence (a7) is unbounded, and also that the terms of the sequence 
become arbitrarily large. Again, the graphs in Figure 9 illustrate how 
this terminology applies. 
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Figure 9 Sequences with various long-term behaviours 


If the terms of a sequence (a,,) approach 0 more and more closely, in such 
a way that they eventually lie within any interval [—h,h], no matter how 
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small the positive number h is taken to be, then we say that the terms of 
the sequence (x,,) become arbitrarily small. More formally, we say that 
Ly tends to 0 as n tends to infinity, and we write 


In > 0asn-— oo. (2) 


Three sequences with this property are illustrated in Figure 10. 


Ina Xn Dna 
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(a) (b) (c) 


Figure 10 Sequences that tend to 0 


More generally, suppose that the terms of a sequence (x,,) approach a 
particular number L more and more closely, so they eventually lie within 
any interval [LZ — h, +h], no matter how small the positive number h is 
taken to be. Then we say that x, tends to L as n tends to infinity, and 
we write 

In > Lasn—-o. (3) 


Three sequences with this property are illustrated in Figure 11. 


In 


Figure 11 Sequences that tend to L 


We also say in such a case that the limit of the sequence (x,) is L, and 
that the sequence (,) converges or is convergent to the limit L. An 


alternative way to write statement (3) is 


lina a, =", 
n—-Cco 


which is read as ‘the limit as n tends to infinity of x-sub-n is L’. In 
particular, statement (2) above can be written as 


int — 0: 
nN—Co 
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You saw a similar notation for other types of limits in Subsection 1.4 of 
Unit 6, and in Subsection 1.2 of Unit 8. 


We also use arrows to denote ‘tends to’ in some cases where the sequence 
is unbounded. If a sequence (a7) has the property that, whatever positive 
number A you take, no matter how large, the terms of (ap) eventually lie 
in the interval [A, oo), then we say that 2, tends to infinity as n tends 
to infinity, and we write 


Ln > CO ASN — CO. 


Similarly, if a sequence (a,,) has the property that, whatever positive 
number A you take, the terms of (z,,) eventually lie in the interval 

(—oo, — A], then we say that x, tends to minus infinity as n tends to 
infinity, and we write 


Ln =. S1C,0) as i =e COx 


These definitions are illustrated in Figure 12. 
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(a) Tending to infinity (b) Tending to minus infinity 


Figure 12 Sequences that tend to infinity or minus infinity 


Example 10 Using the notation for long-term behaviour 


Assuming that the patterns of behaviour suggested by the graphs in 
Figure 9 (on page 36) continue unchanged as n increases, complete 
the statement 


Ln > ou. AS 1 OO} 


for each of the sequences (a) Shown in Figure 9(a) and (d). 


3 Graphs and long-term behaviour 


Solution 
The graph in Figure 9(a) shows that, for this sequence, 
In > CO aS Nn > OO. 


The graph in Figure 9(d) shows that, for this sequence, 


In > Lasn>o (or Em 2, =1). 
N—- Oo 


Activity 18 Using the notation for long-term behaviour 
Assuming that the patterns of behaviour suggested by the graphs in 
Figure 9 continue unchanged as n increases, complete the statement 

In >... ano, 


for each of the sequences (z,,) shown in Figure 9(b), (c) and (e). 


Long-term behaviour of arithmetic sequences 


You've seen that the closed form of an arithmetic sequence (,,) with first 
term a and common difference d is 


Tae id ae 1, 2,3,.....). 
This closed form can be rearranged as 

EMO) I TL nO yaes)\s 
which is the same as 

Tends. (i= 123,430) 


where 6b = a—d. This last formula is a little simpler than the first one 
since it involves n rather than n — 1. So, when studying the long-term 
behaviour of arithmetic sequences, we’ll consider sequences with the closed 
form 2, = b+ nd, where b and d are constants, with d # 0, and where the 
range of values of n is 1,2,3,.... These are arithmetic sequences with first 
term b+ d and common difference d. 
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Figure 14 The graph of the 


sequence in Example 11 
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Since the points that form the graph of an arithmetic sequence lie on a 
straight line, the long-term behaviour of arithmetic sequences is 
straightforward to describe. 


Long-term behaviour of arithmetic sequences 

Suppose that (x,,) is an arithmetic sequence with common 
difference d. 

e Ifd>0, then (z,) is increasing and %, — 00 as N + Ov. 

e Ifd<0, then (x,) is decreasing and 2, — —oo as n > Od. 


e Ifd=0, then (2,) is constant. 


The three cases are illustrated in Figure 13. 


In In A 


(bid <0 


Example 11 Finding the long-term behaviour of an arithmetic 
sequence 


Describe the long-term behaviour of the sequence (x,,) given by 
c= qn -3 (av le 2d comes 

Solution 

©. Recognise that (x,) is an arithmetic sequence, find the common 


difference and use the facts in the box above. ° 


The sequence (x,,) with closed form x, = 7;n — 3 is arithmetic, with 
common difference d = a: 
Since d > 0, the sequence (x,,) is increasing and x, — oo as Nn > oo. 


The graph of the sequence in Example 11 is shown in Figure 14. 


3. Graphs and long-term behaviour 


Activity 19 Finding the long-term behaviour of an arithmetic 
sequence 


Describe the long-term behaviour of the sequence (x,,) given by 


In =3-—3n CoS Soe 


Long-term behaviour of geometric sequences 


You’ve seen that the closed form of a geometric sequence (x,,) with first 
term a and common ratio r is 


Cena PD Se) 


This closed form can be rearranged as 
a 
Cn = (=) ee ee), 
r 
which is the same as 


(PAO Mm Deen lees reg E 


where c= a/r. This last formula is a little simpler than the original 
formula since it involves n rather than n — 1. So, when studying the 
long-term behaviour of geometric sequences, we’ll consider sequences with 
closed form cr”, where c and r are constants, with r ~4 0, and where the 
range of values of n is 1,2,3,.... These are geometric sequences with first 
term cr and common ratio r. 


The long-term behaviour of geometric sequences is much more varied than 
that of arithmetic sequences. However, you can determine the long-term 
behaviour of any particular geometric sequence if you know the long-term 
behaviour of sequences of the form (r”), for all the different possible values 
of r. So let’s start by looking at that. (The notation (r”) means the 
sequence (x,,), where z, =r” for n = 1,2,3,..., as you’d expect.) 


First, there are three special cases. 
[viz 0, then (7-”) is the sequence 0,0, 0,0... «.... 
livjoe—le then {7’-) isthe sequence 1,1, 1) 1). : » 
lige athens -) is the.sequence. = 171, —15 15.1... 


So the sequences for r = 0 and r = | are constant sequences, and the 
sequence for r = —1 alternates indefinitely between —1 and 1. 


Let’s now look at the cases where r is positive, but not equal to 1. You can 
see what happens in these cases by using facts about exponential functions 
that you saw in Subsection 4.1 of Unit 3. Recall that the graph of the 
exponential function f(x) = b”, where b is positive but not equal to 1, is 

e increasing if b > 1, becoming steeper as x increases; 


e decreasing if 0 < b < 1, becoming less steep as x increases. 


These two cases are shown in Figure 15. 
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(kOe (b) Ovo al 


Figure 15 Graphs of y = b* 


Remember also from Unit 3 that the z-axis is an asymptote of the graph of 
the exponential function f(a) = 6”. When 0 < } <1, this means that the 
graph gets closer and closer to the positive x-axis as © increases, as 
illustrated in Figure 15(b), so the value of b” approaches 0 more and more 
closely as x increases. 


The only difference between the sequence (r”) and the exponential 
function y = r* is that the domain of (r”) consists of all the natural 
numbers, whereas the domain of y = r* consists of all the real numbers. 
Hence the graph of the sequence (r”) is made up of isolated points, all 
lying on the graph of the function y = r*, which is a continuous curve. So 
the long-term behaviour of the sequence (r”), in the cases where r is 
positive but not equal to 1, is as follows. 


e Ifr> 1, then (r”) is increasing and r” + co as n — oo. 
e If0<r <1, then (r”) is decreasing and r” — 0 as n > ov. 


These two cases are illustrated in Figure 16. 
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Figure 16 Graphs of sequences of the form (r’’) 

For example, 

e the sequence (2”) is increasing and 2” — oo as n > oo 

e the sequence (0.5”) is decreasing and 0.5” > 0 as n > om, 


as illustrated in Figure 17. 


3 Graphs and long-term behaviour 
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(a) (b) 


Figure 17 The graphs of the sequences (a) (2”) (b) (0.5”) 


Now let’s consider the long-term behaviour of sequences of the form (r”) 
where r is negative but not equal to —1. 


For example, consider the sequence ((—2)"). The nth term of this 
sequence, (—2)”, can also be written as (—1)" x 2”, so the terms of the 
sequence have the same magnitude as the terms of the sequence (2”), but 
alternate in sign, as illustrated in Figure 18(a). Hence the sequence 
((—2)”) is neither increasing nor decreasing, but is unbounded. 


Similarly, the terms of the sequence ((—0.5)") have the same magnitude as 
the terms of the sequence (0.5”), but alternate in sign, as illustrated in 
Figure 18(b). So the sequence ((—0.5)”) is neither increasing nor 
decreasing, but (—0.5)" > 0 as n > oo. 
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Figure 18 The graphs of the sequences (a) ((—2)") (b) ((—0.5)”) 

In general, the long-term behaviour of the sequence (r”), where r is 

negative but not equal to —1, is as follows. 

e Ifr<-—1l, then r” alternates between positive and negative values, 
and (r”) is unbounded. 

e If—l1<r<0, then r” alternates between positive and negative 
values, and r” + 0 as n — oo. 


43 


Unit 10 Sequences and series 


Here’s a summary of the facts that you’ve seen about the behaviour of the 
sequence (r”), for all possible values of r. All the cases except r = 0 are 
illustrated in Figure 19. 


Long-term behaviour of the sequence ian 


Value of r Behaviour of (r”) 
ee) Increasing, r” — 00 as 1% — CO 
yl Constants 15 les. 
Onaga Decreasing, r” — 0 as n — oo 
r=0 Constant. 0. ONG ees 
-l<r<0 Alternates in sign, r” — 0 as n > oo 
p= =1 Alternates between —1 and 1 
p< 1 Alternates in sign, unbounded 
ae e ieee rr» @ 
s ® 
® 8 
e 1, @©e@e@e008086 @ @ e 
°° e 
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Figure 19 Sequences of the form (r”) for all non-zero values of r 
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3 Graphs and long-term behaviour 


Now remember that any geometric sequence has the form (er™)) You-can 
work out the long-term behaviour of any sequence of this form by thinking 
about the long-term behaviour of the sequence (r”) and using the fact that 


the terms of (cr") are obtained by multiplying the terms of (r”) by c. 


For example, since the sequence (2”) is increasing and tends to infinity, as 
illustrated in Figure 20(a), it follows that the sequence (5 x 22) is also 


increasing and tends to infinity, as illustrated in Figure 20(b). It also 
follows that the sequence (—§ x oe) is decreasing and tends to minus 


infinity, as illustrated in Figure 20(c). 
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Figure 20 The sequences (a) (2”) (b) (2 x 2”) (c) (— x 2”) 


ei eo Oey oom 


When you're working out conclusions like these, it’s helpful to use the 
ideas about scalings of graphs that you met in Unit 3. For example, it 
follows from what you saw there that the graph of the sequence (3 x ) is 
obtained from the graph of the sequence (2”) by scaling it vertically by a 
factor of 2. This squashes the graph vertically. Similarly, the graph of the 
sequence ( —3 x 2) is obtained from the graph of the sequence (2”) by 
scaling it vertically by a factor of —2, This squashes the graph vertically, 


and reflects it in the horizontal axis. 


The following box summarises some useful facts about multiplying the 
terms of a general sequence by a constant. However, when you need to use 


these facts you may find it easier just to think about the graph of the 


sequence, as in the paragraph above, rather than apply the facts directly. 
Try to check the facts in the box by thinking about the graphs of 


sequences in this way. 
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Multiplying each term of a sequence by a constant 
Suppose that (z,,) is an infinite sequence and c is a constant. 


is constant 
alternates in sign 
Ifc #0 and (rp) 4 is bounded , then so is/does (cx). 
is unbounded 
tends to 0 


is increasing 
is decreasing 
tends to oo 

tends to —oo 


Ife =0 anda) , then so is/does (cx). 


is increasing is decreasing 

is decreasing is increasing 
Ife <0 and (#n) tends to oo Gs tends to —oo 

tends to —oo tends to oo 


You might find the tutorial clip for the example below particularly helpful. 


>) Example 12 Finding the long-term behaviour of geometric 
sequences 


Describe the long-term behaviour of each of the sequences given by 
the following closed forms. 


(et = 200 fi Ie, 
(eden 1D iad, Dad nese) 
(C\egy ia LL = 1s) 
Solution 


©. Use the facts in the box on page 44 and in the box above, and 
think about the graphs of the sequences involved. © 


(a) Since 0 < 0.7 < 1, the sequence (0.7”) is decreasing and 0.7” — 0 
as 1 —> 00. 


To obtain (x) we multiply each term by the negative constant 
—20. Hence (z,,) is increasing and x, — 0 as n > ow. 


S 


Since 1.5 > 1, the sequence (1.5”) is increasing and 1.5” > oo as 
n — ©o. 


To obtain (y,) we multiply each term by the positive constant z. 
Hence (yp) is increasing and yn, — oo as n > ov. 
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(c) Since —1.1 < —1, the sequence ((—1.1)”) alternates in sign and is 
unbounded. 


To obtain (zp) we multiply each term by the non-zero constant 2. 
Hence (z,,) also alternates in sign and is unbounded. 


The graphs of the sequences in Example 12 are shown in Figure 21. You 
can see that the long-term behaviour of the sequences appears to be as 
determined in the solution to Example 12. 
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(a) (b) (c) 
Figure 21 The graphs of the sequences in Example 12 


Activity 20 Finding the long-term behaviour of geometric sequences 


Describe the long-term behaviour of each of the sequences given by the 
following closed forms. 


ee al” (152,351) 
(pee 5-09)” (n= 1,2,3....) 
(Ola =—al-2-5)” (n= 1,2,3,--<) 


You can check your answers to this question by using the computer algebra 
system to plot the graphs of the sequences. 


Long-term behaviour of further sequences 


‘You can find the long-term behaviour of slightly more complicated 
sequences by using the following facts. 


Suppose that a, c and L are constants. 

© ifz,>Lasn— ow, then z, +a— L+aasn— oo. 
e Ifz,—7 co asn-— oo, then 7, + 4G 4 CO as Nn > OO. 

e lft, + —wasn— o, then tn +a —- —co as n> oo. 


e Ift,—>Lasn— o, then cr, — cL asn > o. 


a 
| 220 roe 
ah ® 
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To understand why these facts hold, you can again use the ideas about 
scalings and translations of graphs that you met in Unit 3. For example, 
since the sequence (0.5”) has limit 0, as illustrated in Figure 22(a), it 
follows that the sequence (0.5” + 0.1) has limit 0.1, as illustrated in 
Figure 22(b). 
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Figure 22 The sequences (a) (0.5") (b) (0.5" + 0.1) 


The following example shows how you can use the facts above, together 
with the facts that you met earlier in this subsection. 


Cc) Example 13 Finding the long-term behaviour of more sequences 


Describe the long-term behaviour of each of the sequences with the 
following closed forms. 


(a) 2 ype 30 0.97 80) in = 19253.0. 5) 
(seo et ee 

Solution 

©. Deal first with the term that involves r”. & 


(a) Since 0 < 0.9 < 1, the sequence (0.9”) is decreasing and has 
limit 0. Hence the sequence (—30 x 0.9”) is increasing and also 
has limit 0. Adding 80 to each term gives another increasing 
sequence, with limit 80. Hence the sequence (2,,) is increasing 
and x, — 80 as n > oc. 


Since 2 > 1, the sequence (2”) is increasing, and 2” + oo as 

n — co. Since the constant 5 is positive, the sequence (5 x 2”) is 
also increasing and 5 x 2” > oo as n > oo. Subtracting 7 from 
each term gives another increasing sequence that tends to infinity. 
Hence the sequence (y,) is increasing and yn, — oo as n + oo. 


S 


The graphs of the sequences in Example 13 are shown in Figure 23. 
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(a) (b) 


Figure 23. The graphs of the sequences in Example 13 


Activity 21 Finding the long-term behaviour of more sequences 


Describe the long-term behaviour of each of the sequences with the 
following closed forms. (These sequences are closely related to the 
sequences in Activity 20.) 

eG et IOP (i 35.22) 

(eo, — (0.9) 45° (a= 1,2, 3... -) 

You can check your answers to this question by using the computer algebra 
system to plot the graphs of the sequences. 


4 Series 


In this section you'll investigate the sums of terms of sequences, and meet 
a useful notation for such sums. 


4.1 Summing finite series 


It’s sometimes useful or interesting to add up consecutive terms of a 
sequence. For example, consider the following sums: 


Date. 9 OP 

(3 x 4) + (3 x 5) + (3 x 6) +--+ + (8 Xx 20). 
The first expression here is the sum of the first five terms of the geometric 
sequence (2”), and the second expression is the sum of the terms, from the 
fourth to the twentieth, of the arithmetic sequence (3n). Expressions like 
these are called series. That is, a series is an expression obtained by 
adding consecutive terms of a sequence. (The singular and plural forms of 
the word ‘series’ are the same.) 
The series above are finite series, since they have only a finite number of 


terms. By contrast, an infinite series has an infinite number of terms. 
We’ll consider finite series in this subsection and infinite series in the next. 
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Series are important in calculus, as you'll see in the next unit, and are also 
used frequently in statistics. They can be of interest too in their own right. 
For example, look at the series below, whose terms come from the sequence 
of odd integers: 


1=1 
143=4 
ee Sete aed 


14+34+54+7=16. 


An obvious question is whether this pattern of adding up consecutive odd 
integers to obtain square numbers continues. You'll be able to answer that 
question later in the subsection. 


The number that you obtain when you add up all the terms of a series is 
called the sum of the series, and the process of finding this sum is called 
summing the series, or evaluating the series. For example, the sum of 
the series 1 +3+5+7 is 16. You may think that this terminology is a 
little strange, because a series is already a sum, but it’s standard 
terminology, and is convenient in practice. 


In the rest of this subsection we’ll look at summing some particular types 
of finite series. 


Finite arithmetic series 


Let’s start by looking at sums of finite arithmetic series. As you’d expect, 
an arithmetic series is one whose terms come from an arithmetic 
sequence. Here’s an example: 


5+8+11+14+17+ 20 + 23 + 26 + 29 4+ 324+ 35 + 384+ 41 + 44. 


The terms of this series are the terms of an arithmetic sequence with first 
term 5 and common difference 3. One way to find the sum of this series is 
simply to add up all 14 terms. However, there’s another and more 
illuminating way of finding the sum. First reverse the order of the terms of 
the series, and then write the result under the original series, with the 
terms aligned: 


§ +84114 144174 20+ 23 + 26+ 29 4+ 32 +35 + 384 41 4 44 
44+ 41 +38 + 35 +324 29 + 26 + 23 +204 17+ 14-4 11 +85 3: 
Then add the two copies of the series together, starting by adding each 


term to the one below. This gives 
49+ 49+ 49+ 49+ 49+ 49 + 49 + 49 + 49 + 49 + 49 + 49 + 49 + 49 
= 14 x:49 ==686: 


This number is twice the sum of the original series (since we added two 
copies of the series together). So the sum of the original series is 


5 X 686 = 343. 


The reason for all the 49s above is that each term in the original series is 3 
more than the one before, whereas each term in the reverse series is 3 less 
than the one before. When you add each term to the one below, these 


increases and decreases cancel out, and you obtain a new series all of whose 
terms are equal to its first term. The first term of this new series is the 
sum of the first and last terms of the original series, that is, 5 + 44 = 49. 


You can see that you could use the same approach to find the sum of any 
finite arithmetic series. So, in general, the sum of any finite arithmetic 
series is 


$ Xx (number of terms) x (first term + last term). (4) 


If you don’t know the number of terms then you can work it out by using 
the equation 


last term — first term 
number of terms = 


common difference 
which you saw on page 19. 


Example 14 Finding the sum of an arithmetic series 
Find the sum of the arithmetic series 
517 + 527 + 537 + ---+ 1007. 
Solution 
@. First find the number of terms. © 


The first term is 517, the last term is 1007, and the common 
difference is 527 — 517 = 10, so the number of terms is 
1007 — 517 
10 
Hence the sum is 


a =U: 


+ x (number of terms) x (first term + last term) 
= + x 50 x (517 + 1007) 

= 25 x 1524 

= 30 100, 


Activity 22 Finding the sum of an arithmetic series 


Find the sum of the arithmetic series 


6+13+20+---+ 90. 


As you saw in Subsection 2.2, the nth term of the arithmetic sequence (ay) 
with first term a and common difference d is given by 


ce ot (2 — 1)d. 
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It follows from this formula and expression (4) that the sum of an 
arithmetic series with n terms is 


5 x (number of terms) x (first term + last term) 


le wile wile xX 


n(x, + Zn) 
= jn(a+at (n-—1)d) 
= n(2a+ (n—1)d). 


This useful formula is summarised in the box below. 


Sum of a finite arithmetic series 


The arithmetic series with first term a, common difference d and 
n terms has sum 


$ x (number of terms) x (first term + last term); 


Activity 23 Finding the sums of more arithmetic series 


Use formula (5) to find the sums of the following arithmetic series. 
(@) ee oe 00) 

(oe els eet 00 

(Ces ee fo 


As you'll see shortly, the result of Activity 23(a) can be generalised to a 
useful formula for the sum of the first n natural numbers. Also, you can 
generalise the result of Activity 23(c) to prove that adding up consecutive 
odd numbers, starting at 1, always gives a square number — see the 
solution to the activity. 


Finite geometric series 


Now let’s look at sums of geometric series: a geometric series is a series 
whose terms come from a geometric sequence. Again there’s a particular 
approach that can be used to evaluate the sum of such a series. We'll 
apply it to find a general formula for the sum of a finite geometric series, 
after first considering a particular example. 


Suppose that you want to evaluate the sum of the finite geometric series 
1D a) Ox eee 
One way to find this sum is simply to evaluate all of the 12 terms and 


then add them together. But there is a quicker and more illuminating way 
of finding this sum. Suppose that the sum is s. First write down the 


expressions for s and for 2s on successive lines (here 2s was chosen 
because 2 is the common ratio of the series): 
s=14+24+2°+2% + 2% +4294 2% 4 2h 4-98 + 294.910 4 git, 
oe ee, ee ee a Mo 
The terms in the sums s and 2s have been aligned to emphasise that 
they’re the same, except for the appearance of 1 in the expression for s, 


and 2!" in the expression for 2s. Now subtract the first of these equations 
from the second. All the common terms cancel on the right-hand side, so 


5 = 2)" —1 = 4096 —1 = 4095. 
You can use the same approach to find a general formula for the sum of a 
finite geometric series. 


Consider the finite geometric series with first term a, common ratio r 
and n terms, and suppose that its sum is s; that is, 
a ar ar ap ear. (6) 


Then multiply the series by the common ratio r, and write it down below 
the original series, with like terms aligned. This gives 


s=at+ar+ar*+ar?+---+ar™|, 


so ar are ar = ar’ ar”. 


If you now subtract the bottom series from the top series, then most of the 
terms cancel each other out, and you obtain 


s—7s—=—a—ar’. 
Taking out the common factor on each side gives 
(l1-r)s=a(1—-r”). 
po, if = 1, then 
aa a(1—r”) 
os 
If r = 1, then it follows directly from equation (6) that 


S=ata+::-+a—n4. 
————— 


mn terms 


Sum of a finite geometric series 


The geometric series with first term a, common ratio r # 1 and 
n terms has sum 
a(1—r”) 
l-r 


(7) 


As you saw earlier, the common ratio of a geometric sequence can be 
positive or negative, and when it’s negative the terms of the sequence 
alternate in sign. Expression (7) still applies when the common ratio is 
negative. 
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Figure 24 A geometric 
interpretation of 
14+24+3+4+4+5=35x5x6 


Carl Friedrich Gauss 
(1777-1855) 
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Activity 24 Finding the sums of geometric series 
(a) Find the sum of the first 10 powers of 3, that is, 
Renee S. teeta 
(b) Find the value of the sum 
! 3 25 (3) (4)° a aon @). 


giving your answer correct to six decimal places. 


Other finite series 


We now briefly consider some formulas for the sums of other standard 
finite series. 


First, consider the sum of the first n natural numbers: 
1424+34---+n. 


This is a finite arithmetic series with first term 1, last term n and n terms, 
so its sum is 


5 x (number of terms) x (first term + last term) = 5n(1 +n). 


Sum of the first m natural numbers 


142434+---+n= $n(n+1) 


This result has a geometric interpretation, which is illustrated (for the case 
n = 5) in Figure 24. The number of shaded dots, which is 1+2+3+4+5, 
is equal to half of the total number of dots, which is 4 x 5X6: 


It is said that the great German mathematician Carl Friedrich Gauss, 
at the age of ten, was asked along with the rest of his school class to 
find the sum 1+ 2+3+---+100. The teacher intended this to be a 
lengthy task. However, Gauss came up with the correct answer 
almost immediately, by applying the approach used earlier to derive 
expression (4) on page 51. 


There are also formulas for the sums of the first n square numbers and the 
first n cube numbers, as stated in the following box. The proofs of these 
formulas are beyond the scope of this module, but you’ll see the proofs if 
you go on to study MST125 Essential mathematics 2. 


Sum of the first m square or cube numbers 
Poe son = en(n + 1)(2n +1) 
1942343? 4---4n3 = 1n?(n +1) 


Activity 25 Using the formulas for the sums of consecutive natural 
numbers, squares and cubes 


(a) Use the formulas above to find the sums of the following finite series. 
(i) 1+24+3+--:+ 30 
(ii) 17427+4374---+10? 
(iii) 17 +2?+37+4.---+30? 
(iv) 1394+ 29+ 33+---+430° 
(i) Use your answers to parts (a)(ii) and (a)(iii) to find the sum of 
the series 
11? + 12? + 13° +--+ +307. 
(ii) Use a similar method to find the sum of the series 


Dijeo (eo): aa Al) 


4.2 Summing infinite series 


In this subsection we'll look at infinite series, which are expressions such 
as 

Ci Op 03 oy 
where (a,) is a sequence. So that you can see what it means to add up all 
the terms in an infinite series, let’s start by considering the infinite series 


1 1)2 1\3 1\4 
pees) (5) 
This is an infinite geometric series — its terms are those of the infinite 


geometric sequence with first term : and common ratio 5. Consider what 
happens as you add up more and more of the terms of this series: 


b= 
p+) =444=3 

p+) +Q)<h43+d=3 

p+) 4G) + @)iastit dtd 

1+ (4)? +G)+G)'+ GQ) =sti+ it bt e= 8 

1+ (4+) + G+ G+ Q=t+ith+ stat an8 
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As you add on more and more terms, the totals get closer and closer to 1. 
In fact, they get arbitrarily close to 1, but never reach 1, because each time 
you add on a new term, the difference between the total and 1 halves. You 
can think of this as meaning that, if you add on infinitely many terms, 
then the total is exactly 1. This is illustrated in Figure 25. So in this sense 
the sum of the infinite series above is lL. 


2 3 4 
2 (Gla a WG ea) 
(f as ia Be 2a “s ee =) ae 
| l | | | | 
< i & 
Figure 25 The sum of the infinite series 5 5 (je =f e os is 1 


if | eat half today, One of Zeno’s paradoxes 

thew hal of what's Left 

tomorrow, awd so on, 
will tt Last forever? 


The result illustrated in Figure 25 is related to one of the famous 
paradoxes attributed to the Greek mathematician Zeno of Elea 

(c. 490-430 Bc). It is known as the dichotomy paradoz, and also as 
the race course paradox. One statement of it is based on the following: 


That which is in locomotion must arrive at the half-way stage 
before it arrives at the goal. 


(Aristotle, Physics VI:9, trans. R.P. Hardie and R.K. Gaye (2009), 
New York, Digireads.com.) 


Before covering a fixed distance, half the distance must be covered, 
but before that, a quarter of the distance must be covered. Before 
that, an eighth must be covered, and so on. As this involves an 
infinite number of tasks, it is impossible to achieve. 


Many infinite series don’t have sums. For example, consider the infinite 
geometric series with first term 1 and common ratio 2: 


1+24+2?+42°4.-... 


Consider what happens as you add up more and more of the terms of this 


series: 
ih = il 
ea 


Lo VS | ee 7 
1) 0? 0 eee Me a eas 
10? 0 ee Leia G L 
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With this series, as you add on more and more terms, the total just keeps 
getting larger and larger, without getting closer and closer to any 
particular number. So this infinite series doesn’t have a sum. 


The ideas illustrated above can be applied to any infinite series, to 
determine whether it has a sum, and to find the value of its sum if it has 
one. We make the following definitions. 


Consider any infinite series 
Gita Go a3 3s. 
Let 
S| = Qj, 
82 = a1 + ag, 
§3 =a, +a2+ az, 
SA = Q1 + QQ + G3 + Ga, 
and so on. The numbers 51, 52, 53,... are called the partial sums of the 


series, and the infinite sequence (s,,) that they form is called the sequence 
of partial sums of the series. 


If the sequence of partial sums of an infinite series converges to a limit, 
say s, then we call s the sum of the infinite series. On the other hand, if 
the sequence of partial sums doesn’t converge, then the infinite series 
doesn’t have a sum. 


For example, you saw at the beginning of this subsection that the infinite 
series 


5+ (4)? +) + Gt 
has the sequence of partial sums 


ser. 15. 81 
DB GUD Siok Noh BYR) Sines 


Since this sequence converges to 1, the infinite series has sum 1, as you saw. 
Similarly, you saw that the infinite series 
14+24274+2?4.-. 
has the sequence of partial sums 
Pompe Olid Vas s6 
Since this sequence doesn’t converge, the infinite series has no sum. 


It’s often quite difficult to determine whether the sequence of partial sums 
of a particular infinite series converges, and if it does converge, what the 
limit is. However, it’s fairly straightforward to deal with infinite arithmetic 
and geometric series. We’ll consider each of these two types of infinite 
series in turn, starting with geometric series. 
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Infinite geometric series 
Every infinite geometric series has the form 
atar+ar?+ar° Sees 


where a is the first term and r is the common ratio. A useful way to 
determine whether such a series has a sum is to use the fact that each of 
its partial sums is the sum of a finite geometric series, and to apply the 
formula that you met in the previous subsection for such a sum. 


To illustrate this approach, consider once more the infinite geometric series 


with first term 5 and common ratio 5 


p+) +Q)+ G+ 


Its partial sums are 


81 = 5 
1 1\2 
aa ly) 
2 3 
s3= 5+ (5) + (4) 


In general, the nth term of its sequence of partial sums is 
an 1\2 1\" 
Srey tp) hea 


This is the sum of a finite geometric series with first term a = 55 common 


Yat107 — 7 and n terms, so by formula (7) on page 53, we have 


paar) FG) 5 ee ee 
SN er es 7 = =1-(5) . 


Nile 


Since (3)" +> (0Qasn—.o, it follows that 


Sn =1-—($)° 31-0=1 as n > oo. 


So the sequence of partial sums of this series converges to 1, and hence the 
series has sum 1. This confirms the result found earlier. 


You can obtain a general result about the sums of infinite geometric series 
by applying the same approach. Consider the infinite geometric series with 
first term a # 0 and common ratio r: 


a+ ar + ar? + ar +:>-. 
Its partial sums are 

5, =a 

$3 =a+ar 

§3=a+ar+ ar? 


Si— Oe ima ar? ++ ar? 


The nth term of its sequence of partial sums is 

Sn =a-+artar?+.- +a" 
This is the sum of a finite geometric series with first term a, common 
ratio r and n terms. So by formula (7) on page 53, if r 4 1, then 

a il — mit 
ik 

If -1 <r <1, then r” + 0 as n > o&, as you saw on page 44, and hence 

, es) , a1 — 0) _ a = 

ee eee, [eee oles ee 

So if —1 <r <1, then the series has the sum a/(1 —r). 


Ifr <—lorr>1, then r” is unbounded, as you also saw on page 44, and 
it follows that s, = a(1 —r”)/(1 —r) is also unbounded. So if r < —1 or 
r > 1, then the series doesn’t have a sum. 


The only other possible values of r are r = —1 and r= 1. When r = —1, 
the series is 


EE a it ts 


The sequence of partial sums of this series is a,0,a,0,a,..., which doesn’t 
converge (since a # 0), so the series doesn’t have a sum. When r = 1, the 
series is 


Gel G1 aie 


The sequence of partial sums of this series is a, 2a, 3a, 4a,..., which 
doesn’t converge (since a # 0), so again the series doesn’t have a sum. 


In summary, the following facts hold. 


Sum of an infinite geometric series 


The infinite geometric series with first term a 4 0 and common 
ratio r has 


a ; 
sum 5 sap al te aad 
—T 


Hosta. is —lory > 1. 


The only infinite geometric series with first term a = 0 is the series 
0+0+0+---, which has sum 0. 
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Cc) Example 15 Summing infinite geometric series 


For each of the following infinite geometric series, determine whether 
or not it has a sum, and find the value of the sum if it exists. 


(@) +3) + G+ B+ 
(>) $- 6) + G)°- G+ 
Solution 


(a) This is an infinite geometric series with first term a = 3 and 
common ratio r = 2. Since —1 < r < 1, the series has a sum, 


= 
namely 
2 2 
ive aie See 
bere ike ae 
(b) This is an infinite geometric series with first term a = 2 and 
common ratio r = —3. Since r < —1, the series doesn’t have a 


sum. 


Here are some examples for you to try. 


Activity 26 Summing infinite geometric series 


For each of the following infinite geometric series, determine whether or 
not it has a sum, and find the value of the sum if it exists. 


(@) $+)? + (+ @)i + 
(b) 1-34 (4) - Go + 


(@) elon? 50 ee 


(a) 4-303) +4@)°-4@)°+-- 


In fact, you’ve been dealing with the sums of infinite geometric series since 
Unit 1 of this module, because any recurring decimal can be theught of as 
the sum of a terminating decimal (possibly 0) plus an infinite geometric 
series. For example, 


0.338333 emma (od nS (eres (es) ates 
5.178178 178178... = 5 + 178 (gig) + 178 (qhg) +: 178 (qhg)? + 


It follows that one way to find a fraction equivalent to a given recurring 
decimal is to use the formula a/(1 — 1) for the sum of a geometric series. 
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However, there’s a neater method, which is equivalent to using this 
formula. It’s illustrated in the next example. 


Example 16 Finding a fraction equivalent to a recurring decimal 
Find a fraction equivalent to 0.123 123123.... 

Solution 

Pato et 230 234 28 eS, 


@. The repeating group, ‘123’, is 3 digits long, so multiply s 


by 10°. @ 
Then 
TOO0S = 423 1239 123.123).. 128-5. 
Hence 999s = 123, so 
_ 123 aL 
999° 330 


To find a fraction equivalent to a recurring decimal that has one or more 
non-zero digits before the recurring part, you can apply the method of 
Example 16 to find a fraction equivalent to the recurring part, and then 
add this to the number formed by the other digits. For example, by the 
solution to Example 16, 


Al 374 
: OY ee) ae ee Se eo ee 
1.123 123 123 eh 333 ~ 333 


Activity 27 Finding fractions equivalent to recurring decimals 


Find a fraction equivalent to each of the following numbers. 


(a) 0.454545... (b) 3.729 729729... 


We’ll now look at what happens when you try to sum an infinite 
arithmetic series. 


Infinite arithmetic series 
Every infinite arithmetic series has the form 
a+(a+d)+(a+2d)+-::, 


where a is the first term and d is the common difference. 
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The situation for infinite arithmetic series is much simpler than for infinite 
geometric series. In summary, the only infinite arithmetic series that has a 
sum is the infinite series with first term 0 and common difference 0, that is, 
the series 0-++0+0-+---, which has sum 0. You can see this by using an 
approach similar to the one used earlier for infinite geometric series. You 
use the fact that each partial sum of an infinite arithmetic series is the sum 
of a finite arithmetic series, and apply the formula for the sum of a finite 
arithmetic series that you met in Subsection 4.1, as follows. 


Consider the infinite arithmetic series with first term a and common 
difference d: 

at+(a+d)+(a+2d)+-::-. 
The nth term of its sequence of partial sums is 

Sn = at(at+d)+(a+2d) +---+(a+(n—1)d). 


This is the sum of a finite arithmetic series with first term a, common 
difference d and n terms. So, by formula (5) on page 52, we have 


Sn = 5n(2a+ (n— 1)d). 


If d #0, then the expression on the right-hand side of this equation is a 
quadratic expression in n, so s,, tends to infinity or minus infinity. If d = 0, 
then s, = na, so again s, tends to infinity or minus infinity, as long as 

a #0. Therefore, provided that a and d are not both zero, the series 
doesn’t have a sum. 


4.3 Sigma notation 


There’s a useful notation for writing series concisely. It can be used for 
both finite and infinite series, but we’ll begin by looking at how it’s used 
for finite series. 


For any sequence (z,,), the sum 


(that is, the sum of the terms from the pth term to the gth term) is 
denoted by 


ia (8) 


n=p 


(This is read as ‘the sum from n equals p to q of x-sub-n.) This notation is 
called sigma notation or summation notation — the symbol-5> is the 
upper-case Greek letter sigma. The numbers p and q, which tell you the 
terms to start and finish at, respectively, are called the lower and upper 
limits of the summation, respectively, and the variable n is called an 
index variable. For example, with this notation we can write 


5 
2+2?+2%+24+22 =) 2", 


= 


and 
20 
(3 x 4)+ (3 x5) + 3x6) +--+ (38 X20)=)_3n. 
n=A4 
The index variable n in sigma notation is a dummy variable — you can use 
any other variable name in its place. For example, 


5 5 5 
ee ee ae = a) ON, 
j=l k=1 


n=l 


In this module we'll usually use n or k for the index variable in sigma 
notation. Sometimes for a finite series it’s natural to use n to denote the 
upper limit, and in that situation we’ll use k for the index variable. 


When sigma notation is in a line of text, it’s sometimes written with the 
limits to the right of, instead of below and above, the symbol 5. For 
example, expression (8) can be written as }14_,, @n. 


Example 17 Converting from and to sigma notation 


(a) Write each of the following sums without sigma notation, giving 
the first three terms and the last. 
1% 


% 19 
Gone Gi in? 2 Gi) Sem +3) 
n=1 n=4 n=1 
(b) Write each of the following sums in sigma notation. 
(i) 33+43+5%+---498 
Gi) 1+243+---+4n 
(iii) The finite geometric series a + ar + ar? +--+ + ar 


n-1 


Solution 


©. In each case, put m equal in turn to each of the integers from 
the lower to the upper limit of the sum, and add the resulting 


terms. & 
The sums are as follows. 
7 
Capt ee te 
n=l 


19 

Cae = es Oe 
n=A4 
17 

(iii) S>(m+3)=44+54+6+---+20 


m=. 
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(b) ©. In each case, find an expression for a typical term of the sum, 

then identify the lower and upper limits. & 
(i) The sum is 3? + 43 +5°+---+9°. 

©. The terms are of the form n°, going from n = 3 

ton = 0. * 

9 
It can be written as et n°. 
=o 

(i) “Che sum:is 132 4-3 42> ae 

©. The sum already contains the variable name n, so we 


have to use a different letter for the index variable, say k. 
The terms are of the form k, going from k =1tok=n. & 


n 
It can be written as = k. 
k=1 


(iii) The sum is a+ar+ar?+---+ar"". 


2, Again we have to use a letter other than n for the index 
variable, say k. The terms are of the form ar*~!, going from 
k=1tok=n. (Recall that ar® =a x 1 =a and that 


ar’ =ar.) # 
nm 
It can be written as eae 
k= 
n-1 
This sum can also be written as Da ar®. 
k=0 


Activity 28 Converting from and to sigma notation 


(a) Write each of the following sums without sigma notation, giving the 
first three terms and the last. 


20 19 6 
@ Sont G@) S@+i* Gi) Sen =p 
m=) n=4 i 


(b) Write each of the following sums in sigma notation. 
(i) 14+2+4+3+---+150 
(ii) 5°+674774.---413? 
(iii) 242? +294...4 2! 


You might have noticed that the series in Activity 28(a)(i) and (ii) are the 
same, even though they’re written differently in sigma notation. The same 
applies to the two alternative expressions given in the solution to 
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Example 17(b)(iii). In general, any series can be written in many different 
ways using sigma notation, even if you use the same index variable. 


The formulas that you met earlier for the sums of finite arithmetic and 
geometric series can be stated concisely using sigma notation, as in the box 
below. We use k for the index variable since the upper limit is n in each 
series. In fact we'll use k as the index variable in the rest of this 
subsection, since the upper limit is sometimes n. 


Sums of finite arithmetic and geometric series (in sigma 
notation) 


So (a+ (k= 1)d) = kn(2a + (n - 1)d) 
s=—ah 

ea = ee — — (32 1) 
KW 


Similarly, the formulas for the sum of the first n natural numbers, the sum 
of the first n square numbers and the sum of the first n cube numbers can 
be stated concisely using sigma notation, as in the box below. The box 
also includes, at the beginning, the simple formula for adding up n copies 
of the number 1, which is sometimes useful when you’re working with 
series in sigma notation, as you’ll see shortly. 


Sums of standard finite series (in sigma notation) 


Activity 29 Using formulas in sigma notation 


Use the formulas in the box above to find the sums of the following series. 


24 24 
ai ek 
ki k= 


4 Series 
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Sigma notation allows you to work more easily with complicated finite 
series, and hence find their sums efficiently. To do this, you need to become 
familiar with a few rules for manipulating finite series in sigma notation. 
These are stated in the following box, and explained after the box. 


Rules for manipulating finite series in sigma notation 


q q 
) CLE =C ) x, (where cis a constant) 


k=p k=p 

q q q 
ice + Yk) = Neer oe a: 
k=p k=p k=p 


q q p-1 
San = Sar 2 Sh (where 1 < p <q) 
=p k=1 k=l 


The second rule in the box also holds if you replace the plus signs by 
minus signs: 


qd 


> = Uk) = rk = Say 
k=p k=p 


k=p 


To see why these rules hold, you can translate them from sigma notation 
into the usual, longer notation for sums. When you do this, the first rule 
becomes 


Chee Cl pa ee lg = eC peat, fi eg) 
This is just the usual rule for multiplying out brackets. 
The second rule becomes 

(pk Up) (pet + Upes) eee (q+ Yq) 

= (Spt Opt oq) a Ue Uo ee 


This rule holds simply because you can add numbers in any order. A 
similar argument shows that the version with minus signs holds. 
(Alternatively, you can deduce the version with minus signs by combining 
the first two rules in the box, taking c = —1.) 


Finally, the third rule becomes 
Lp + Lp41 + +°* + Lq 
= (a1 + 2g +-+-+2q) = (xy ee che a) 


This rule says that if you split a series into two parts, then the sum of the 
second part is equal to the sum of the whole series minus the sum of the 
first part. You were asked to use this fact in Activity 25(b) on page 55. 


The next example illustrates how you can use the rules for manipulating 
finite series, together with some of the standard formulas for the sums of 
finite series, to find the sums of some other finite series. 
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Example 18 Using series manipulations to find the sums of finite 
series 


Find the sums of the following finite series. 


25 100 
(a) So (k?+2k)  (b) $> (9k -4) 
k=) k=50 
Solution 


(a) ©. Use the rules for manipulating series to express the series in 
terms of simpler series. © 


25 
Da eek) = SP +m 
Kao 


k=1 
Seow 
k=1 s==al 


©. Use the formulas for the sums of standard series. 5° 
#(25)(25 + 1)(2 x 25+ 1) + 2 x §(25)(25 + 1) 
= % X 25 x 26 x 51+ 25 x 26 


= 5525 + 650 
= 6175 


| 


(b) “2. The lower limit isn’t 1, so start by applying the third rule for 


manipulating series. © 


100 100 49 
S- (9k — 4) = So (9k — 4) — } (9k - 4) 
k=50 Rab k=1 


©. Now use the other rules to express each of the series on the 
right-hand side in terms of simpler series. & 


Now 
100 100 100 
S “(9k — 4) sah Ee, 
k=1 


=9x § x 100 x (100+ 1) — 4 x 100 
= 45 450 — 400 
= 45 050. 


4 Series 
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Similarly, 
49 49 49 
Y(9k-4) = 9-4 
Kei k=1 heat 
49 49 
=9S kA 
k=1 k=1 
=9x 4x 49x (49+ 1) -4x 49 
= 11025 — 196 
= 10829. 
Hence 
100 
S > (9k — 4) = 45.050 — 10829 = 34221. 
k=50 


Activity 30 Using series manipulations to find the sums of finite 
series 


Find the sums of the following finite series. 


30 40 125 
Die. eno aGe lh ecm a iGiae 
k=1 k=1 k=65 


Sigma notation for infinite series 


To write an infinite series in sigma notation, you write the symbol oo in 
place of the upper limit. For example, 


Activity 31 Using sigma notation for infinite series 


Write the following infinite series in sigma notation. 


@i+Q4+ Os 


(b) (3) +) +G) t+. 
Omar). Ge) ae 
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The formula that you met earlier (on page 59) for the sum of an infinite 
geometric series can be stated concisely using sigma notation, as follows. 


Sum of an infinite geometric series (in sigma notation) 


If -—1 <r< 1, then 


CO 

Ss a 
) ar : 
m= res 


The rules for manipulating finite series in sigma notation, given in the box 
on page 66, apply also for infinite series once the upper limit qg is replaced 
everywhere by oo, provided that each series involved has a sum. Thus, for 
example, we have 


co ee) oO 
n n n 
a) eae) 5) 4s Gg)” 
pall rei (Ql 
5 a8 
_ 3 
= oe epee 
i! 3 


4.4 Summing series using a computer 


In the following activity you can learn how to use the module computer 
algebra system to work with series. 


Activity 32 Summing series on a computer 


Work through Subsection 11.2 of the Computer algebra guide. 


5 The binomial theorem 


In this final section you'll meet an important result, called the binomial 
theorem, which will help you to multiply out expressions such as 


dea) ia 5)! wand (2y—3)?. 
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5.1 Expanding powers of binomials 
In Subsection 2.3 of Unit 1, you saw how to expand squared brackets, such 
as 
(c-—5)*, (a+1)* and (2p- 3q)°. (9) 
For example, 
(@ —5) = (@ =5)(z —5) 
=a 5 — bx 4925 
= 7 = 10ne= 25. 
Each of expressions (9) is of the form 
(a +0)’, 


where a and b represent terms. For example, in the first expression a = x 
and b = --5, and in the third one a = 2p and b = —3q. 


You saw in Unit 1 that the following general formula holds for multiplying 
out squared brackets: 


(a+b) = a? * 2ab + be. (10) 


So the square of the sum of two terms is equal to the square of the first 
term, plus twice the product of the two terms, plus the square of the 
second term. 


The next example reminds you how equation (10) is applied. 


Example 19 Using the formula to expand squared brackets 
Use formula (10) to expand the expression 
Qnty 


Solution 


4. Substitute a = 2a and b = —1 into the formula for (a+ b)?. © 


(2x — 1)* = (2x)? + 2(2x)(—1) + (-1)? 
= 477 —4r+1 


In Unit 1 you also met the formula 
(a= 6)" =a = Jabeen. (11) 


but in fact formula (10) above is enough alone. For example, you saw in 
Example 19 that you can expand (22 — 1)? by using formula (10) with 
a = 2x and b = —1, as an alternative to using formula (11) with a = 2x 
oud 0 ar 


Activity 33. Using the formula to expand squared brackets 


Use formula (10) to expand each of the following squared brackets. 
yates, 8) sb) aa) = (ee a2? 


In Activity 33 you probably found that using formula (10) to expand the 
squared brackets is only a little quicker than just writing the expression as 
two pairs of brackets multiplied together and expanding them in the usual 
way. However, sometimes you have to expand cubed brackets, of the form 
(a + b)°, or similar brackets raised to an even higher power. It’s much 
quicker to use a formula to expand expressions like these. In this subsection 
you ll see a general formula for expanding any expression of the form 


(a +b)”, 


where n is a natural number and a and 0 are terms. This formula is known 
as the binomial theorem. A binomial is an expression that is the sum of 
two terms, so (a+ b)” is a power of a binomial. 


The word ‘binomial’ is derived from a Latin word meaning ‘having 
two names’, and is related to the word ‘polynomial’. 


You’ve seen and used a formula for (a + )*, so let’s now find a formula for 
(a +b)°. The easiest way to do this is to take the formula for (a + 6)”, and 
multiply it by a+ b: 

(a +b)? = (a+b)(a + b)? 

= (a+ b)(a? + 2ab + 0) 

a(a? + 2ab + b*) + b(a? + 2ab + b*) 
=a>+2a7b+ ab? 

+ a°b + 2ab* + 6° 
= a? + 3a°b + 3ab? + b°. 


Notice that in the working above, the expression after the fourth equals 
sign has been written over two lines, with the like terms aligned in 
columns. This makes it easy to collect the like terms. The working shows 
that the formula for (a+ 6)° is 


(a+b)? Sag esa bee sab? 4b (12) 


Activity 34 Using the formula to expand cubed brackets 


Use formula (12) to expand the following cubed brackets. 
(a) (6+p)> — (b) (1-22)? (©) (2 + 3y)" 
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So that you can begin to see what happens for higher powers of binomials, 
let’s work out one more formula, for (a + b)*. We take the formula for 
(a +b)? and multiply it by a+ 6: 
(a+b)* =(a+b)(a+6)° 
(a + b)(a® + 3a7b + 3ab* + b°) 
= a(a® + 3a2b + 3ab? + b°) + b(a® + 3a7b + 3ab? + b°) 
= a* + 3a°b + 3078? + ab? 
se panbeese, bp Oat nO 
= a4 + 4a°b + 6a7b? + dab? + b?. 


| 


So the formula for (a + b)* is 
(a +b)4 = a4 + 4a°d + 607d? + dab? + b*. 


You could use the same method to find formulas for (a + b)°, (a+ 6)® and 
so on: you just keep multiplying by a + b. The formulas that are obtained 
by doing this are shown below, along with the three formulas found above. 
The ‘formulas’ for (a + b)° and (a +b) are also shown, as it’s helpful to 
consider these as part of the general pattern. Remember that any number 
raised to the power 0 is 1. The right-hand sides of the formulas have been 
aligned at their centres, to make it easier to see a particular pattern in 
them, which will be described shortly. 


(a+b)? = 1 

(a+b)ji= G0 

(a+b)? = a= 2ab- be 

(a+b)? = a® + 3a7b + 3ab? + b? 

(a+b)* = a* + 4a%b + 6a7b? + 4ab? + b4 

(a+b)? = a° + 5a%b + 10a%b* + 10a7b? + 5ab4 + b° 
(a+b)®= a® + 6a°b + 15a*b? + 20a3b3 + 15a7b* + 6ab® + b® 


There are two useful things to observe about the formulas above. 


First, notice that in each formula on the right-hand side, the powers in 
each term add up to the power of the brackets on the left-hand side. For 
example, look at the formula for (a + b)*, and at the second term on the 
right-hand side, which is 4a°b. In this term, a has power 3 and b has 
power 1, and 3+ 1 = 4, which is the power of the brackets in (a + b)*. You 
can check that the powers add up to 4 in all the other terms in the formula 
for (a + b)*. 


You can see why this property holds for all the formulas if you look at, and 
think about, the working that produced the formulas for (a + b)?, (a + b)? 
and (a+ b)*. Each new formula is produced by multiplying the formula 
before by a + b. When this is done, each term of the old formula is 
multiplied by a to give terms of the new formula, and separately multiplied 
by } to give further terms of the new formula (before the like terms are 
collected). This raises the sum of the powers in each term by 1. So, for 
example, since the sum of the powers in each term in the formula for 
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(a + b)? is 2, it follows that the sum of the powers in each term in the 
formula for (a + 6)? is 3, and so on. 


This property means that the terms on the right-hand side of each formula 
can be arranged in a standard order, as is done above. In the first term, a 
is raised to the same power as the brackets on the left-hand side. In each 
subsequent term, the power of a is decreased by 1 and the power of b is 
increased by 1 until, in the last term, b is raised to the same power as the 
brackets. 


The second thing to notice about the formulas is that each coefficient on 
the right-hand side is the sum of the two adjacent coefficients in the line 
above. For example, the coefficient of a*b? in the formula for (a + b)°® is 15, 
which is the sum of the two adjacent coefficients 5 and 10 in the formula 
for (a + b)°, as shown below. 


(a+b)? = a? + 5u4b +(0n3b? + 10a7b3 + 5ab4 + b° 


> 


STEa 
(a+b)® a® + 6a°b +(15a*b? + 20a3b? + 15a7b* + Gab? + b° 


To see why this always happens, again look at and think about the 
working for (a + b)? and (a+ b)*, at the steps where the like terms are 
aligned. You can see that each coefficient in each new formula is obtained 
by adding two adjacent coefficients from the formula before. 


This means that you can find the coefficients for any of the formulas from 
the triangular array below, which is known as Pascal’s triangle. The 
array has 1s down each edge, and each of its other numbers is the sum of 
the two adjacent numbers in the line above. It can be continued 


indefinitely. 
(a + b)° 1 
(a+b)} 1 it 
(a+b)? 1 2 1 
(a+)? i 3 3 1 
(a+b)4 1 4 6 A 1 
(a+6)° 1 5 10 10 5 i 
(a+b)® 1 6 ibs 20 15 6 1 
e 
e ee 
Notice that the array is symmetrical — the numbers in each row are the bith 2 oe 
same whether you read them from left to right or from right to left. l 3 6 
Pascal’s triangle contains many interesting sequences. For example, look at 2. ote 
the diagonal lines of numbers. The first diagonal is 1,1,1,1,1,..., and the OS cen etevie. 
second diagonal contains the natural numbers 1, 2,3,4,5,.... The third of Bp 
diagonal contains the numbers 1, 3,6, 10,15,..., which are known as the 


triangular numbers, because they correspond to triangular patterns of 


dots, as shown in Figure 26. There are many other less obvious patterns in Figure 26 ‘Triangular 


the triangle. numbers 
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Or 
“6h 7 
20, 2C; Hes 


Cin CA HOC: 


Figure 27 Notation for 
binomial coefficients 
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Activity 35 Using Pascal's triangle to find a formula for (a + b)! 


(a) Calculate the row of Pascal’s triangle that gives the coefficients for the 
formula for (a +b)’. 


(b) Hence write down the formula for (a + ble 


Activity 36 Expanding an expression of the form (a+ b)” 


For each of the following expressions, use one of the formulas that you 
have seen in this subsection to expand the brackets. 


(a) (3a+2)° — (b) (a =4y)* 


The numbers in Pascal’s triangle are called binomial coefficients. They 
can be denoted as follows. If the rows of Pascal’s triangle are numbered as 
row 0, row 1, row 2 and so on, and the coefficients within each row are 
numbered from left to right as coefficient 0, coefficient 1, coefficient 2 and 
so on, then coefficient k in row n is denoted by "Cx, as illustrated in 
Figure 27. For example, 


Cyn =). 3 Ciaae, 2Op=]3 eandee G1. 


The letter C in this notation doesn’t stand for ‘coefficient’, as you might 
expect, but rather for ‘choose’ or ‘combination’ — the reason for this is 
mentioned shortly. The notation "Cz is read as ‘n choose k’ or just as 
EO? 


A common alternative notation for the binomial coefficients is 
n 
k ) 


which is again read as ‘n choose k’. (This notation has no connection with 
the column notation for two-dimensional vectors that you met in Unit 5, 
though it looks the same.) 


With the notation "C;, the general formula for (a + b)” can be written as 
follows. 


The binomial theorem 
For any natural number n, 
(a ee b)” Re PCs qa” a WEE a" 1p Site te i Cn ab”—} A es ee 


where "C;, is coefficient k in row n of Pascal’s triangle (where the 
rows, and the coefficients within each row, are numbered 0, 1, 2, ...). 


5 The binomial theorem 


The right-hand side of the equation in the binomial theorem is known as 
the binomial expansion of (a+ b)”. 


A good way to remember the terms in the equation in the binomial 
theorem is to use the fact that the powers of a and b on the right-hand side 
of the equation follow the pattern described earlier. In the first term a is 
raised to the same power as the brackets on the left-hand side, and in each 
subsequent term the power of a is decreased by 1 and the power of b is 
increased by 1, until in the last term b is raised to the same power as the 
brackets. To complete the expansion, you just need to include the 
coefficients of the terms, which are the binomial coefficients 


BAG RGhe "Cs, eee Gr. 


Intriguingly, the binomial coefficients also occur in a seemingly unrelated 
area of mathematics, concerned with finding answers to questions such as 
‘How many different sets of six lottery numbers can be chosen from 49 
possible numbers?’ This is the context which led to "Cy, being read as 

‘n choose k’. You'll learn about it if you go on to study the module 
MST125 Essential mathematics 2. 


Pascal’s triangle is named after the French mathematician and 
philosopher Blaise Pascal. He was far from the first person to study 
this array of numbers, but his work on it in his Trasté du Triangle 
Arithmétique was influential. Research on binomial coefficients was 
also carried out at about the same time by John Wallis (1616-1703) 
and then by Isaac Newton (1642-1727), who discovered that the Blaise Pascal (1623-1662) 
binomial theorem can be generalised to negative and fractional 
powers. You'll learn about this in Unit 11. 


i) 


Pascal contributed to many other areas of mathematics in his short 
life. He worked on conic sections and projective geometry, and, 
together with Pierre de Fermat, laid the foundations for the theory of A 
Hi 
probability. ' 


Pascal’s triangle was studied centuries earlier by the Chinese 
mathematician Yanghui and the Persian astronomer and poet Omar 
Khayyam, and is known as the Yanghui triangle in China (see 
Figure 28). 


5.2 A formula for binomial coefficients a 
Pascal’s triangle is a convenient way to obtain the binomial coefficients for Ree 
fairly small values of n. However, it would be beaioue to obtain a SAR TR AR ARS) Bi GH 


particular coefficient in the expansion of (a + b)'*, say, by using Pascal’s 


triangle. It is therefore desirable to have a closed- for formula for "Ck, Figure 28 The Yanghui 
and you'll meet such a formula in this subsection. First you need to learn __ triangle (Pascal’s triangle), 
about factorials, which occur in the formula for WT Ory from a publication of Zhu 


Shijie, AD 1303 
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For any natural number n, the product of all the natural numbers up to 
and including n is called the factorial of n, and denoted by n! (this 
notation is read as ‘n factorial’ or ‘factorial n’). So 


i I SGPAS Car ON OU iD) 
For example, 

| nl OOS r4a esl 20) 
We also define 

Olas 


because this interpretation of 0! works well with formulas that involve 
factorials, as you’ll see shortly. 


The values of n! increase rapidly as n increases. The first few values are 
shown in Table 1. 


Table 1 Values of n! 


ree ONE 2ter 3) AGO: EEC Ri: 8 9 10 


nm! 1 1 2 6 24 120 720 5040 40320 362880 3628800 


Many calculators can evaluate n!, often for values of n up to 69. (The 
value of 69! is about 1.7 x 1098, whereas 70! is about 1.2 x 101. 
Typically, calculators don’t carry out calculations that involve numbers 
ereater in magnitude than 10!0°.) 


Notice that 
Nel Oe 2 Le ee sandaccrom 

In general, n! can be expressed in terms of (n — 1)! as follows: 
Miea1)| Teas) amar ese 


So the sequence of factorials, 1,1, 2,6, 24,120,..., is generated by the 
recurrence system 


Corals Ce ea) ee eee 


You met this recurrence system, and its first few terms, in Example 3(c) 
on page 13. 


There’s a formula for the binomial coefficients that can be stated concisely 
in terms of factorials, as below. You'll see a justification of this formula at 
the end of this section. 


If n and k are integers with 0 < k < n, then 
n! 


"Ck = Ecol (13) 
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For example, this formula gives 
5! 120 
5 
(Gy = — = == 
2 ay 


which accords with the value of °C2 in Pascal’s triangle. 


When you use the formula above to evaluate binomial coefficients by hand, 
it’s generally best not to evaluate the three factorials in the formula and 
then do the division. There’s usually an easier and quicker way to proceed. 
To see this, consider the following calculation of ‘C3 using the formula, 
which is written out in full: 


7Cn = Cee. OOS KA ae |. 
SMS (SSC ae ih 
The two occurrences of 4 x 3 x 2 x 1 on the top and bottom cancel out, so 
7x6x5 
'@, =a 
Bx 2x 1 


We can now do some more cancelling, and hence obtain the value ‘C3 = 35. 


In general, whenever you use formula (13) to work out a value of "Cy, 
where k is not equal to either 0 or n, the factorial (n — k)! in the 
denominator cancels with the ‘tail’ of the factorial n! in the numerator. 
The numerator then contains the product of all the integers from n down 
to the integer that’s one larger than n — k, and the denominator contains 
just k!. So, when k is not equal to 0 or n, formula (13) can be restated in 
the following form, which is not as neat but usually easier to apply. In fact 
this form of the formula also applies when k = n, but in this case it’s just 
as easy to use the original form. 


If n and k are integers with 0 < k <n, then 
n(n —1)---(n—k+1) 
k(k—1)---1 


This formula has k factors on the bottom and also k factors on the top. 
So, to apply it, you start with the integer n on the top and the integer k 
on the bottom, and for each of these integers you keep multiplying by the 
next integer down until you have k factors in total. 


This is illustrated in the next example, but first here’s one more fact to 
keep in mind when you’re evaluating binomial coefficients. Remember that 
the binomial coefficients in each row of Pascal’s triangle are the same no 
matter whether you read them from left to right or right to left. In other 
words, we have the following general fact. 


wee = n—k 


So, for example, if you want to evaluate OC, using the method described 
above, then it’s better to evaluate 10C49_7, that is, °C3, instead. You’ll 
get the same answer, but the working will be easier, because you'll have 
only 3 factors on each of the top and bottom of the fraction, instead of 7. 
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Example 20 Evaluating binomial coefficients using the formula 
Evaluate the following binomial coefficients without using a calculator. 
(a)-2C4 (b) *°C4s5 (e) SCq 

Solution 


(a) ©. Write down a fraction with 9 on the top and 4 on the bottom. 
For each of these integers, keep multiplying by the next integer 
down until you have 4 factors. Fs 

Yo 9x8x7x6 
Ax3x2x1 


©. Do all the cancelling that you can do, and hence evaluate the 
fraction. £2 


= Cy a6 
(b) & Use the fact that Cy; = 17C,7_1s, then proceed as in 
part (a). & 
ix 16 
BAe oF 
(c) &. Since n = k here, use the original form of formula (13), rather 
than the alternative form. Remember that 0! = 1. @ 
4! 4! 
4 ! 
C = —S Ss ———_- = ili 
Fees a, 


WO. =O, = —17x8=136 


Activity 37 Evaluating binomial coefficients using the formula 


Evaluate each of the following without using a calculator. 


(aeCa (Bb). 7Cig, (C) Ca a (le Co aniele aan 


Another way to evaluate binomial coefficients is simply to use your 
calculator. (You should find that "C;, is a function for one of the buttons.) 
Activity 38 Evaluating binomial coefficients using a calculator 


Evaluate each of the following by using a calculator. 
(a) AT OL: (b) 32017 


The binomial coefficients were known to early Islamic 
mathematicians. For example, al-Karaji, who flourished early in the 
11th century, provided a table of binomial coefficients in a text (now 
lost but known through a copy in The Brilliant in Algebra by 
al-Samaw’al (1125-1174)), while the formula for them was given by 
al-Kashi (d. 1429) in his book The Calculator’s Key. A proof that 
this formula is correct was given by Pascal. 


5.3. Working with the binomial theorem 


In Subsection 5.1 you saw a statement of the binomial theorem, as follows: 
For any natural number n, 


(a an b)” = WOR q” au [Ci a—1p Mega n he ab”! ae rom be 
where "Cx is coefficient k in row n of Pascal’s triangle (where the rows, 
and the coefficients within each row, are numbered 0,1, 2,...). 

In Subsection 5.2 it was stated that the binomial coefficients are given by 
n! 
Shaky 


Hence the binomial theorem can now be restated, without direct reference 
to Pascal’s triangle, as follows. 


"Ch (13) 


The binomial theorem (restated) 
For any natural number n, 
(a is b)” = EC qa” as Gh ap eee Lined ab”! “is ss Che ae 


where 
n! 


ES hy 


(he = OU rea tts 


The binomial theorem can also be written in sigma notation, as follows. 


The binomial theorem (sigma notation) 
For any natural number n, 


nr 
. n—-kpk _ ‘ n—kypk 
ne : Skies a0yt oe 


It’s useful to be familiar with the first few binomial coefficients in the 
expansion of (a + b)”. The formula for "C;, gives 
n(n — 1)(n — 2) 


Ue) 2g a ne 
amo a 3! 


Opie Cw, Cs = 
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CS) Example 21. Using the binomial theorem 


Use the binomial theorem to find the first four terms in the expansion 
of each of the following expressions. 


(a) @ ty? ~ (b) 2-2)’ 
Solution 
(a) © In the binomial theorem, put n = 8, a= a and b= y. SS 
The first four terms in the binomial expansion of (x + y)® are 
8 + 8Cyar"y + °O2ny? + 2C32°y° 
SX 7 ¢ ee a 


a 3! 


= 7° 4 8x'y4+ 28a°y? + 562° y°. 
(b) ©. In the binomial theorem, put n = 7, a= 2 and b= —«. @ 


= 7° + 8a"y + 


The first four terms in the binomial expansion of (2—-z)" are 
of af SER x 2) at yak Xx Pine a5 Var Xx es era 
= 275 hp oe 
2! 3! 
= 128 — 4482 + 672x7 — 5602°. 


Activity 39 Using the binomial theorem 


Use the binomial theorem to find the first four terms in the expansion of 
each of the following expressions. 


(a) (A+2)!9 — (b) (24+ 42)"° 


Sometimes it’s useful to find a particular term in a binomial expansion. 
The next example demonstrates how to do this. 


>) Example 22 Finding a particular term in a binomial expansion 


Find the coefficient of «!?y? in the expansion of 


(a= ty) & 


80 


Solution 


By the binomial theorem, each term in the expansion is of the form 
21 21—k k =k 21— k 
Ci, (2x) (—4y) = AC, g2l-kg21-k es yi 


<4, Write the powers of x and y at the end, and simplify the powers 
of 2. & 


= 2104, (—1) 221k 21k, 
= 21¢4,(—1)RQ21-2k glk hk 


The term in x!7y? is obtained when k = 9. Hence the coefficient of 


g)2y9 ig 


2115/1 )9921-29 SG 
@. Use a calculator to evaluate 2!Co. & 


= —293.930 x 8 
= —2351 440. 


Activity 40 Finding particular terms in binomial expansions 


(a) Find the coefficient of a°b° in the expansion of (a + b)!?. 


(b) Find the coefficient of c°d'° in the expansion of (3c — d)””. 


Here’s a slightly more complicated example. 


Example 23 Finding a particular term in another binomial 
expansion 


Find the coefficient of p* in the expansion of 


Give your answer as a fraction in its lowest terms. 


Solution 


By the binomial theorem, each term in the expansion is of the form 


fae (AN 247 a(17—k) { 1 ade 
17 glia felo\ -k) (= ba 
en (z5) =<"eexater? (5) (5) 
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©, Simplify the powers of p. A 

1 =k =k 
Ge € pit-2ky 

1 


Eo, ( ‘| prs 3k, 


For the term in p*, we need 
34 — 3k = 4, 
which gives 30 = 3k; that is, k = 10. Hence the coefficient of p* is 


il 19 448 
Cun (si } 


ey) 


~ 59 049° 


Activity 41 Finding particular terms in more binomial expansions 


(a) Find the constant term in the expansion of 


(-" 


(b) Consider the expansion of 


15 
eae ee 
2h? 
(i) Find the coefficient of h?. 


(ii) Find the coefficient of h~!?. 


(iii) Show that there is no term in h?. 


An important special case of the binomial theorem, which occurs 
frequently, is obtained by taking a = 1 and b = x. This gives the following 
expansion. 


For each natural number n, 
(L-pa)” = 14 "Cie + ™ Coa? Cpe ee ee 


Ea abe 
= 1+ ne + Me ye a ade a ai 


Activity 42. Applying a special case of the binomial theorem 


Use the form of the binomial theorem in the box above to evaluate the first 
six terms of the expansion of (1 — x)!". 


Various interesting results can be obtained by choosing particular values 
for a and 6 in the statement of the binomial theorem. For example, if 
a = b= 1, we have that 

Te We One Osa Cae ll 20 


In sigma notation, this is 


n 


Ss °C. —9n 


k=0 


Hence, for each natural number n, the finite series formed from the 
sequence of binomial coefficients "Cz, k = 0,1,2,...,n, has sum 2”. In 
other words, the nth row of Pascal’s triangle has sum 2”. 


A proof of the formula for the binomial coefficients 


We can prove that the formula 
n) 
 kli(n—k)! 


is correct by proving the following two facts. 


MOF (14) 


1. Formula (14) gives the correct result for each of the ‘edge values’ of 
Pascal’s triangle — that is, forn = 0,1,2,..., 
Geet and C= 1. 
2. Formula (14) has the key property of Pascal’s triangle described on 
page 73 — that is, each binomial coefficient (apart from the edge 
values) in each row is the sum of the two adjacent coefficients in the 


row above. 
Fact 1 holds because, for n = 0,1,2,..., formula (14) gives 
n! n! 
n ad aT n = ee 
es no! Lig Er: 0! n! * 


Proving fact 2 takes more work. Consider any binomial coefficient "C; 
that isn’t an edge value (so k #0 and k # n) in row n of Pascal’s triangle. 
The two adjacent coefficients in the row above (row n — 1) are 


ed OP ee and eae 
Fact 2 can therefore be expressed algebraically as the equation 
gf Oi ey Gia + Cees (15) 


for 2) 304, s-and-® —1,2,3,...,n— 1. We now verify that this 
equation holds. 
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The formula 


n) 
aCe (n—k)! 
gives 
Ge Gam (n= 1) 
ki((n—-1)—k)! k!(n—k-1)! 
and 
Paani (ose) (n — 1)! 


(k-D'((n—-1l—-(kK-l)! (kK—-Di(n—k 

Hence the expression on the right-hand side of equation (15) is 
(n — 1)! (n —1)! 

(k--1)!(n—-—k)! ki(n-—k-1)! 


Multiplying the top and bottom of the first fraction by k, and the top and 
bottom of the second fraction by n — k, gives 


k(n-1)! (n—k)(n—-1)! 


ae ORE a eat: = 


el Chee a WOR zs 


ki (n —k)! k!(n —k)! 
© esr Se 1)! 
k!(n —k)! 
ec) n! —"C,. 


~ ki(n—k)! k(n —k)! 
which is the left-hand side of equation (15). This completes the proof. 


Learning outcomes 


After studying this unit, you should be able to: 
e understand and use standard terminology and notation for sequences 


e find the parameters of an arithmetic or geometric sequence from the 
first few terms, and hence write down a recurrence system for the 
sequence 


e find a closed form for an arithmetic or geometric sequence, given the 
first few terms of the sequence or a recurrence system for it 


e draw the graph of the first few terms of a sequence 

e determine the long-term behaviour of certain simple sequences 

e find the sum of a finite arithmetic or geometric series 

e where possible, find the sum of an infinite geometric series 

e understand the link between Pascal’s triangle and binomial expansions 


e find terms in the binomial expansion of an expression of the form 


(a+ 6)”, by applying the binomial theorem and evaluating binomial 
coefficients. 


Solutions to activities 


Solution to Activity 1 


(a) The first term of the sequence 


(On) evacieeerimer i AwreLO, 13-16, 195 5. 


is the term with subscript 1; that is, b; = 1. 
The fourth term is b4 = 10. 


(b) Counting along the terms of the sequence, 


16 is the 6th term. Hence if b,, = 16, then n = 6. 


(c) No, bo is not defined, because 0 is not included 
in-thesrange of values n= 1,273)... . 


Solution to Activity 2 


(a) ay = eC ag = 14, a3 = ZA aq, = 28, a5 = 30, 


Q100 = 700. 
(b) by = 1, bo = 4, by = $s ba = 3 Os = 5, 
bi00 = Ti: 


(You may have converted these simple fractions 
to decimals, but there is no need to do this in 
such cases. ) 


(ep) (= 1) ad, 
= (—1)2*1 —_ (—1)3 =2 An 
Cy = i =A 6s = ie E100 = —l. 


iG x11, 
de = (—1)? x2 —2, 
dz = —3, d4 = 4, ds = —d, dioo = LOO: 
(e) ey = (—2)' = -2, 
eg = (—2) A. 
Ee = —8, Ci 16, é5 = —32, 
ee 1 XO” (to 3 ek.) 


Solution to Activity 3 
(a) We have a; = 1, a2 = 2, a3 = 3, a4 = 4, 
A closed form is 
Ce eri 2, Ooh») 
and the 10th term is ajo = 10. 
(b) We have a; = 2 =2!, ap = 2°, a3 = DEE ihe he 
A closed form is 


ee (Tl Oy a) 
The 10th term is ajo = 2'° = 1024. 
(c) We have a; = —1, ag = 1, a3 = = eats. 
A closed form is 
el, 2, 3,0.) 


and the 10th term is a19 = (—1)*° = 1. 


Solutions to activities 


(d)) Wehavera, —12 -az = 225 Oth ae 
A closed form is 
Gea a es) 
and the 10th term is aj9 = 10? = 1000. 
(e) We have a; = 6 Xx 1, ag = 6 x (—1), a3 = 6 x I, 
a4 = 6 x (—1). A closed form is 
On 6 (=) en ne ee) 
Since (—1)"*1 = (—1)"(—1)' = —(—1)”, this 
closed form can also be written as 
Gp = Oe (ea) i Vale aes). 
The 10th term is ajo = 6 x (—1)'! = -6. 


1 oe we: me 
(f) We have a1 = 5, a2 = §, 43 = 7, 4 = 5. 
A closed form is 
n 
tp = (ni E2E 3 ee) 


Toe 
Since n = (n +1) — 1, this closed form can also 
be written as 


(y= ls aot): 


ans SLE 


The 10th term is ajo = o. 
(g) We have ay = 2 x 1, ag = —2 x 2, ag = 2 x 3, 
Ga = —2 x4. A closed form is 
GV) eee 
Sinee (=1)?7? = (-1)"(-1)! = —(=1)”, this 
closed form can also be written as 
Cp = 2) ee oe) 
The 10th term is aig = 2’ x 10x (—1)> = —20. 


Solution to Activity 4 
=o =L a, = 3! =3, ag = 37 = 9. 


ii) be = 4, bs = @ bs = 


RIF SIF 


( 
(iii) a =5, 2 =%, = : 
(i) We have do = 3°, dy =o dg = 37, ds = 3°. 
A closed form is 
ea Graal e ceva 
and the sixth term is ds; = 3° = 243. 
(ii) We have es = %, €5 = %, €7 = 3) €8 = = 
A closed form is 
Gs ye) 


Cn = > 


ale 


and the sixth term is e190 = j7- 
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(iii) We have fo = ear f3 ya Gs 


(pea) pS ee ae 
and the sixth term is f7 = ( uy = Ure 

Solution to Activity 5 
(em OeeeOre mrt ct). AC Ones!) 

(ii) by =3" (n=0,1,2,...) 

(iii) by =6+n (n=0,1,2,...) 

(isa ren ONL De) 
COG) Oe Orit ne 1.3) ew) 

(oO tl 2 ee) 

(iii) bn = _ (n = 1,2,3,...) 


(iv) by =2+3(n—-1) 


which simplifies to 


(idea lee ener asl 


Oe = Nee ie Sena 
an—2 
(c) (i) a (Cl cee) 
he 1 
(ii) ere esa (e283 4S) 


Solution to Activity 6 
(Qibep— 009 = |G, 3,04 — 1.0, =) lo. 
(5) 6; — 1, bs =0, b3 = —1, ba = 0, bs = —1. 


(Olen seer — 125: 
Cy = 17/12 = 1.416 667 (to 6 d.p.), 
c3 = 577/408 = 1.414216 (to 6 d.p.), 
ca = 1.414214 (to 6 d.p.). 


Solution to Activity 7 


(a) The sequence (2,,) is arithmetic, with 
parameters ¢ — —1 and d= 1. 


(b) The sequence (y,,) is not arithmetic. The term 
Yn—1 On the right of the recurrence relation is 
multiplied by —1. 

(c) The sequence (z,,) is arithmetic, with 
parameters a = 1 and d= —1.5. 
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Solution to Activity 8 
(a) The first term is a = 1, and the common 
difference is d = 4 — 1 = 3. So the recurrence 
system is 
Sele Lo = Diy ete AM ae ee 
The next two terms are 
Gs =04 +o = 104s on 
Teas bo Ses 16, 
The first term is a = 2.1, and the common 
difference is d = 3.2 —2.1=1.1. So the 
recurrence system is 
Yi ank, 
The next two terms are 
Us =Us Fld = oA EL oo, 


Ye = as Lo Oe 6. 


S 


Yn =Yn-1 +11 (i242 Oe eee 


(c) The first term is a = 1, and the common 
difference is d= 0.9 — 1 = —0.1. So the 
recurrence system is 


Zale fn. = nat Ol a ee 
The next two terms are 
25 = £4 — Onl = 0.57 = 0 = 0.6, 


oe es (sl 0.0 Ot Oe 


Solution to Activity 9 


(a) The first term is 1000, the last term is 10 and 
the common difference is d = 970 — 1000 = —30. 
Hence the number of terms is 

10 — 1000 
sail) a 
so there are 34 terms in the sequence. 


1 = 34, 


(b) The corresponding recurrence system is 


2, = 1000, a, = 2,1 — 30 ‘(V2 ee 


Solution to Activity 10 
(a) Since a = 1 and d =3, the closed form is 
fm =1+3(n—1) ; 
== 3022) Das eee?) 


This gives x4 = 3 x 4— 2 = 10, as expected, and 
also 


%19 = 3 X 10 —2=.28. 


Solutions to activities 


(b) Since a = 2.1 and d = 1.1, the closed form is (c) The first term is a = 2, and the common ratio is 
reall ee 1) r = (—2)/2 = —1. So the recurrence system is 
Al peel oh (ead ag ee a =, Ce 7 Od eee 
This gives yg = 1.1 x 4+1=5.4, as expected, The next two terms are 
and also 25 = —2Z4 = —(-2) = 2, 
(Dh iray n  y ea ees asen 2 = —%5 = —2. 
(c) Since a = 1 and d = —0.1, the closed form is 


Solution to Activity 13 
mn, = 1—0.1(n — 1) 


<i (Gene ee (a) Suppose that the sequence has N terms, with 


first term z; = 7. Then the last term is 


This gives z4 = 1.1-0.1 x 4 = 0.7, as expected, zn = 2734375. The common ratio is 
and also r= 2/4 =5. 
FAG Osis LOO: bi. Now NV is given by 
lee titty 
Solution to Activity 11 Sao 
that is, 


(a) The sequence (x,,) is geometric, with 


parameters a = —1 and r = 3. 5N-1 2734 375 


= 390625. 


(b) The sequence (yn) is geometric, with Taking the natural logarithm of both sides of 


parameters a = 1 and r = —0.9. this equationieires 
(c) The sequence (z,,) is not geometric, because the (N — 1)Ind5 = In(390625), 
expression on the right of the recurrence f hich 
’ rom whic 
relation contains the term +1. In(390 625) 


Ne ee 


Solution to Activity 12 Ind ' 
Hence there are nine terms in the sequence. 
(a) The first term is a = 1, and the common ratio is 


: b) The corresponding recurrence system is 
r= 5/1 = 5: So the recurrence system is y P 6 y 


2, = 1, Lip ed me Ca ee 
The next two terms are Solution to Activity 14 
t= 504 = 9X 3= is (a) Since a = 1 and r = §, the closed form is 
Be a eee max Qyr? 
(b) The first term is a = 4.2, and the common ratio . pe (1S 
is r = 7.14/4.2 = 1.7. So the recurrence system 2 sei 
is This gives 74 = Cia = 5 as expected, 
yy = 4.2, ia Neiiani oe (Tia, Oy boy xe) and also 
The next two terms are TOG (3)° = 513 
ys = 1.Ty4 = 1.7 x 20.6346 = 1.953 x 10? (to 4 s.f.). 
= 35.078 82 (b) Since a = 4.2 and r = 1.7, the closed form is 
= 35.079 (to 3 d.p.), ‘yn DOCG ee cial oem |e 
yg = 1.7y5 = 1.7 x 35.078 82 This gives y, = 4.2 x 1.7° = 20.6346, as 
— 59 633.994 expected, and also 


we iS) 
= 59.634 (to 3 d.p.). io = 4.2 Le 4 08el8 (tO Arai.) 


w= 1) Up DRA (1 = 2 eee 
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(c) Since a = 2 and r = —1, the closed form is 
Dy A Neat Mean eee) 
This gives z4 = 2(—1)° = —2, as expected, and 
also 


z19 = 2(-1)? = -2. 


Solution to Activity 15 


The first point to be plotted is (1, 21) = (1,1). The 
second point is (2, z2) = (2,0.9). The subsequent 
points are (3,0.8), (4,0.7), (5,0.6) and (6,0.5). The 
graph is as follows. 


aah 
Ij oe | 
e 
e 
e 
Ora e 
0 T T T T T 6 n 


Solution to Activity 16 


(a) The first point to be plotted is (1, y1) = (1, 4.2). 


The second point is 

(2eie A Dexa Je ( Qa). 
The subsequent points (to 1 d.p.) are (3, 12.1), 
(4, 20.6), (5, 35.1) and (6,59.6). The graph is as 


follows. 
Unk 
60- ry 
40- 
. ) 
PAN ° 
e 
t 
0-5 : iF T aa 
0 1 i 7 4 Se Ga 


(b) The first point to be plotted is 
(1,¢1) = (1,(-1)") = (1,1). 
The second point is 
(2, c2) = (2,(-1)*) = (2, -1). 
The subsequent points are (3,1), (4, —1) 
and (5,1). The graph is as follows. 
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The dashed lines shown above are not part of 
the graph of the sequence, but draw attention 
to the fact that the terms of this sequence 
alternate in sign. 


Solution to Activity 18 


The graph in Figure 9(b) shows that, for this 
sequence, 
In > Lasn->o (or Friars 
n— co 
The graph in Figure 9(c) shows that, for this 
sequence, 


In > —-OO asSn—> OO. 


The graph in Figure 9(e) shows that, for this 
sequence, 


In ~70asn—- oo (or lim Po) 
n— Co 


Solution to Activity 19 


The sequence (z,) with closed form z, = 3 — =n is 
arithmetic, with common difference d = —%. Since 
-: < 0, the sequence (x,,) is decreasing and 


Ln > —OO as Nn — OO. 


Solution to Activity 20 


(a) Since r = 1.2 > 1, the sequence (1.2”) is 
increasing and 1.2” — oo as n > oo. To obtain 
(x) we multiply each term by the negative 
constant —3. Hence (x,,) is decreasing and 
Dp 00 OS 1c: 


(b) Since —1 < —0.9 < 0, the sequence ((—0.9)”) 
alternates in sign and (—0.9)" > 0 as n > oo. 
To obtain (vn) we multiply each term by the 
non-zero constant 5. Hence (y,,) alternates in 
sign and y, + 0 as n > oo. 


(c) Since —2.5 < —1, the sequence ((—2.5)") 


alternates in sign and is unbounded. To obtain 
(zn) we multiply each term by the negative 
constant —75. Hence (z,,) also alternates in sign 
and is unbounded. 

(Details of how to use the CAS to plot graphs of 
these sequences are given in the Computer 
algebra guide, in the section ‘Computer methods 
for CAS activities in Books A—D’.) 


Solution to Activity 21 


(a) 


From Activity 20(a), the sequence with terms 
Co 3 x 1.2” is decreasing and y, — —co 

as Nn > oo. Since an = Yn +17 for each n, it 
follows that the sequence (a,,) is also decreasing 
and a, ~ -w asn om. 


Se 


From Activity 20(b), the sequence with terms 

Zn = 5(—0.9)” has limit 0 and its terms are of 

alternating sign. Since 6, = z, + 45 for each n, 
it follows that b, — 45 as n > ov; that is, 


line, = 45. 
TU—7 ©O 


Also, the terms of (b,,) alternate either side 
of 45. 


(Details of how to use the CAS to plot graphs of 
these sequences are given in the Computer 


algebra guide, in the section ‘Computer methods 
for CAS activities in Books A—-D’.) 


Solution to Activity 22 


The sequence is 6,13, 20,...,90. The first term is 6, 
the last term is 90 and the common difference is 
d = 13 — 6 =7, so the number of terms is 


eee ie 13, 


Hence the sum is 


1 x 13 x (6 + 90) = 13 x 48 
= 624. 


Solution to Activity 23 
Expression (5) is used in each case. 


(a) Here a= 1, d=1 and n = 100. The sum is 


1 x 100 x (2x 1+99 x 1) = 50 x 101 
= 5050. 


(b) Here a = 12, d=3 and 


wae 
naan 


Lie 


Solutions to activities 


The sum is 
PS PO AEG career Ne 7 
== Qin 


(ce) sHere-d-— Id = 2 and 


191 
Pe See ei) 


a 


The sum is 
pr Oe (2a Oe 5 20 
ll) 


Each of these answers could also have been 
obtained using expression (4). 


(Notice that the result of part (c) is another 
example of a pattern observed near the start of this 
subsection, namely that adding up consecutive odd 
numbers, starting at 1, always seems to give a 
square number. Here’s how you can prove that this 
pattern holds in general. 


The sum of the first n odd numbers forms an 
arithmetic series with first term a = 1, common 
difference d = 2 and n terms. By the formula in the 
box above this activity, this series has sum 

$n(2 x 1+ (n—1) x 2) = 5n(2 + 2n — 2) 


1 
51 X 2n 


n?.) 


Solution to Activity 24 


(a) The numbers added form a geometric sequence 

whose 10 terms can be expressed as 

Ss ees ean bene) 
The first term is a = 3 and the common ratio 
is r = 3. Using expression (7) with n = 10, the 
sum of these terms is 

3 (1 — 37°) 

t=3 


= 2(59049 — 1) 
= 65572. 


The numbers added form a geometric sequence 
with first term 1 and common ratio —%, and 
with 9 terms. (Be careful when working out the 
number of terms of a geometric sequence that 
has first term 1.) From expression (7) the sum is 


= 0.750038 (to 6 d.p.). 
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Solution to Activity 25 
(a) (i) The formula for the first n natural 
numbers is 
2s a = ree). 
Here n = 30, and so 
i 2S 0 x00 <l 
===A6)) 


(ii) The formula for the squares of the first n 


natural numbers is 
17 4+2743?4---4+n? 
= —n(n + 1)(2n + 1). 
Here n = 10, and so 
17427+43?4+---+10? 
= eel a 21 
= ied) 


es 


(iii 
Here n = 30, and so 
17427 +3?+---+30? 
= SU0la3 IX 61 
== 9450; 


We use the same formula as in part (a)(ii). 


Applying the formula from part (a)(iv), 


we have (with n = 19) 
2 99 53° ee eo: 
Se i ie 
=o) 100 

and (with n = 40) 
Vee? ee Ae 
= # x 408417 
= 672 400. 

It follows that 
DOP eT oe eee) 
= 672 400 — 36100 


= 636 300. 


Solution to Activity 26 


(a) This is an infinite geometric series with first 


term Ge 2 and common ratiow— Os Since 


4 4 
—l1<r<l, the series has a sum, namely 
3 3 
Lr See 
(teh ay ees hee 
br eer i 


(b) This is an infinite geometric series with first 
(iv) The formula for the cubes of the first n term a= 1 and common ratio r = —5. Since 
natural numbers is —l1<r<1, the series has a sum, namely 
19+ 2° 43% +---4n? = in?(n +1)’. Cibaeas ee re 
Here n = 30, and so Ll ele (S35) 5 i 
eee DE TE ae ee + x 30? x 31° (c) This is an infinite geometric series with first 
= 1G 225. term a = 1 and common ratio r = —2. Since 
ee) Nae r <—1, the series doesn’t have a sum. 
Teel err Set ate 37 (d) This is an infinite geometric series, with first 


term a = | and common ratio r = —2. Since 


2a? Aes 2 
hae eens te —l<r<l1, the series has a sum, namely 


= (122? 37. 07), 
It follows from the results of parts (a) (ii) (eae ie ( 2) = 
and (iii) that 


TE aa fe cae ole 2 Yq 


20° 


wlod ele 


Solution to Activity 27 


= 9455 — 385 (a) Put s = 0.454545.... The repeating group, 
= 9070. ‘45’, is 2 digits long, so multiply s by 107, to 
(ii) Note that onan 
100s = 45.454545...=45+s. 


Dee ieet 90? LAS 
= (1°42? +3° +--+ 40°) 
SP EUS og Es Hoey 


fe ee 
Hence we have s = 55 = i: 


90 


(b) Put s = 0.729729 729.... The repeating 
group, °729’, is 3 digits long, so multiply s 
by 10°, to obtain 

1000s = 729.729 729 729"... = 729 + s. 
Hence we have s = a = ar It follows that 
a p2 29029" x. 


eet, 27-138 
Sein g7 Tee RY aoe 


Solution to Activity 28 


(a) The sums are as follows. 


20 

(i) ni =5*+6'+74+--.+204 
=o 
19 

Gi) Son + 1)* = 54 + 64 + 7* +--+ 204 
ae 


6 
(ii) So (Q2n-1) =1434+5+4+--- 


=i 


old 


The sum is 
150 


2150 yen: 
n=. 


14+2+34-: 


(ii) The sum is 


iS; 
B+ 6+ 7 +---+18? = Son’. 
n=9 
(iii) The sum is 
a oe mee 
Solution to Activity 29 
24 
(a) SY k=4x 24 x (2441) = 300 
=A 


24 
(b) Yk? = 4 x 24x (2441) x (2x 2441) 


= 4x 24x 25 x 49 
= 4900 


Solution to Activity 30 

The solutions below apply the rules for 
manipulating finite series using sigma notation, in 
the box on page 66, and the formulas for the sums 
of standard finite series in the box on page 65. 


Solutions to activities 


30 


(a) > (2k? —k) 


al 


= 598 ys 
eae) 
bi Ki 


= 2 x $£(30)?(31)? — $(30)(31) 
= 432 450 — 465 
= 431985 
40 40 40 
(b) SOGR-1)=S05R?-So1 
(== il == iSs=ik 
40 40 
Ps 
=p 
isl k= 1 
= 4 x £(40)(41)(81) — 40 
= 5535 — 40 
= 5495 
(c) We have 
PRS) 125 64 
S> (66 +7) = 5 /(6k +7) — > (6h +7). 
k=65 i=l k= 
Now 
125 125 125 
S "(6k +7) mae 6k + ba 7 
Kell 
1s; 125 
=6 pe k+75°1 
k=1 
= 6 x $(125)(126) + 7 x 125 
= 47250 + 875 
= 48 125. 
Similarly, 


64 
S((6k +7) = yor 7 
k= 
=0yohe7Yo1 
k=1 


= 6 x $(64)(65) +7 x 64 
= 12480 + 448 
= 12928. 
Hence 
125 
S| (6k +7) = 48.125 — 12.928 = 35 197. 
K=60 
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Solution to Activity 31 


= 
CC eee i) 
uo 
2 2 2 LNG 
f it i oe be 
© 140) +0) ++ = (G) 
Solution to Activity 33 
(Qlne-h 5) tc" Jere 5 57 
=e £10c+ 25 
OD) (a ST Ee (an) aE (ata 
= 1-62 +92? 


(c) (p* — q?)? = (p*)? + 2p?(—q?) + (-a°)? 
= p* — 2p*q? + ¢q° 


Solution to Activity 34 
(a) By formula (12), 
(Grep) => 3 <5 <p 3x bh xp ep 
= 125 + 75p + 15p? + p®. 
(b) By formula (12), 
(1— 27)? = 1° +3 1? x (—2z) 
ele (=2e)- 47 (— 2m) 
= 1-62 + 122? — 82°. 
(c) By formula (12), 
(27 +3y)? = (22)? +3. Oz)? x 3y 
+ 3 x 2x x (3y)? + (3y)? 
= 8x? + 36x7y + 54ay? + 27y°. 
Solution to Activity 35 
(@)elbe row icslel. 21935, 05,21, 75.1. 
(b) This gives the formula 
(Geb) a" fab | 2a b + Bbatbe 
+ 35a°b* + 21a7b° + 7ab® +b”. 
Solution to Activity 36 
(a) We use the formula 
(a+b)? 
= a> + 5a*b + 10a°b* + 10a7b? + 5ab4 +b. 
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Substituting a = 3x and b = 2 gives 
(Ba++ 2)? 
= (3x)° + 5(3x)* x 2+ 10(3a)* x 2? 
+ 100)? <2 = 53a) 2 cee. 


— 2437° + 810x* + 1080x? + 720x7 + 240x + 32. 


(b) We use the formula 
(a + b)* = a* + 407d + 6a7b? + dab? + O°. 
Substituting a = x and b = —4y gives 
Gane 
= x* + 4x?(—4y) + 6x?(—4y)? 
+-4a(—4y)° + (—4y)* 
= ¢* — 16x7y + 96x7y? — 256ry> + 256y". 


Solution to Activity 37 


(b) C19 = 7C2 = = : ~ =66 
(@) 7OrS =| 

@ *q= 2 

Cee = = aad 


Solution to Activity 38 
(a) 2C\9 = 177100 
(b) 32C\7 = 565 722 720 


Solution to Activity 39 


(a) We put n = 10, a=1 and b= 2 in the binomial 
theorem. The first four terms in the binomial 
expansion of (1 +2)!° are 

1294100) x 199 4 100, ¢ 182? + WOy x 1748 

DS Poa 

0 Ce Sea eee 

=1+4 10x + 452? + 1202°. 

(b) Here n = 10 (as in part (a)), a= 2 and b= 5a. 
The binomial coefficients needed were obtained 
in part (a). The first four terms in the binomial 
expansion of (2+ 32)!° are 


21° +10 x 2°(42) +45 x 28(12)? + 120 x 27(42) 


= 1024 + 2205 + 1280x? 4+ 512053. 


Solution to Activity 40 
(a) By the binomial theorem, each term in the 
expansion is of the form 
L1G, gQli-kpk. 
The term in a®°b° is obtained when k = 5. Hence 


the coefficient of a®b° is 
wo. ESS) eal Cail 
ecco 


Ae (eer al 
(b) By the binomial theorem, each term in the 
expansion is of the form 
eG Gc\r a (a) = GMa) ware esa 
5 qis 


=Abo2: 


The term in c is obtained when k = 15. 
Hence the coefficient of c®d!® is 


MO (=1)3? = — Cys x 
—15 504 x 243 
= —3767 472. 


I 


Solution to Activity 41 


(a) The constant term arises when the power of x 
and the power of —1/z in the expansion are the 
same, namely, 6. By the binomial theorem, this 
term is 


1 6 
120, x 8 (-3) 2/120), 
3 ede AUG XS a, 
Gx Bs 4 eS eB el 


= 924. 


(b) By the binomial theorem, each term in the 
expansion is of the form 


3 k 
15 i5=e 1 
Cr ib ( a) 


= 15¢, x pld-F ea (h-2)* 
= OP ely pid—-kp—2k 


15Q), (a2he pid—3k 


| 


Solutions to activities 


(i) For the term in h®, we need 
ihesy ees), 
which gives 12 = 3k; that is, k = 4. Hence 
the coefficient of h® is 


15 3\4 81 110565 
BS) = 1365 = 
C4 ( 3) 365 Xx 16 16 
(ii) For the term in h~!*, we need 


15 — 3k = -12, 
which gives:27 — 3k, that is,.k — 0.) Hence 
the coefficient of h~!? is 


5 A 19 683 
Oy (—3)° = —5005 x ate 
98 513 415 
<— fole> 
(iii) For a term in h?, we need 


13k 2, 
which gives 13 = 3k. Since there is no 
integer value of k that satisfies this 
equation, there is no term in h?. 


Solution to Activity 42 
We put n = 17 and replace x by —x in the equation 
in the box. The first six terms of the expansion are 
1+ 1C,(—a) + G2(—x)? + *7C3(-a)? 
se EN eey RNC) 
Ui 16 el ie GLO al ae 
C= —— 7 
2! 3! 
17x 16x15x14 , 
ai £ 
4! 
17x 16x15x 14x18 5 
5! ‘ 
= 1-172 + 136x? — 6802° + 2380x* — 61882”. 


=1—17x+ 
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Unit 11 


Taylor polynomials 


Introduction 
Introduction 


You may have wondered how a calculator or mathematical software 
package finds an approximate numerical value for In3, e!/? or sin(0.2), for 
example. There are various ways in which this can be done, but one 
common method involves approximating functions such as the natural 
logarithm function, the exponential function or the sine function by 
polynomial functions. 


Recall from Unit 3 that a polynomial function has the form 


f(x) =a sum of terms, each of the form cx*, where k is a 


non-negative integer and c is a constant. 
In other words, it has the form 
= a ay n 
f(a) =co+ ce + Cox* +--+ + en2", 


where n is a non-negative integer and co, c),C2,...,Cn are constants 
(possibly 0). The phrase ‘polynomial function’ is often abbreviated to 
polynomial, and we’ll use this abbreviation frequently in this unit. If 
Cn # 0, then the polynomial has degree n. For example, 


f(a) — 6— 30 +207 + 2° 
is a polynomial of degree 3. 


To find the value of a polynomial function at a particular input value, the 
only operations that you have to use are addition, subtraction and 
multiplication. For example, the value of the polynomial function f above 
when x = 4 is 


f(4=6-3x44+2x 4244 
=—6—12 + 32 + 64 = 90. 


By approximating the natural logarithm function by a polynomial 
function, a computer can evaluate In3, for example, to the accuracy of the 
computer, using just the operations of addition, subtraction and 
multiplication. Similarly, by approximating the exponential function and 
the sine function by polynomial functions, it can evaluate e!/2 and sin(0.2). 


In this unit you’ll study a particular way of approximating functions by 
polynomials, called Taylor polynomials. By using suitable Taylor 
polynomials, you can approximate many functions to any required level of 
accuracy. In fact, calculators and software packages don’t use ‘Taylor 
polynomials to approximate functions, since more efficient (though also 
more complicated) polynomial methods exist, but by studying Taylor 
polynomials you'll learn about the basic ideas of polynomial 
approximation. 

In most cases a function can’t be approximated by a polynomial function 
over the whole of its domain. What we’ll be interested in throughout the 
unit is the approximation of a function by a polynomial function close to a 
particular point (value) in its domain. 
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James Gregory (1638-1675) 
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Another reason why polynomial approximations are important is that it is 
straightforward to multiply polynomials together, and to differentiate and 
integrate them. Also, polynomial approximations allow complex problems 
to be described by simple mathematical models, making these problems 
easier to understand and to solve. 


Taylor polynomials are also of theoretical importance. They lead naturally 
to a way of representing functions by infinite series, at least for some 
points in their domains. Such representations are called Taylor series. 


In Section 1 you’ll study the approximation of functions by linear and 
quadratic polynomial functions. This is extended to approximation by 
Taylor polynomials of higher degree in Section 2, and then to Taylor series 
in Section 3. Finally, in Section 4, you’ll see various methods for using 
known Taylor series to derive Taylor series for further functions. 


Taylor series and Taylor polynomials are named after the English 
mathematician Brook Taylor, who was educated at home and then at 
St John’s College, Cambridge. In 1715 he published Methodus 
Incrementorum Directa et Inversa, which includes the work on which 
this unit is based, as well as the technique for integration by parts, 
which you studied in Unit 8. The importance of Taylor polynomials 
remained largely unrecognised until much later in the eighteenth 
century. Taylor was elected as a Fellow of the Royal Society in 1712, 
and was appointed to the committee for adjudicating the claims of 
Newton and Leibniz to have invented the calculus. He also wrote 
works on perspective and was a talented musician and artist. 


Taylor was not, in fact, the first person to discover Taylor series. The 
Scottish mathematician James Gregory discovered them more than 
forty years before Taylor, and several other mathematicians, including 
Newton and Leibniz, also independently discovered versions of them 
before Taylor published his work. However, Taylor was the first to 
appreciate their fundamental significance and applicability. 


1 Taylor polynomials of small degree 


In this section you'll look at how you can approximate many functions by 
polynomial functions of degrees 0, 1 and 2. 


Here, and throughout the unit, we’ll usually use f to denote a function 
that is to be approximated, and p to denote an approximating polynomial 
function. We'll usually use a to denote a point in the domain of f close to 
which we want to approximate f. Note that we’ll usually refer to numbers 
in the domain of a function f as points. You met this use of the word 
‘point’ in Unit 6. 


1 Taylor polynomials of small degree 


1.1 Constant Taylor polynomials 


Let’s start by considering how you could approximate a function f, close 
to a particular point a in its domain, by the simplest type of polynomial 
function, namely, a constant function. Remember from Unit 3 that a 
constant function is a function of the form p(a) = c, where cis a 
constant. Its graph is a horizontal line. Approximating a function by a 
constant function is rarely useful, but it illustrates the ideas, and it’s the 
first step in obtaining better approximating polynomials, as you'll see. 


For example, suppose that you want to approximate the function 

f(x) = sina, close to the point 7/6 in its domain, by a constant function p. 
The best constant function to choose is the one whose graph is the 
horizontal line through the point with x-coordinate 7/6 on the graph of f, 
as illustrated in Figure 1. Since f (7/6) = sin(7/6) = 5, this constant 


function is the function p(x) = 5: 


A (sia 


Figure 1 The graph of the function f(x) = sinw approximated by a 
constant function near x = 77/6 


You can see that, for values of x close to 7/6, the value of p(z) is close to 
the value of f(z). So the value of p(x) can be used as an approximation to 
the value of f(z). The approximation is better when « is closer to 7/6 
than when it is further away. 


For example, the point 7/4 is fairly close to 7/6, and the approximating 


polynomial p(x) = 5 gives the following approximation for sin(/4): 


T il 
5: 
p() D 


The true value of sin(7/4) is 


1 1 
sin (7) oi 0.707 (to p.) 


In general, consider any function f that is continuous at a point a in its 
domain. Informally, this means that you can draw the part of the graph 
of f that corresponds to values of « slightly less than a to values of x 
slightly greater than a without taking your pen tip off the paper. Then the 
constant function p that best approximates f close to a is the constant 
function whose graph is the horizontal line though the point (a, ie.) eas 
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illustrated in Figure 2. In other words, it’s the constant function p(x) = ¢ 
where c = f(a). We say that this function p is the constant Taylor 
polynomial about a for f. 


Figure 2. The graph of a function f approximated by a constant function 
near x =a 


For example, you have just seen that the constant Taylor polynomial 
1 


about 7/6 for f(x) = sing is p(x) = 5. 
If f is any function and p is any approximating polynomial for f, then you 
can obtain an indication of how good the approximation is at any 
particular value of x by subtracting the approximating value p(x) from the 
actual value f(x). The resulting value is known as the remainder at 2. 
For example, consider again the function f(x) = sina and the 
approximating polynomial p(a) = 5. If « = 7/4, then the remainder is 


: .. WHE il 1 1 

Te) p(z) = sin (4) es 5 = 0.207... 
A remainder can be positive, negative or zero, depending on whether f(z) 
is larger than, smaller than, or equal to p(x). Essentially, the remainder is 
the size of the vertical gap between (x, f(xz)) and (x, p(x)), with the 
appropriate sign, as illustrated in Figure 3. The smaller the magnitude of 
the remainder, the better the approximation. 


negative 
remainder 


Figure 3 Remainders for a function f and an approximating constant 
function p 
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Example 1 Finding and using a constant Taylor polynomial 


(a) Find the constant Taylor polynomial about 0 for the function 
fla) =. 

(b) Use this constant Taylor polynomial to write down 
approximations for e9-°! and e®!. In each case, use your 


calculator to find the value of the associated remainder to five 
decimal places. 


Solution 
(a) Since f(0) = e? = 1, the constant Taylor polynomial about 0 for 
ee Is Dr) 1. 
(b) The approximation for e9°! given by p is 
O00 =k, 
with remainder 
7(0.01) — p(0.01) =e?! — 1 = 0.01005... (to. 5 .d.p.). 
Similarly, the approximation for e?! given by p is 
p(0.01) = 1, 
with remainder 


TO D—p0 l= > — 1 = 0.10517 odd p.). 


The constant Taylor polynomial found in part (a) of Example 1 is shown 
in Figure 4. The results of part (b) of the example illustrate the fact that 
the approximation provided by the constant Taylor polynomial is better 
(has a remainder of smaller magnitude) for values of x closer to 0 than for 
those further from 0. You can also see this from the graph in Figure 4, 
since the gap between the two graphs decreases in magnitude as the value 
of x moves towards 0. 


Figure 4 The graph of f(«) =e” and its constant Taylor polynomial 
about 0 
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In the next activity, and in the later activities in this unit, your calculator 
should be in radian mode when you’re calculating the values of 
trigonometric functions. We’ll use radians, rather than degrees, 
throughout the unit. This is because we’ll be working with derivatives, and 
the standard formulas for the derivatives of trigonometric functions hold 
only when angles are measured in radians. 


Activity 1 Finding and using constant Taylor polynomials 


(a) Find the constant Taylor polynomial about 0 for the function 
f(x) =cosz. Use this polynomial to write down approximations for 
cos(0.01) and cos(0.1). In each case, use your calculator to find the 
value of the associated remainder to five decimal places. 


(b) Find the constant Taylor polynomial about 1 for the function 
f(x) =Inz. Use this polynomial to write down approximations for 
In(1.01) and In(1.1). In each case, use your calculator to find the value 
of the associated remainder to five decimal places. 


The constant Taylor polynomials from Activity 1 are shown in Figure 5. 


(a) (b) 


Figure 5 The graphs of two constant Taylor polynomials 


As mentioned earlier, approximating a function f, close to a point a in its 
domain, by a constant Taylor polynomial p is usually not very useful. 
Unless x is extremely close to a, the accuracy of p(a) as an approximation 
for f(x) is not impressive! 


This is illustrated by the fact that none of the approximating constant 
Taylor polynomials in Figures 1, 4 and 5 look particularly close to the 
original functions, as the value of ~ moves away to either side of the 

point a. However, it could be claimed that the Taylor polynomial in 
Figure 5(a) appears to be a better approximating polynomial than the 
others. In this case the function f has a local maximum at x = a, and 
hence the tangent to the graph of f at (a, f(a)) is horizontal, and so 
coincides with the graph of the constant Taylor polynomial, p(x). So in 
this case the approximating polynomial p not only has the same value as 
the function f at 2 =a, but also its graph has the same gradient at x = a. 


1 Taylor polynomials of small degree 


We'll use this idea to obtain better approximating polynomials in the next 
subsection. 


1.2 Linear Taylor polynomials 


In this subsection we’ll continue to look at how we can approximate a 
function f, close to a particular point a in its domain, by a simple 
polynomial function p. In the previous subsection we chose the 
approximating polynomial p to be a constant function; that is, a function 
of the form 


p(x) =¢, 


where c is a constant. We chose the value of c to be f(a), to ensure that 
the function f and the approximating polynomial p have the same value as 
each other at x = a. 


Here we'll choose the approximating polynomial p to be a linear 
function, that is, a function of the form 


p(z) =max+c, 


where m and © are constants. As you know, the graph of such a function is 
a straight line. We’ll choose p to have the property that not only do the 
function f and the approximating polynomial p have the same value 

at x =a, but also their first derivatives have the same value at x = a. The 
second condition ensures that the graphs of f and p have the same 
gradient at x =a. 


In order for this to be possible, the function f must not only be continuous 
at a, but also differentiable at a. If you know that f is differentiable at a, 
then you don’t have to check separately that it’s continuous at a, as that 
follows automatically. This is because, as you saw in Unit 6, if a function 
has a discontinuity at a, then it isn’t differentiable at a. 


The function p obtained as described above is called the linear Taylor 
polynomial about a for f. Its graph is the tangent to f at a, as 
illustrated in Figure 6. Usually a linear Taylor polynomial gives better 
approximations than a constant Taylor polynomial. In some texts, linear 
Taylor polynomials are called tangent approximations. 


Figure 6 The graph of a function f and its linear Taylor polynomial 
about a 
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To illustrate the ideas, let’s find the linear Taylor polynomial about 0 for 
the exponential function f(x) = e”. We’ll denote this approximating 
polynomial by p, as usual. 


The graph of p is the straight line that passes through the point with 
x-coordinate 0 on the graph of the function f(x) = e”, and has the same 
gradient at that point, as shown in Figure 7. 


a 
20 


Figure 7 The linear Taylor polynomial about 0 for f(x) = e* 


The point with x-coordinate 0 on the graph of f(x) = e® is (0,e°) = (0,1). 
Also, the derivative of the function f(x) = e” is f’(a) = e”, so the gradient 
of the graph of f at the point (0,1) is f’(0) = e® = 1. So the graph of the 
approximating polynomial p is the straight line that passes through the 
point (0,1) and has gradient 1. From your work in Section 2 of Unit 2, you 
know that the straight line with gradient m that passes through the point 
(71,41) has equation 


y—y = mz — 21), 
so the straight line required here has equation 
(f= Wea 0) 
which can be simplified to 
Y= 1g. 
Thus the linear Taylor polynomial about 0 for f(a) = e® is 
DMG) leteere. 


You can see from Figure 7 that, as you’d expect, the graph of plzy=14+o 
approximates that of f(a) =e” near x = 0 more closely than was the case 
for the graph of the constant Taylor polynomial for f (%) = e* about 0 in 
Figure 4. 


As for constant Taylor polynomials, the approximation to f(x) provided 
by p(a) is better for values of x close to 0 than for values of x further away 
from 0, since the gap between the graphs of f and p increases as the value 
of x moves away from 0 on either side. 


1 Taylor polynomials of small degree 


You can use the method above to work out the linear Taylor polynomial 
for any function f about any point a at which its graph has a gradient. 
However, a better way to proceed is to apply the method to a general 
function f and a general point a. This will give a general formula that you 
can use to work out a linear Taylor polynomial in any particular case. 


To do this, let’s suppose that f is a function and a is a point in its domain 

at which it’s differentiable. The point on the graph of f with 

x-coordinate a is (a, f(a)). Also, the gradient of the graph of f at the point 

(a, f(a)) is f(a). So the graph of p is the straight line that passes through 

the point (a, f(a)) and has gradient f’(a). This straight line has equation 
y — f(a) = f'(a)(x — a), 


which can be rearranged as 


y = f(a) + f'(a)(x— a). 


So we have the following general formula. 


Linear Taylor polynomials 


Let f be a function that is differentiable at a. The linear Taylor 
polynomial about a for f is 


p(x) = f(a) + f'(a)(x — a). 


When a = 0, this becomes 


p(x) = f(0) + f\O)a. 


The particular case when a = 0 is stated separately in the box because this 
case occurs commonly and is simpler to work with. 


In the next example the linear Taylor polynomial about 0 for the 
exponential function is worked out again, but this time directly using the 
formula above. The linear Taylor polynomial is also used to find an 


approximation for et. 


Example 2. Finding a linear Taylor polynomial about 0 >) 
(a) Find the linear Taylor polynomial about 0 for the function 

f(a) =e*. 
(b) Use this polynomial to find an approximation for e®!. Use your 

calculator to find the value of the associated remainder to five 

decimal places. 
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Solution 
(a) &. Differentiate f to find f’, and hence find the values of f (0) 
and f’(0). @ 
We have f(x) = e”, so 
f(a) =e. 
Hence 
POS eo =| ol i et 


©. Apply the second formula in the box above, since in this 
case @= UT 
x 


The linear Taylor polynomial about 0 for f(x) = e® is 


pa) = f(0) + fO)x: 
©. Substitute in the values of f(0) and f’(0). & 
that is, 

p(x) =1+e. 


The approximation for e°:! given by the linear Taylor 
polynomial p is 


POD) =f 01= Ly 


aS 
oy, 
Se 


The remainder for this approximation is 


eo ele O00 Te tobi p.) 


The remainder found in Example 2(b) is about 20 times smaller than the 
remainder 0.10517 found in Example 1(b), where e9! was approximated 
by a constant Taylor polynomial. So the linear Taylor polynomial about 0 
for f(x) = e” provides a much more accurate approximation for the value 
of e®+ than was obtained using a constant Taylor polynomial. The same 
applies when you approximate e*” for any other value of x close to 0. 


In the next activity you’re asked to find a linear Taylor polynomial for the 
sine function. 


Activity 2. Finding a linear Taylor polynomial about 0 


(a) Find the linear Taylor polynomial about 0 for the function 
jf (oc) sine. 


(b) Use this polynomial to find approximations for sin(0.25) and sin(0.5), 
each to four decimal places. By comparing these approximations with 
the values obtained from your calculator, show that the magnitude of 
the remainder at « = 0.5 is much larger than that at « = 0.25. 


1 Taylor polynomials of small degree 


Notice from Activity 2(a) that the linear Taylor polynomial about 0 for the 
sine function contains no constant term; it is p(#) = x. This happens 
because the graph of the sine function passes through the origin. The 
graphs of f(x) = sinz and p(x) = x are shown in Figure 8. 


Figure 8 The linear Taylor polynomial about 0 for f(x) = sinx 


Activity 3. Finding another linear Taylor polynomial about 0 


(a) Find the linear Taylor polynomial about 0 for the function 
file) == COs a. 


(b) Use this polynomial to find an approximation for cos(0.2), and use 
your calculator to find the value of the associated remainder to four 
decimal places. 


Notice from Activity 3(a) that the linear Taylor polynomial about 0 for the 
cosine function contains no term in x and is therefore a constant function; 
it is p(x) = 1. This happens because the graph of the function f(a) = cos x 
has gradient zero at the point where x = 0. The graphs of f(a) = cos x 
and p(x) = 1 are shown in Figure 9. 


it 


Figure 9 The linear Taylor polynomial about 0 for f(x) = cosx 
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In fact, the linear Taylor polynomial p in this case is the same as the 
constant Taylor polynomial about 0 for the cosine function, which you 
found in Activity 1(a) and whose graph is in Figure 5(a). In Activity 1(a), 
you started by looking for (and finding) a constant function, whereas in 
Activity 3(a) you started by looking for a linear function, which turned out 
to be one in which the coefficient of x is zero. 


In the next activity you’re asked to use a linear Taylor polynomial to 
approximate a square root. 


Activity 4 Finding and using another linear Taylor polynomial 


(a) Show that the linear Taylor polynomial about 0 for the function 
MS Paes 


p(z) =1+ 42. 


(b) Use the polynomial p from part (a), with 2 = 0.01, to find an 
approximate value for V1.01. Use your calculator to find, to six 
decimal places, the value of the associated remainder. 


Linear Taylor polynomials about a # 0) 


All the linear Taylor polynomials that you’ve seen so far in this subsection 
have been about 0. The next example and activity relate to linear Taylor 
polynomials about another point. 


Co Example 3 Finding a linear Taylor polynomial about a point other 
a than 0 
Find the linear Taylor polynomial about 1 for the function 
flz) Sinz — lye. 
Solution 


©. Use the first formula in the box on page 105. So start by 
differentiating f to find f’, and then find the values of f(1) and 
fia). # 


+ 


We have f(z) =Inz — ut so 
ay 


f fae 1 
(Clk Sager 
Hence 
iL i 1 
Sin = 2 = ! == 25 
{Yen ; Lb tend) f(a) pu ie 2 
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&. Now apply the formula. Remember that in this case a = 1. © 
Thus the linear Taylor polynomial about 1 for f(x) =Inx — 1/z is 
pe) = f(1) + f"(1)(a - 1): 
©. Substitute in the values of f(1) and f/(1). & 
that is, 
p(x) = -1+ 2(z— 1), 
which can be simplified to 


p(x) = —3 + 22. 


The graphs of the function f(z) = Inxw — 1/z and the linear Taylor 
polynomial p(a) = —3 + 22 that was found in Example 3 are shown in 
Figure 10. You can see that p(x) is an approximation to f(x) for values 
of x close to 1. 


Figure 10 The linear Taylor polynomial about 1 for f(a) = Ina — 1/a 


Activity 5 Finding a linear Taylor polynomial about a point other 
than 0 


4 


Find the linear Taylor polynomial about 1 for the function f(a) = e”. 
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In Activity 5 you were asked to obtain the linear Taylor polynomial 

about 1 for the function f(x) = e”, while in Example 2(a) on page 105 the 
linear Taylor polynomial about 0 was obtained for the same function. The 
eraphs of these linear Taylor polynomials are shown in Figure 11. As you’d 
expect, it appears that the first of these polynomials approximates e* for 
values of x close to 1, while the second approximates e® for values of x 
close to 0. This illustrates that, in general, Taylor polynomials about 
different points are different polynomials. 


x 


Figure 11 The linear Taylor polynomials about 0 and 1 for f(z) =e 


In Subsection 1.1 we approximated functions by constant Taylor 
polynomials, and in this subsection we approximated them by linear 
Taylor polynomials. The linear Taylor polynomials usually provided better 
approximations than the constant Taylor polynomials. This suggests that 
we could obtain further improvements by increasing the degree of the 
approximating polynomial once more, and trying to approximate functions 
by polynomials of degree 2, which are quadratic functions. This is the 
topic of the next subsection. 


1.3. Quadratic Taylor polynomials 


We now look at approximating functions by quadratic functions. As you’d 
expect, this usually gives greater accuracy than approximating functions 
by linear functions. 


Suppose that f is a function that’s differentiable at a. In Subsection 1.2 
you saw how to approximate f close to a by a linear function p. The 
particular linear function p was chosen to ensure that the following two 
conditions hold: 


1. The values of the function and the approximating polynomial are 
equal at a; that is, p(a) = f(a). 


2. ‘The values of the first derivatives of the function and the 
approximating polynomial are equal at a; that is, p’(a) = f’(a). 
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Suppose that we now want to try to approximate f close to a by a 
quadratic function p. As you know, a quadratic function is a function of 
the form 


p(t) =ceg + ce + cox”, 


where co, c, and cg are constants. However, in the context of Taylor 
polynomials, it’s more convenient to write the general form of an 
approximating quadratic function as 


p(x) = co + c1(@ — a) + co(x — a)’, 


where co, cy and c2 are constants, and a is the point about which we want 
to find the approximating function. This alternative form is the rule of a 

quadratic function, since if you multiply out the right-hand side then you 

obtain powers of x up to and including 2”, but no higher powers. You can 
see that the form above reduces to the more usual form in the case when 

Ga 


It seems sensible to choose the approximating quadratic function p to 
ensure that conditions 1 and 2 above hold. Since there are now three 
constants to choose, we can also impose a third condition, and a natural 
one to choose is: 


3. The values of the second derivatives of the function and the 
approximating polynomial are equal at a; that is, p’(a) = f"(a). 


We can impose this condition provided that f”(a) exists; that is, provided 
that f is twice differentiable at a. This is the case for many functions and 
many points in their domains. In fact, many functions can be 
differentiated as many times as you wish at all points in their domains. 
Such functions include all polynomial, rational, trigonometric, exponential 
and logarithmic functions, and all constant multiples, sums, differences, 
products, quotients and composites of these. 


As you've seen, condition 1 means that the graphs of the function f and 
the approximating polynomial p both pass through the same point 

(a, f(a)), and condition 2 means that the graphs of the function and the 
approximating polynomial both have the same gradient at that point. 
Condition 3 means that the function and the approximating polynomial 
also have the same rate of change of gradient at that point. Roughly 
speaking, this means that their graphs have the same ‘curvature’ at that 


point. 


The polynomial p of the form above that satisfies conditions 1, 2 and 3 is 
called the quadratic Taylor polynomial about a for f. For any 
point x close to a, the value of p(x) is an approximation for f(x). 


In some cases, the polynomial p(x) that satisfies conditions 1, 2 and 3 has 
Cc. = 0 and so is not a quadratic polynomial, but has degree 1 or less. If 
this happens, then we still refer to the approximating polynomial as the 
quadratic Taylor polynomial about 0 for f. This means that a quadratic 
Taylor polynomial is not necessarily a quadratic polynomial! You'll see an 
example of this later in this section. You saw in Subsection 1.2 that a 
similar situation arises with linear Taylor polynomials (a linear Taylor 
polynomial can be a constant function). 
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As for linear Taylor polynomials, there’s a general formula that you can 
use to find quadratic Taylor polynomials. It’s given in the box on 

page 114. If you’re not interested in knowing where the formula comes 
from, then you can skip ahead to this box. Otherwise, keep reading! 


To illustrate the ideas of how the formula is derived, let’s start by finding a 
particular quadratic Taylor polynomial, namely the quadratic Taylor 
polynomial about 0 for the exponential function f(x) = e*. As discussed 
above, we can take it to be of the form 


. D 
p(x) =eo t+ c(4 —a) + c2(@—- a)’, 
where cog, C; and cg are constants. In this case, since a = 0, it reduces to 
De Ce Cia C90". 


We have to determine what the values of the constants cg, cj and cg must 
be to ensure that the value of p at 0, and the values of the first and second 
derivatives of p at 0, are the same as those of f. 


The first and second derivatives of the function f(a) = e” are f’(x) = e” 


and.) (a) =te"s Hence 
fO)=e=1, f'(0)=e=1 and f’(0)=e? =1. 


So we have to choose the values of the constants cg, c; and cg to ensure 
that 


DO) Wane (Ocul mean ear (eet 
Here’s how we can do that. 
First we ensure that p(0) = 1. We have 
p(x) = eo ter + eg2?, 
so p(0) = co. Thus to ensure that p(0) = 1 we must have co = 1. 
Next we ensure that p'(0) = 1. Differentiating the formula for p gives 
p (x) = cy + 2coa, 
so p’(0) = cy. Thus to ensure that p’(0) = 1 we must have ¢; = 1. 
Finally we ensure that p”(0) = 1. Differentiating the formula for p’ gives 
p(x) = 2c2, 


so p’(0) = 2cg. Thus to ensure that p’(0) = 1 we must have 2c = 1; that 
1 
tS) Ore 5 


So the quadratic Taylor polynomial p for f(a) = e* about 0 is 
p(z) =1+2+4 $27. 


The graphs of f(a) = e” and the approximating polynomial 

pia) =1+a+ 5x" found above are shown in Figure 12. You can see that 
the quadratic function p appears to be a more accurate approximating 
polynomial for f(x) =e” for values of x close to 0 than the linear function 
found earlier, which is shown in Figure 7 on page 104. 
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Figure 12 ‘The quadratic Taylor polynomial about 0 for f(a) = e* 


As with the constant and linear Taylor polynomials about 0 for f(a) = e” 
that you met earlier, which are p(x) = 1 and p(x) = 1+ 4, respectively, the 
quadratic Taylor polynomial p(z) = 1+ a+ 5x? provides better 
approximations for values of x close to 0 than for values of x further away. 


You could use the method demonstrated above to work out the quadratic 
Taylor polynomial for any function f about any point a at which it is twice 
differentiable. However, let’s instead apply the method to a general 
function f and general point a. This will give a general formula that we 
can use to work out a quadratic Taylor polynomial in any particular case. 


So let’s suppose that f is a function and a is a point in its domain at 
which it is twice differentiable. 


The quadratic Taylor polynomial about a for f is of the form 
pt) =¢o + 4 (e — a) + oz — ae 


where co, cj and cg are constants. We have to determine what the values of 
the constants co, c; and cg must be to ensure that the value of p at a, and 
the values of the first and second derivatives of p at a, are the same as 
those of f. 


To do this, we apply the method demonstrated above, the only difference 
being that we can’t evaluate the quantities f(a), f’(a) and f(a), so 
instead we keep them in their general form throughout our working. 
They’ll then appear in the final formula for p, ready to be evaluated for 
any particular function f and point a. 


As before, we have to choose the values of cg, cy and c2 to ensure that 
p(a) = f(a), p(a)=f'(a) and p"(a) = f"(a). 


To do that, first we ensure that p(a) = f(a). We have 


p(z) = co + a(x — a) + (a — aes 


so p(a) = co. Thus to ensure that p(a) = f(a) we must have co = in@e 
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Next we ensure that p'(a) = f’(a). The first step here is to differentiate the 
formula for p, 

p(x) = ceo +c1(z — a) + c2(x — ae 
The first term, co, is a constant, so its derivative is 0. To differentiate the 


second term, c,(x — a), we use the constant multiple rule, which gives cy. 


To differentiate the third term, co(x — a)?, we use the constant multiple 


rule and the chain rule (or the rule for differentiating a function of a linear 
expression), which gives 2c2(a — a). The fiial answer is 
p(x) = cy + 2co(a — a). 
Hence p’(a) = c;. Thus to ensure that p’(a) = f’(a) we must have 
c, = f’(a). 
Finally we ensure that p’(a)= f(a). Differentiating the formula for p’, 


using a method similar to that used to differentiate the formula for p 
above, gives 


p' (a) = 2c. 
Hence p”(a) = 2cg. Thus to ensure that p’(a) = f(a) we must have 
26, =f (a) thats Joi f(a), 


So we have the following general formula. 


Quadratic Taylor polynomials 


Let f be a function that is twice differentiable at a. The quadratic 
Taylor polynomial about a for f is 


p(x) = f(a) + f'(a)(x— 4) + 5f"(@(@ — @)?. 
When a = 0, this becomes 


p(x) = f(0) + f’(O)x + $f" (0)? 


This formula allows you to find the quadratic Taylor polynomial p about a 
for any suitable function f. To do this, you calculate the value of f at a, 
and the values of the first and second derivatives of f at a, and then 
substitute them into the formula. 


In the next example the quadratic Taylor polynomial about 0 for the 
exponential function is worked out again, this time directly Betas the 
formula in the box above. 


CS) Example 4 Finding a quadratic Taylor polynomial about 0 


Find the quadratic Taylor polynomial about 0 for the function 
f(a) =e. 
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Solution 


a. Differentiate f twice to: xfind f’ and f”, and hence find the values 
of f(0), f/(O) and f"(0). 


We have f(x) = e”, so 
pi) =e and 7" (a) = e*. 
Hence 


(OSE =i, (0) = e&=1 and Ff" (0) =e? =1. 


©. Apply the second formula in the box on page 114, since in this 
casea= 0. @ 


The quadratic Taylor polynomial about 0 for f(x) = e” is 
p(x) = f(0) + f'O)x+ 5 f"(0)2* 
©. Substitute in the values of f(0), f’(0) and f’”(0). © 
that is, 
p(t) =1+a+4+ $2. 


You can see that the quadratic Taylor polynomial about 0 for the function 
f(x) = e* found in Example 4 is the same as that found earlier in this 
subsection, as expected. 


In the next two activities you can use the second formula in the box on 
page 114 to find the quadratic Taylor polynomials about 0 for the cosine 
and sine functions. 


Activity 6 Finding a quadratic Taylor polynomial about 0 


(a) Find the quadratic Taylor polynomial about 0 for the function 
fiz) — Cos 2: 
(b) Use this polynomial to find an approximation for cos(0.2), and use 
your calculator to find the value of the associated remainder to six 


decimal places. Compare this approximation for cos(0.2) with the one 
found in Activity 3(b). Which is better? 


The outcome of Activity 6(b) demonstrates that increasing the degree of 
the approximating Taylor polynomial from 1 to 2 can significantly increase 
the accuracy of an approximation at a particular point. 
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The graphs of f(x) = cos and the quadratic Taylor polynomial 

p(z) = 1— 42? found in Activity 6(a) are shown in Figure 13. You can see 
that p(x) appears to be a good approximation for f(x) for values of x in 
quite a large interval around 0. 


Figure 13. The quadratic Taylor polynomial about 0 for f(x) = cosx 


Activity 7 Finding another quadratic Taylor polynomial about 0 


Find the quadratic Taylor polynomial about 0 for the function 


IAG) Sera 


The quadratic Taylor polynomial about 0 for the sine function, p(x) = 2, is 
an example of a quadratic Taylor polynomial that is not a quadratic 
polynomial. The quadratic Taylor polynomial about 0 for the sine function 
is the same as the linear Taylor polynomial about 0 for the sine function, 
whose graph is shown in Figure 8 on page 107. 


We have now found constant, linear and quadratic Taylor polynomials 
about 0 for each of the functions f(a) = e’, f(x) =sina and f(x) = cosa. 
These are listed in Table 1. 


Table 1 Constant, linear and quadratic Taylor polynomials about 0 


Function Constant Linear Quadratic 


ef 1 Lele hel ate 
sin x 0 4c a 
(COS 4 1 il _ i 


Notice that, for each of these three functions, the linear Taylor polynomial 
about 0 can be obtained from the constant Taylor polynomial about 0 by 
adding the appropriate term in x (this term is Oz in the case of Cos). 
Similarly, the quadratic Taylor polynomial about 0 can be obtained from 
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the linear Taylor polynomial about 0 by adding the appropriate term in x? 


(this term is Ox? in the case of sin). You will see in Section 2 that these 
properties hold for every function f for which these Taylor polynomials 
can be found, and that similar properties hold for higher-degree Taylor 
polynomials about 0. When you're calculating Taylor polynomials, this is 
a very convenient feature. 


Quadratic Taylor polynomials about a + 0 


So far in this section, you’ve seen quadratic Taylor polynomials only 
about 0. The next example and activity involve quadratic Taylor 
polynomials about another point. 


Example 5 Finding a quadratic Taylor polynomial about a point 
other than 0 
Find the quadratic Taylor polynomial about 1 for the function 


Fie) line. 
Solution 


@. Differentiate f twice to find f’ and f”, and find the values of f(1), 
f'(1) and f"(1). # 


We have f(x) = Inz, so 
fi(@)=— and f"(2)=—-—. 
Hence 
eta = 0, fa Lye ; Sand. gs (1) = = =-1. 


@. Apply the first formula in the box on page 114. Remember that in 
this caseea = 1. & 


The quadratic Taylor polynomial about 1 for f(x) = Inz is 
p(x) = FU) + f'(D(e-1) + 5h" Ye - 1% 
@. Substitute in the values of f(1), f’(1) and f”(1). & 
that is, 
p(z) =0+ 1(@ — 1) + 5(-1(4- lee 
which can be simplified to 
pe) = (e-1)—3(2.— 1)’. 


@. Usually, leave the answer in this form, rather than multiplying 
out. & 
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You could simplify the quadratic Taylor polynomial found in Example 5 by 

multiplying out the squared brackets and collecting like terms. This gives 
ee = —3 + 2x — ae 

However, normally we don’t simplify quadratic Taylor polynomials in this 

way. Instead, we leave them in the form 


p(x) = co + x(a — a) + o(a — a)”. 


To understand why, remember that a convenient property of Taylor 
polynomials about 0 is that you can obtain the linear Taylor polynomial 
about 0 for a function f by adding the appropriate term in « to the 
constant Taylor polynomial about 0 for f, and similarly for higher-degree 
Taylor polynomials. Taylor polynomials about a point a other than 0 have 
the same property, as long as you use the form above for the Taylor 
polynomials; that is, as long as you consider terms in powers of x — a 
rather than terms in powers of 7. You'll see in the next section why this is 
true for any value of a. 


The graphs of the function f(x) = Ina and the quadratic Taylor 
polynomial p(x) = (« — 1) — $(a — 1)? found in Example 5 are shown in 
Figure 14. 

yt y=Inz 


y = p(x) 


Figure 14 The quadratic Taylor polynomial about 1 for f(x) = Ina 


Activity 8 Finding a quadratic Taylor polynomial about a point 
other than 0 


+ 


Find the quadratic Taylor polynomial about 1 for the function f(x) = e?. 


So far you’ve seen how you can use constant, linear and quadratic Taylor 
polynomials about a point a for a function f to approximate the values 
of f close to a. You saw that when we increased the degree of the Taylor 
polynomial the accuracy of the approximations was usually improved. In 
the next section you'll see that this fact generalises to approximating 
polynomials of higher degree. 


2 Taylor polynomials of any degree 


2 Taylor polynomials of any degree 


In this section you'll look at approximating functions by polynomials of 
any degree, and how you can use such polynomials to find approximate 
values for functions at particular points. 


2.1 Taylor polynomials of degree n 


From what you saw in Section 1, you might guess that for any suitable 
function f and any point a in its domain, you can obtain more and more 
accurate approximating polynomials for f close to a by taking polynomials 
of higher and higher degrees, and choosing the coefficients to ensure that 
the values of higher and higher derivatives of the polynomial at a are the 
same as those of the corresponding derivatives of f. Here ‘suitable 
function f’ means that f must be differentiable at a the required number 
of times. 


For example, to try to improve on the approximations provided by the 
quadratic Taylor polynomial about a for f, you could attempt to 
approximate f by a cubic function, of the form 


p(x) =cot+ a(x —a)+ cole — a)? ea a) 


whose value is the same as that of f at a, and whose first, second and third 
derivatives have the same values at a as the corresponding derivatives of f. 


More generally, for any chosen value of n, you could try to find a 
polynomial 


Bel=o ae —a) er —a)* + o(e@—a) ++ ee a)”, (1) 


whose value is the same as that of f at a, and whose first, second, third, 
..., nth derivatives have the same values at a as the corresponding 
derivatives of f. The polynomial that satisfies these conditions is called 
the Taylor polynomial of degree n about a for f. 


There’s a general formula for this Taylor polynomial, for any function f, 
any degree n, and any point a at which f is differentiable n times. As 
you'd expect, this formula involves the values of the first, second, third, 
..., nth derivatives of f at a. Remember that for n > 3 the nth derivative 
of the function f is denoted by f(™, so the value of the nth derivative of f 
at a is denoted by f'")(a). (The third derivative f (3) is sometimes denoted 
by f’”.) The general formula is given in the box on page 121. If you’re not 
interested in knowing how it’s derived, then you can skip ahead to it. 
Otherwise, as before, keep reading. 


To find the formula, we’ll use the method that was used for quadratic 
polynomials in the previous section, but we’ll continue with derivatives up 
to the nth, rather than just the second. Similarly to before, we can’t 
evaluate the first, second, third, ..., nth derivatives of f at a, because we 
don’t know what f and a are, so throughout our working we'll denote 
them by f’(a), f’(a), f(a), -- +5 f(a). These quantities will then 
appear in the final formula for p, ready to be evaluated for any particular 
function f and point a. 
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Here’s how the working goes. We need to determine what the values of the 
constants cp, C1, €2,...-; Cn in equation (1) must be to ensure that the 
value of p at a, and the values of the first, second, third, ..., nth 
derivatives of p at a, are the same as those of f. 
First we ensure that p(a) = f(a). We have 

p(x) =cot+c1(a — a) + cole — a)? + ¢3(@ — a)® + ca(x — ay 

pewiae eats Cae — a)", 

so p(a) = co. Thus to ensure that p(a) = f(a) we must have 

Coma) (ae 
Next we ensure that p/(a) = f’(a). We have 

p(x) = cy + 2c9(x — a) + 3c3 (a — @) Acs(a — a) 


De yen ie a 


3 


so p'(a) = cy. Thus to ensure that p'(a) = f’(a) we must have 
ce = f(a). 
Then we ensure that p”(a) = f(a). We have 
D (f= 29-3 x 2e,(0— 4) 4a Bela ay 
eo nln = ee =a) 
so p’(a) = 2c. Thus to ensure that p”(a) = f(a) we must have 
267 — f(a) that is, 
= $f" (a). 


It’s useful to write this as 
f"(a) 
CQ = DN ) 
where 2! denotes 2 x 1, that is, 2 factorial, as you saw in Unit 10. This 
allows the pattern in the next few calculations to be seen more easily. 
(Recall that if n is a positive integer, then, by definition, 


i = Neo 2 al) 
Then we ensure that p')(a) = f@) (a). We have 
p(x) =3 x 2c3+4x 3x 2 c4(z — a) 
+++ 4+n(n—1)(n — 2)en(x — a)", 


so p'°)(a) = 3!c3. Thus to ensure that p>(a) = f(a) we must have 
Bice f(a); that is, 


(3) 
1 = £0), 
3! 
Continuing in this way, we find that we must have 
(4) (q (5) 
C= f ae = ee) a and so on, 
until finally, to ensure that p((a) = f(a), we must have 
_  £M%@) 


n! 
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The resulting formula for the approximating polynomial is stated below. 
You can see that it generalises the formulas for constant, linear and 
quadratic Taylor polynomials given earlier. In the case where a = 0 the 
formula reduces to a simpler form, which is also stated below. 


Taylor polynomials 


Let f be a function that is n-times differentiable at a point a. The 
Taylor polynomial of degree n about a for f is 
Na (3)(q 
pla) = f(a) + f(a)(e—a) + E) me 


i x (p-a)’ += @-a)? 
f(a) 
A 


Se, (a —a)”. (2) 


The point a is called the centre of the Taylor polynomial. 


When a = 0, the Taylor polynomial above becomes 


i ( ) (n) 
3! n! 


Formula (2) allows you to find the Taylor polynomial p of degree n about a 
for any suitable function f. To do this, you calculate the value of f at a, 
and the values of the first, second, third, ..., nth derivatives of f at a, and 
substitute them into the formula. 


The formula also confirms that any Taylor polynomial about a for a 
function f can be obtained from a Taylor polynomial of lower degree 
about a for f by adding the appropriate further terms. For example, the 
Taylor polynomial of degree 1 about a for f is 


p(x) = f(a) + fi(a)(x — a), 
while the Taylor polynomial of degree 2 about 0 for f is 


p(c) = fla) + f'(a)(e— a) + 2 (7 — a, 


The second polynomial is obtained from the first simply by adding the 
term in (x — a)?. 


For some functions f, the value of f(a) is 0. In such a case, formula (2) 
gives a polynomial whose degree is less than n. If this happens, then the 
polynomial is still called the Taylor polynomial of degree n about a for i 
This means that a Taylor polynomial of degree n is not necessarily a 
polynomial of degree n. You’ve seen examples of this already, in the cases 
n = 1 and n = 2, and you'll see more examples later in this section. 


You’ve seen the terms constant, linear and quadratic used to describe 
Taylor polynomials of degrees 0, 1 and 2, respectively. The terms cubic, 
quartic and quintic are used to describe Taylor polynomials of 
degrees 3, 4 and 5, respectively. 

The next example and the two activities that follow concern Taylor 


polynomials about 0. So in these we use formula (3) for a Taylor 
polynomial about 0, rather than the general formula (2). 


121 


Unit 11 Taylor polynomials 


122 


® 


Example 6 Finding a quartic Taylor polynomial about 0 


Find the quartic Taylor polynomial about 0 for the function 

f(y =e. 

Solution 

@. Repeatedly differentiate f to find f’, f”, f® and f, and find 
the values of f(0), f’(0), f”(0), f(0) and f (0). & 

Here f(0) = e° = 1. Also, for each positive integer n, the nth 
derivative of the function f(x) = e” is f(x) = e”, so 


f'™(0) =e° =1, for all positive integers n. 


©. Apply formula (3) in the box above, since in this case a = 0. Also, 
= 2% 1 = 9 31 S35 2 1 Shand = 


Hence, by formula (3), the Taylor polynomial of degree 4 about 0 for 
f(a) =? is 
if 1 ti 
SNe litte Pat es 
that is, 


p(w) =1+at4ha?+ ha? + det. 


Notice that, as you’d expect, the first three terms found in Example 6 
agree with those of the quadratic Taylor polynomial about 0 for the 
exponential function, which was found in Example 4. 


The graphs of the function f(x) = e” and the quartic Taylor polynomial 
about 0 found in Example 6 are shown in Figure 15. Notice how much 
better this approximating polynomial is than the quadratic one shown in 
Figure 12 on page 113. 


Figure 15 ~The quartic Taylor polynomial about 0 for f (2) =e 
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Since for the function f(a) = e” we have that f'")(0) = 1 for all positive 
integers n, it follows from formula (3) that, for any n, the Taylor 
polynomial of degree n about 0 for f(x) = e® is 


if 1 1 
De= la fe a ig” 
2! 3! n} 
In the next activity you’re asked to find the quartic Taylor polynomials 
about 0 for the cosine and sine functions. 


Activity 9 Finding quartic Taylor polynomials about 0 


Find the quartic Taylor polynomial about 0 for each of the following 
functions. 


(a) f(x) = cos x (p79 (a) — sin 


Notice that the constant term, the term in x and the term in x? in the 
Taylor polynomials that you were asked to find in Activity 9 are the same 
as those in the quadratic Taylor polynomials about 0 for the cosine and 
sine functions, which you were asked to find in Activities 6 and 7. 


The quartic Taylor polynomial about 0 for the sine function is an example 
of a Taylor polynomial of degree n whose polynomial degree is less than n. 


The graphs of the cosine and sine functions, and the quartic Taylor 
polynomials for these functions that you were asked to find in Activity 9, 
are shown in Figure 16(a) and (b), respectively. 


(a) 
Figure 16 The quartic Taylor polynomials about 0 for cosine and sine 


In the next activity you’re asked to find a general formula for a Taylor 
polynomial of degree n about 0 for a particular function, by spotting how 
the pattern of derivatives develops. 
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Activity 10 Finding a Taylor polynomial of degree n 


Consider the function 


if 
fle) =. 
(a) (i) Use the chain rule (from Unit 7) to show that, if k is a constant, 
then 


d 1 = k 
dz \(l1—2)F/)  (1—a@)kt) 
(ii) Use the result of part (a)(i) to find formulas for f’, f” and f®, 
and hence find the values of f’(0), f’(0) and f()(0). 
(iii) Hence find the cubic Taylor polynomial about 0 for f. 


(b) (i) Use the result of part (a)(i) to find successive derivatives of f 
beyond the third, until the pattern is clear and you can write 
down a formula for the nth derivative of f, in terms of x and n. 


(ii) Hence write down a formula in terms of n for f”)(0), the value of 
the nth derivative of f at 0. 


(iii) Hence write down, using the +---+ notation, a formula for the 
Taylor polynomial of degree n about 0 for f. 


The graph of the function f(z) = 1/(1 — x), and the graph of the cubic 
Taylor polynomial about 0 for this function from Activity 10(a), are shown 
in Figure 17. 


ye ae + ee 


Figure 17 The cubic Taylor polynomial about 0 for f(x) = 1/(1 — 2) 


2 Taylor polynomials of any degree 


Even and odd functions 


In Activity 9 earlier in this subsection you saw that the quartic Taylor 
polynomials about 0 for the cosine and sine functions are 


DOES ei a 3 SE ane) 
ik RL + qe and L— 22 


>) 


respectively. 


Notice that the quartic Taylor polynomial about 0 for the cosine function 
contains terms in even powers of x only, whereas that for the sine function 
contains terms in odd powers of x only. These observations are explained 
by the facts that the cosine function is an even function and the sine 
function is an odd function, as defined in general below. 


A function f is said to be even if its graph is unchanged under reflection 
in the y-axis, as illustrated in Figure 18(a). Thus f is even if 


i.) —7 (et), tor alla im the domain of f. 


Similarly, a function f is said to be odd if its graph is unchanged by 
rotation through a half turn about the origin, as illustrated in 
Figure 18(b). Thus f is odd if 


f(—x) =-—f(x), for all x in the domain of f. 


A rotation through a half turn about the origin has the same effect as a 
reflection in the y-axis followed by a reflection in the x-axis. Hence the 
graph of an odd function is the same as an ‘upside down’ reflection of itself 
in the y-axis. 


(a) (b) 


Figure 18 (a) Aneven function (b) An odd function 


These definitions are summarised below. 


Even and odd functions 
A function f is 
e even if f(—x) = f(z) for all x in the domain of f 


e odd if f(—xz) = —f(z) for all x in the domain of f. 
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Here are some examples. 
e f(x) = 2? is an even function, since 
f(—a) = (-a)? =a? = f(a), for allz eR. 
e f(x) =x? is an odd function, since 
f(=2) =(-2 =-2° =—f(e), forallaeR. 
e =© f(x) =sinz is an odd function, since 
f(—a) =sin(-r) = —-sine =—f(z), forallc eR. 
e f(x) =cosz is an even function, since 
fz) =cos(—2)—cosn = f(a), forall ek. 


e f(x) =e? is neither even nor odd, since we can find a value of z, 
say z = 1, such that e * Ae* ande * #—e® . (In fact, e | = 0.368 
and e! ~ 2.718.) 

(Remember that the symbol € means ‘in’ or ‘belongs to’ and that the 

symbol R denotes the set of real numbers.) 


Taylor polynomials about 0 for even and odd functions have the following 
properties. 


Taylor polynomials about 0 for even and odd functions 


A Taylor polynomial about 0 for an even function contains terms in 
even powers of x only. 


A Taylor polynomial about 0 for an odd function contains terms in 
odd powers of x only. 


Here’s an explanation of why these facts are true. 


By looking at the symmetry of the graph in Figure 18(a), and thinking 
about even functions in general, you can see that if f is an even function, 
then for all x in its domain the gradient of the graph of f at —ax has the 
same magnitude as the gradient at 2, but the opposite sign (provided that 
the gradient exists). In other words, 

if f(—x) = f(x), for all x in the domain of f, 

then f’/(—x) = —f'(x), for all x in the domain of f’. 


This means that if f is an even function then f’ is an odd function. 


Similarly, by looking at the symmetry of the graph in Figure 18(b) and 
thinking about odd functions in general, you can see that if f is an odd 
function, then for all w in its domain the gradient of f is the same at —z as 
at x (provided that the gradient exists). In other words, 

if f(—x) = —f(x), for all x in the domain of f, 

then f’(—x) = f’(x), for all x in the domain of f’. 


This means that if f is an odd function then f’ is an even function. 
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So differentiation turns any even function into an odd function, and vice 
versa. 


Notice also that if f is an odd function whose domain contains 0, then, 
since f(—x) = —f(x) for all x in its domain, we have in particular that 


f(0) = —f(0), and it follows that f(0) = 0. Hence any odd function has 
the value 0 at 0. 


Now let f be any even function that’s differentiable infinitely many times 
at 0. It follows from the discussion above that f”, f, f,..., are all 
even functions, and f’, f@), f®, ..., are all odd functions. Since any odd 
function has the value 0 at the point 0, the values of f’(0), f)(0), f(0), 
..., are all 0. Hence, from the general formula for a Taylor polynomial 
about 0, any Taylor polynomial about 0 for f contains only terms with 
even powers of x. 


Similar reasoning applies in the case of an odd function. 


By the facts in the box above, any Taylor polynomial about 0 for the 
cosine function contains terms in even powers of x only, and any Taylor 
polynomial about 0 for the sine function contains terms in odd powers of x 
only. For example, the Taylor polynomial of degree 9 about 0 for 

i) = Cos x is 


; uf 
p(x) =1— =a* + —a* — —2° 4+ =—2°. 


Similarly, the Taylor polynomial of degree 9 about O for f(x) = sin x is 


ee eo 
p(t) =2—- ae tee ze + 92: 
You can find these Taylor polynomials by extending the solution to 
Activity 9, and noting the patterns in the coefficients of the Taylor 
polynomials. These patterns continue indefinitely for higher-degree Taylor 
polynomials for the cosine and sine functions. You'll be asked to verify this 


later in the unit. 


Taylor polynomials of degree n about a # 0) 


So far in this section, all the examples and activities have involved Taylor 
polynomials about 0. The next example and activity involve Taylor 
polynomials about another point a. So here we use the general formula for 
a Taylor polynomial given by equation (2) on page 121. 
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Cc) Example 7 Finding a quartic Taylor polynomial about a point 
other than 0 
Find the quartic Taylor polynomial about 1 for the function 
jiak= ine. 
Solution 
@. Repeatedly differentiate f to find f’, f”, f® and f, and find 
the values-of f(1), f’(1), f’(1), Ff) and f%(1). & 


The first four derivatives of the function f(z) = Ina are as follows: 


Z 

fal=-, fess, fas. 
| 
FO) = =<" = oo 


©. The product 3 x 2 has been simplified to 3! rather than 6 here to 
highlight the emerging pattern. 


So 

fD=0, f= £O=-1, PP a=2, 

f%d) =-3!. 
©. Apply formula (2) on page 121. Remember that in this case 
a=1.2 


Hence the quartic Taylor polynomial about | for the function 
f(z) = ln Fis 


i) 


a (w= 1 +5 (e-1)8 


p(x) =0+1x (a-1)+ 


that is, 


As you saw earlier in the case of quadratic Taylor polynomials, we usually 
leave a Taylor polynomial about a point a as a sum of terms each of which 
is the product of a constant and a power of x — a, rather than multiplying 
it out. However, we might make an exception for a polynomial of low 
degree for which the multiplied-out form is simpler. 
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The graphs of the function f(x) = Inz and the quartic Taylor polynomial 
about 1 found in Example 7 are shown in Figure 19. As you’d expect, the 
quartic ‘Taylor polynomial appears to be a better approximating 
polynomial than the quadratic Taylor polynomial about 1 for f shown in 
Figure 14 on page 118. 


Figure 19 The quartic Taylor polynomial about 1 for f(x) = Inz 


If, in the solution to Example 7, you look at the patterns in the formulas 
for fff, f°, ..-, and hence in the values of f(1); f’(1); f”(1), 

f (1), ..., then you can see that the pattern of terms in the Taylor 
polynomial found in the example continues as the degree of the Taylor 
polynomial increases. So, for any positive integer n, the Taylor polynomial 
of degree n about 1 for f(x) = Inz is 


AG) Se ees 1? + Mw 18 — + Cay @ 1) 


The expression (—1)”~! in the final term here is, as you saw in Unit 10, a 
neat way to give the term a negative sign when n is even and a positive 
sign when n is odd. This expression can also be written as —(—1)", since 


(-1)” = (-1) x (“IF = -(-1)""1. 


Activity 11 Finding a cubic Taylor polynomial about a point other 
than 0 


Find the cubic Taylor polynomial about 7/6 for the function f(x) = sin x. 


The graphs of the function f(a) = sin and the cubic Taylor polynomial 
about 7/6 found in Activity 11 are shown in Figure 20. 
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Figure 20 The cubic Taylor polynomial about 7/6 for f(x) = sin x 


The cubic Taylor polynomial about 7/6 for the function f(x) = sina, 
which you were asked to find in Activity 11, contains terms in (a — 7/6) 
with k even as well as with k odd. This is not surprising, since the earlier 
discussion about even and odd functions applies only to Taylor 
polynomials about 0. 


k 


Activity 12 Investigating graphs of Taylor polynomials 


Open the Graphs of Taylor polynomials applet. Initially it shows the 
graphs of the function f(a) = e” and its Taylor polynomial of degree 1 
about 0. 


(a) Increase the degree n of the Taylor polynomial and observe the effect 
on its graph. 


(b) Try changing the function f and then varying n. 
(c) Try changing the centre a of the Taylor polynomial and then varying n. 


(d) Try some other functions and other centres for the Taylor polynomial. 


Using sigma notation for Taylor polynomials 


Sigma notation for series, which you met in Unit 10, provides a concise 
way to write down Taylor polynomials. Formula (3) on page 121, for the 
Taylor polynomial of degree n about 0 for a function f, is 

£0) 2, £903, £90 


pla) fOr f Ola sai learns a on a 
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This polynomial can be written in sigma notation as 


EES 
k=0 


k 


(Here f is interpreted to mean f itself. Also, by convention, 0° is taken 
to have the value 1 in series of this type. Recall also that 0! = 1.) 


For example, the quartic Taylor polynomial about 0 for the function 
f(x) = e”, which was found in Example 6, is 
tye Den ed ee 
pit) =1l+a2t+ 54 + a2 mh ae 
You can often express particular Taylor polynomials concisely in this way, 
once the pattern of terms is clear. 


2.2 Taylor polynomials for approximation 


In this subsection we’ll use Taylor polynomials to calculate approximations 
for values of functions at particular points. In doing so, we’ll compare 
approximations obtained from Taylor polynomials of different degrees, and 
for clarity we need a notation that indicates the degree of each Taylor 
polynomial. The notation that we use is to denote a Taylor polynomial 

by pn, where n is its degree, rather than by just p. Thus, for example, the 
Taylor polynomials of degrees 1 and 2 about 0 for the function f(x) = e* 
erewmi (tr) — 1 4-2,and po(z) = la re respectively. 


You’ve seen that usually the greater the degree of a Taylor polynomial py, 
about a point a for a function f, the more accurate p,(a) is as an 
approximation to f(x) for values of x close to a. 


For example, consider the Taylor polynomials about 0 for the 
function f(x) = e*. You saw earlier that, for any positive integer n, the 
Taylor polynomial of degree n about 0 for this function is 
bee ie: Leer, 

Pr(e)=ltet ye tae tet a”. 
Figure 21 shows the graphs of the Taylor polynomials of degrees 0, 1, 2 
and 3 about 0 for the function f(x) = e”, together with the graph of 
f(x) = e” itself. As you’d expect, it appears that as the degree of the 
Taylor polynomial increases, its graph approximates the graph of f near 0 
more and more closely. 
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i\ 
(c) po(w) =1+a+ ao 


Figure 21 ‘Taylor polynomials about 0 for f(x) = e” 


Table 2 provides a numerical illustration for the same function, f(x) = e”, 
for a particular value of x near 0, namely x = 0.25. The value of e9-?° is 
1.284 025 4167, to ten decimal places. For values of n from 0 to 8, the table 
gives the Taylor polynomial p, (xz) about 0 for f, the value of this 
polynomial when x = 0.25, and the associated remainder. All the values 
are given to ten decimal places. You can see that as the degree n of the 
Taylor polynomial increases, the accuracy of p,(0.25) as an approximation 


for e9-2° improves. 


Table 2. Successive Taylor polynomial approximations for e°:?° 


Pn (x) Pn(0.25) e925 _ », (0.25) 
1 i 0.284 025 4167 
l+2z 1.25 0.034 025 4167 
l+a+27/2! 1281-25 0.002 775 4167 
L+o+27/2!4 ae 1.283 8541667 0.000171 2500 


L+at+a7/2!4+---+24/4! 1.2840169271 0.000008 4896 
L+a+a7/2!+---+2°/5! 1.2840250651 0.000000 3516 
L+a+a7/2!+---+2°/6! 1.2840254042 0.000000 0125 
L+a+a7/2!+---+27/7! 1.2840254163 0.0000000004 
L+a+27/2!+---+2°/8! 1.2840254167 0.0000000000 


CON Oo BR ®D Ff OC =| 
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Table 2 shows that for f(a) = e* the Taylor polynomial of degree 8 

about 0 for f gives a method of calculating the value of e°:?° correct to 10 
decimal places by using only the standard arithmetical operations of 
addition, subtraction and multiplication. (Raising to a power is just 
repeated multiplication.) 


In general, Taylor polynomials can often be used to calculate 
approximations for values of functions to any desired accuracy. If f is a 
function and « is a particular value in the domain of f, then to find an 
approximation for f(z) we calculate a ‘Taylor polynomial for f about some 
suitable point a close to x, and then evaluate it at 7 using only the 
standard arithmetical operations. 


Unfortunately, there’s no easy method for determining a suitable degree 
for the Taylor polynomial in any individual case. However, there’s a ‘rule 
of thumb’ that works in many cases, and in particular in most of the cases 
that you’re likely to come across. If you want an approximation accurate 
to m decimal places, then you calculate approximations using Taylor 
polynomials of degree 1, 2, 3, and so on, until two successive 
approximations agree to m+ 2 decimal places. (You start with degree 1 
rather than 0 because constant Taylor polynomials rarely give useful 
approximations.) This method is illustrated in Example 8 below. 


Note that when we say that two numbers agree to a particular number of 
decimal places, we mean that the values resulting from rounding them to 
that number of decimal places are equal. Thus, for example, 0.237 and 
0.241 agree to two decimal places, since in each case rounding to two 
decimal places gives 0.24. However, 0.241 and 0.247 don’t agree to two 
decimal places, since rounding to two decimal places gives 0.24 in the first 
case and 0.25 in the second. 


Example 8 Finding an approximate value of a function Cc) 


You saw on page 129 that, for each positive integer n, the Taylor — 
polynomial of degree n about 1 for f(a) = Ina is 


1 
pn (a) = (@- 1) (@-1)? + @— 1) —-- + (1), 
Use these Taylor polynomials to find the likely value of In(1.1) to four 
decimal places. 
Solution 


@. Calculate p;(1.1), p2(1.1), p3(1.1), and so on, by repeatedly adding 
on extra terms. You want to find two successive values that agree to 
4 + 2 = 6 decimal places, so calculate values to 6 decimal places. . 


Calculating these values to six decimal places, we obtain 
Pit =—i1 —1= 01 
po(1.1) = pi(1.1) — 4 (1.1 — 1)* = 0.095 
p3(1.1) = po(1.1) + 4 (1.1 — 1)° = 0.095 333 
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pa(1.1) = p3(1.1) — 4 (1.1 — 1)* = 0.095 308 
ps(1.1) = p4(1.1) + # (1.1 — 1)” = 0.095 310 
pe(1-1) = ps(1.1) — 4 (1.1 — 1)° = 0.095 310. 
The values of ps(1.1) and pe(1.1) agree to six decimal places, so it is 


likely that 
In(1e1) = 0.0953 


to four decimal places. 


You can check using your calculator that it is indeed true that 
In(1.1) = 0.0953 to four decimal places, as obtained in Example 8. 


In Example 8, each successive approximation p,,(1.1) was calculated by 
evaluating just the final term of p,(x) with x = 1.1, and then adding this 
value to py—1(1.1), the previous approximation. This is an efficient way to 
proceed, but when working through a similar example yourself, you must 
make sure that each time you add an evaluated term to the previous 
approximation, you use the full-calculator-precision version of the previous 
approximation, rather than the rounded version that you just wrote down. 
Not doing so will cause errors in some cases. 


If you have a modern calculator, then you should be able to carry out this 
procedure without having to write down the unrounded values. Each time 
you want to add a new term, you can access the previous answer and 
calculate and add the new term, all in one step. After each such addition 
you can round off the approximation and write it down. 


Activity 13 Finding an approximate value of a function 


You saw on page 123 that, for each positive integer n, the Taylor 
polynomial of degree n about 0 for f(a) = e® is 


1 1 1 
Pa(z) =1ta+ 52 toa ce paar 
Use these Taylor polynomials to find the likely value of e~9 to four 
decimal places. 


The next example is similar to Example 8 and Activity 13, but it involves 
Taylor polynomials about 0 for the sine function. Since this function is 
odd, its Taylor polynomials about 0 contain no even powers of ZX, as 
explained on page 126. Hence each Taylor polynomial of even degree is the 
same as the Taylor polynomial of degree one less; that is, po(a) = pi(z), 
pa(x) = p3(a), and so on. You would therefore rapidly find two successive 
approximations that agree to any specified number of decimal places, but 
this would tell you nothing about the accuracy of the approximation! For 
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this reason it makes sense to consider only the Taylor polynomials of odd 
degree for this function. 


Example 9 Finding an approximate value of an odd function CS 


The Taylor polynomials of odd degree about 0 for f(x) = sina were 
discussed on page 127. They are 


oe at 1 3 ees t 3 15) 
pi(z) =a, pa(t) = 2 — 3a ; p(t) =2—- 32 Hiei 
1 1 1 
Doo ae + ae = ae and so on. 


Use these Taylor polynomials to find the likely value of sin(0.2) to six 
decimal places. 


Solution 


@. Calculate p;(0.2), p3(0.2), ps(0.2), and so on. You want to find a 
pair of successive values that agree to 6 + 2 = 8 decimal places, so 
calculate values to 8 decimal places. Remember that each successive 
polynomial is obtained by adding a new term to the previous 
polynomial. 


Calculating values to eight decimal places, we obtain 
pi0.2) = 0:2 
1 
p3(0.2) = pi (0.2) — zr (0.2)? = 0.198 666 67 


1 
ps(0.2) = p3(0.2) + a (0.2) = 0.198 669 33 


1 
p7(0.2) = ps5(0.2) — zi (0.2)" = 0.198 669 33. 


The values of p;(0.2) and p7(0.2) agree to eight decimal places, so it is 
likely that 
sin(0.2) = 0.198 669 


to six decimal places. 


You can check using your calculator that it is indeed true that 
sin(0.2):= 0.198 669 to six decimal places, as obtained in the solution to 
Example 8. 
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Activity 14 Finding an approximate value of an even function 


The Taylor polynomials of even degree about 0 for f(x) = cos x were 
discussed on page 127. They are 


1 9 fee dy ogi 
po(x) = 1, po(z) =1— 5 @ : pa(z) =1— 5% + a 
1 it u > 
pe(x) = 1 a = rik ae and so on. 


Use these Taylor polynomials to find the likely value of cos(0.2) to six 
decimal places. 


In the final activity of this section you can use an applet to see the graphs 
of a variety of functions and their Taylor polynomials. 


3 Taylor series 


In Section 2 you saw that, usually, the greater the degree of a Taylor 
polynomial about a point a for a function f, the more accurate the Taylor 
polynomial is as an approximating polynomial for f close to a. But what 
happens if we take a Taylor polynomial of ‘infinite degree’; that is, if we 
add on all possible terms? We'll look at that in this section. 


3.1 What is a Taylor series? 


In Activity 10 on page 124 you saw that the Taylor polynomial of degree n 
about 0 for the function f(z) = 1/(1 — 2) is 


Pr(@) =ltata ta +o. ge 
Let’s now consider what happens to this expression if we include all 
possible terms. The result is an infinite series, 

l+aotar?+a°+--. (4) 


From what you saw in Section 2, you’d expect that for any value of x close 
to 0, as you add on more and more terms to the infinite series above, the 
resulting sums will approach the value of 1/(1 — x) more and more closely. 


As you saw in Unit 10, this is the same as saying that for any value of x 
close to 0, the infinite series has a sum, and the sum is given by 1/(1 — 2). 


But how close to 0 does x have to be for this to happen? The answer is 
that x must be in the range —1 < x < 1. For any value of x in this range, 
the infinite series has sum 1/(1 — x). For any other value of x the series 
doesn’t have a sum at all. 


These facts follow from a result that you met in Unit 10. Consider the 
infinite geometric series with first term a and common ratio r: 


a + ar + ar? + ar® +. : 
You saw in Subsection 4.2 of Unit 10 that this series has 


a 
oe fi ey <els 
= 


no sum, ifr <—-lorr>l. 


The infinite series (4) above is an infinite geometric series, with first term 1 
and common ratio x. Hence it has 


i! 
sum ——, 
1-2 


no sum, [iia Or ies 


ial eee <4 


as stated above. 
For example, if x = 0.5 then series (4) is 
TOs e085) (0.5) ee = Le 0.5 025-801 25eea, 


and it has sum 

l — 

1-05 — 

In other words, for this infinite series, as more and more terms are added 
the resulting sum approaches 1/(1 — 0.5) more and more closely. 


2 


By contrast, if ¢ = 2 then the function f(#) = 1/(1 — x) has value 
f(2) =1/(1 — 2) = —1, but series (4) is 


1424274234 24+4.---=142+4+8416+-::, 


and this infinite series has no sum. As more and more terms are added, 
the resulting partial sums get larger and larger, without approaching any 
particular value. 


In general, if f is a function that’s differentiable infinitely many times at a 
point a in its domain, then you can form an infinite series in which, for any 
integer n > 0, the first n + 1 terms form the Taylor polynomial of degree n 
about a for f. This series is called the Taylor series about a for f. 


For example, series (4) is the Taylor series about 0 for the function 
f(x) =1/(.—2). 
You can obtain formulas for Taylor series from those for Taylor polynomials 


of degree n, by taking infinitely many terms. The following general 
formulas for Taylor series follow from formulas (2) and (3) on page 121. 


3 Taylor series 
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heyre calle . 
Taylor series \ Let f be a function that is differentiable infinitely many times at a 
\ because theyre fe point a. The Taylor series about a for f is 
; \Taylor-made to fl ye ra) ’ 
Big, Goae ORS BOG re 


ie 
, 


ree 


Taylor series about a 


ee 


OE ay (5) 


The point a is called the centre of the Taylor series. 


When a = 0, the Taylor series becomes 


I (3) “(n) 
f(0) + f'(O)a + — pe ou) = wpe + ae a +--+. (6) 


This series is also known as the Maclaurin series for f. 


In this module, we usually refer to Taylor series about 0, rather than 
Maclaurin series. 


Notice that in the box above the general term of each series, 
involving (« — a)” (or x”, in the case a = 0), has been written down 
explicitly as part of the series. This helps to clarify the general pattern. 


Colin Maclaurin was born in Argyllshire, studied at the University of 
Glasgow and became professor of mathematics first at Marischal 
College, Aberdeen and then at the University of Edinburgh. In 1742 
he published the two-volume Treatise of Fluxions, which was the first 
systematic exposition of Newton’s methods in calculus. He wrote it as 
a reply to attacks made on calculus for its lack of rigorous 
foundations. In this treatise Maclaurin uses Taylor series about 0. 

Although he acknowledged Taylor, Maclaurin’s name is now often 
sae used to describe these series. 


Wi Aiperegion e 


s 


Colin Maclaurin (1698-1746) 


>) Example 10 Finding a Taylor series about 0 
Find the Taylor series about 0 for the function f(x) = e”. 
Solution ; 
©. Repeatedly differentiate f to find f’, f”, f@), ..., and find the 


values of f(0), f’(0), f(0), f(0), .... Then apply formula (6). & 


Here f(0) =e? = 1. Also, the nth derivative of the function f(x) = e* 
is f( (x) =e, so f((0) = 1 for all positive integers n. 
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Hence, by the formula for a Taylor series about 0, the required Taylor 
“series is 
a ee ee 
ee oe aye ee = eae 


In the next activity you’re asked to find the Taylor series about 0 for the 
cosine and sine functions. 


Activity 15 Finding Taylor series 


Find the Taylor series about 0 for each of the following functions, writing 
down enough terms to make the general pattern clear. 


Gea) "cos az (6) fo) sing 


In each case you should be able to see a pattern in the values f(0), f’(0), 
f"(0), f(0), ..., from your working for Activity 9. 


It follows from what you saw earlier about Taylor polynomials for even and 
odd functions that the Taylor series about 0 for an even function contains 
terms in even powers of x only, and the Taylor series about 0 for an odd 
function contains terms in odd powers of x only. The Taylor series in 
Activity 15 are examples of this fact. Remember that the cosine function 
is an even function and the sine function is an odd function. 


All the Taylor series that you’ve seen so far in this section have had 
centre 0. In the next activity you’re asked to find a Taylor series with a 
different centre. So here you need to use formula (5), for a Taylor series 
about a point a, rather than formula (6), for a Taylor series about 0. 


Activity 16 Finding a Taylor series about a point other than 0 


Find the Taylor series about 7/2 for the function f(x) = sinx, writing 
down enough terms to make the general pattern clear. 


Validity of Taylor series 


You’ve seen that the Taylor series about a point a for a function f usually 
has sum f(a) for values of « close to a, but may not have sum f(x) for 
other values of x. If x is a point for which the Taylor series about a for f 
has sum f(z), then we say that the Taylor series is valid at the point 2. 


For example, you saw at the beginning of this subsection that the Taylor 
series about 0 for the function f(x) = 1/(1 — @) is valid for all x in the 
interval —1 < x < 1, but isn’t valid for values of x outside this interval. 
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You may be surprised to learn that the Taylor series about O for the 
exponential, sine and cosine functions (found in Example 10 and 
Activity 15) are all valid for every real number x. In other words, the 
equations 


1 
ie Chaee ai ae 4 
ae aye ae ae ok: o , 

1 il il 
: = Pipe Peer (On pees ape ater oO eee 
a Oa ey ze oy ; 
; ee sh ems OG ae tof 
COS Geni qe res ae wai? . 


are true for all z € R. 


When you remember that the coefficients of a Taylor series for a function 
are chosen by taking into account the value of the function and its 
derivatives at a single point a, it may seem amazing that the resulting 
series can turn out to be equal to the function for every real number z! 


A Taylor series about a point a is always valid for z = a. This is because if 
we set x = a in formula (5) on page 138, then all the terms except the first 
are equal to zero, so the sum of the series is just the first term f(a), which 
is precisely the value of f at a. This is by design, since the first term of a 
Taylor polynomial is chosen to be f(a) to ensure that the value of the 
polynomial at a is the same as the value of f at a. 


Often, though not always, the largest set of points for which a Taylor series 
about a point a for a function is valid is either the whole set of real 
numbers R, or an interval with two endpoints whose midpoint is a. Each 
endpoint may or may not be included in the interval. 


Any interval of values of « for which a Taylor series is valid is called an 
interval of validity for the series, and the series is said to represent the 
function on any interval of validity. For example, —1 < x < 1 is an interval 
of validity for the Taylor series about 0 for the function f(x) = 1/(1— 2). 
Any interval that is contained within the interval —1 < x < 1, such as 

—5 FAAP 5, is also an interval of validity for this series, but —1 < x < 1 is 
the largest such interval. This interval could also be denoted by (—1,1), 
using the usual notation for an open interval, but the inequality notation is 
more usual in the context of Taylor series, and it will be used throughout 
this unit. 


You might wonder how it can be determined that R is an interval of 
validity for the Taylor series about 0 for the exponential, sine and cosine 
functions, and more generally, how the largest interval of validity for a 
Taylor series can be found. There’s a method for doing this, as follows. 
You first find a formula for the remainder r;,(a) = f(a) — pp(x), which is 
the difference between the value of the function f at x and that of the 
Taylor polynomial of degree n about a for f. Then you have to decide for 
which values of « this remainder r,,(a2) tends to 0 as n tends to oo. The 
techniques that you need to do this are taught in more advanced modules 
on pure mathematics. You won’t be expected to find intervals of validity in 
this module, except in Section 4 where you’ll be working from known 
results. 


Using sigma notation for Taylor series 


Formula (5) on page 138 for the Taylor series about a for a function f can 
be written concisely in sigma notation as 


You can often write Taylor series for particular functions concisely in 
sigma notation in a similar way. For example, the Taylor series about 0 for 
the function f(a) = e”, given in Example 10, is 


ee ee Ane 
2! 3! 4! no 

n=0 
In the cases of odd and even functions, it’s more awkward to write down 
the Taylor series about 0 in sigma notation, because for even functions 
such series contain only even powers of x, and for odd functions they 
contain only odd powers of x. The Taylor series for the function 


f(x) =sinz, given on page 140, is usually written as 


1 1 1 =e (Gay) 
3 5 7 9 2n+1 
eee ee a = 
3! 5! 7! 9! » (2n + 1)! 
Here, for n = 0,1,2,..., the expression x?”+! equals z, 2°, 2°, ... , while 
the expression (2n + 1)! takes the values 1, 3!, 5!, ... , and the expression 


(—1)” deals with the alternating signs. 


The Taylor series for the function f(x) = cosz, given on page 140, is 
usually written as 


te. a AG 8 _ wo (=) on 
Poe Rot acai ei = pa 
n=0 
Here, for n = 0,1,2,..., the expression x?” equals 1, x”, x4, ... , while the 
expression (2n)! takes the values 0! = 1, 2!, 4!, ... , and again the 


expression (—1)” deals with the alternating signs. 


Taylor series about 0 for other odd and even functions can be written in 
sigma notation in a similar way. 


3.2 Some standard Taylor series 


In Subsection 3.1 we obtained the Taylor series about 0 for the exponential, 
sine and cosine functions, and for the function f(7) = 1/(1— a). For ease 
of reference, these series are stated in the following box, along with the 
Taylor series about 0 for two other standard functions. These Taylor series 
can be obtained by using the second formula in the box on page 138. The 
following box also gives intervals of validity for the Taylor series. 


3 Taylor series 


141 


Unit 11 Taylor polynomials 


Standard Taylor series about 0 


Shall we recora 


the whole series? it if 1 1 
; Sine = Ge ae ep i for x ER 
= 1 e 2p ie eee eee forx ER 
meiner UES din ce ; 
2 va tig nba Ags pial biome forxER 
he Oa esl nal 
In(l+2)=a—4224+42%-JGa*+$a0?----, for -l<a<l 
aH ltatat ta tatte, for. =L < aad 
— 2x 
a-—l a(a—1)\(a—2 

cieeen aes meee ee en ( M eee 


2! 3! 
for —1 <a <1 (where a is any real number) 


The last series here is called the binomial series. You'll see shortly how 
it’s linked to the binomial theorem, which you met in Unit 10. 


The binomial series was discovered by Isaac Newton. 


Notice that each of the intervals of validity given in the box is an open 
interval whose midpoint is the centre O of the series. These intervals of 
validity are the largest intervals for which the series are valid, with two 
exceptions. The series for In(1 + 2) is also valid when x = 1, but the box 
gives the interval —1 < x < 1 because it’s often convenient to work with 
open intervals. For example, this is the case when you’re differentiating 
and integrating Taylor series, as you’ll see later in the unit. 


The other exception involves the binomial series. For —1 < x < 1, this 
series sums to (1 + x)® for any real number a, including negative and 
fractional numbers. For most values of a, the largest interval of validity is 
—1 <2 <1, but when a is a non-negative integer, the series is valid for 
every real number x. You'll see after the next example why this is so. 


The box gives a Taylor series about 0 for the function In(1 + x), rather 
than for the standard function Inz. This is because the function In x has 
no Taylor series about 0, since its domain (0,00) does not contain 0. 


Note that it’s often convenient to say ‘the function In(1 + x)’, as in the 
paragraph above, as a shorthand for a more precise statement such as ‘the 
function f(x) = In(1+ <2)’. 
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Example 11 Using the binomial series 


Use the binomial series to find the Taylor series about 0 for each of 
the following functions. In each case state an interval of validity for 
the series. 


(—) f(@)=——  (b) f@) = +2)! 
Solution 


(a) Since 1/(1+ 2) = (1+2)71, we take a = —1 in the binomial 
series, to give 


2! 3! 
Se Ri i ae 
©. When writing down an infinite series, remember to include 


either +--- or —--- at the end, to indicate that there are further 
terms. £8 


This Taylor series is valid for -1 < x < 1. 
(b) Taking a = 4 in the binomial series gives 


4x3 4x3x2 
ee ee a 

AXSxX 2561 4 4xK3X 2x10 & 

re ea Lo 5 x 

Axed KR 2X1 KU K{—1)" 6 

ae ate ime Sees 


—1+44¢7 4+ 6x? + 47? 4+ 2*. 


This Taylor series is valid for -—1 < a@ < 1. 


©. In fact this Taylor series is valid for x € IR, which would be an 
equally appropriate answer. (See the discussion below.) 2 


Example 11(b) illustrates that it’s possible for a Taylor series to have a 
finite number of terms. This occurs when the coefficients of all terms from 
some term onwards are zero. The series in this example may also look 
familiar to you: it is the binomial expansion of (1+ 2)*. 


If a is any positive integer, then all terms after the term in x in the 
binomial Taylor series for (1 + x)® contain the factor a — a = 0, and are 
therefore equal to 0. The series is then the same as the binomial expansion 
of (1+ 2)°, which is valid for all x € R. The binomial series therefore 
generalises the binomial expansion of (1 + x)® from cases where a is a 
positive integer to cases where a can be any real number. 


3. Taylor series 
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Activity 17 Using the binomial series 


Use the binomial series to find the Taylor series about 0 for the function 
f(x) =1/(1+ 2)?. (Write down enough terms to make the general pattern 
clear.) State an interval of validity for the series. 


Activity 17 involved using the binomial series when the power Of Le ised 
negative integer. The next example illustrates using the binomial series 
when the power of 1 + & is a fraction. 


Example 12 Finding a binomial series for a fractional power of 1 + x 


Use the binomial series to find the Taylor series about 0 for the 
function f(z) = (1+2)~!/?. (Write down enough terms to make the 
general pattern clear.) State an interval of validity for the series. 


Solution 
Taking a = —4 in the binomial series gives 
1 3 Bae A een Vesa 
+n)? =14(-Ha+$ 2 a) 424 | ee 2) 98 
EN fee \faso h (oae 
oe 3) 5)( 5) 5) ee 
A! 
1x3 1x3x5 
= 1 2 3 
Fok ey] 23 x3! 
1x3xX5xX7 4 
2° AI 


This Taylor series is valid for -1 <a <1. 


In Example 12, the coefficients in the Taylor series have been left in the 
form shown, rather than completely evaluated, so that the pattern involved 
is clear. It’s usually a good idea to do this, but sometimes you may be 
asked to evaluate the first few coefficients of a Taylor series explicitly, in 
which case you should write each coefficient as a single integer or fraction. 


Activity 18 Finding a binomial series for a fractional power of 1 + x 


Use the binomial series to find the Taylor series about 0 for the function 
f(x) =(1+2)'/?. (Write down enough terms to make the general pattern 
clear.) State an interval of validity for the series. 


Once you know the Taylor series for a function f about a point a, you can 
find the corresponding Taylor polynomial of any degree n by truncating 
the series at the appropriate term. (To truncate a series at a term is to 
delete all subsequent terms.) 


Activity 19 Using a Taylor series to find a Taylor polynomial 


You saw earlier that the Taylor series about 0 for the function 
f(x) =In(1 +2) is 


Inl+a)=a ba + 5° tat + dares, for —l<a<l. 


Using this series, write down the cubic Taylor polynomial about 0 for this 
function f. 


The Taylor polynomials obtained by truncating a Taylor series for a 
function f can, in principle, be used to find approximations for f(a) for all 
values of x for which the series is valid. For example, you’ve seen that the 
Taylor series about 0 for the function f(a) = In(1 + 2) is valid for all 
values of x in the interval —1 < x < 1. This means that, in principle, you 
can use Taylor polynomials about 0 to find an approximation for In(1 + 2) 
for any value of x in this interval. However, the further x is from the 
centre 0 of the Taylor series, the greater is the degree of the Taylor 
polynomial that you need to provide the desired level of accuracy. 


For instance, you can find an approximation for In(1.1) by putting 

x = 0.1 in a Taylor polynomial about 0 for In(1 +a), and you can find 

an approximation for In(1.5) by putting x = 0.5 in the same Taylor 
polynomial. However, to find an approximation for In(1.1) correct to 

four decimal places, by using the method of Subsection 2.2 and obtaining 
the required Taylor polynomials by truncating the Taylor series at the 
appropriate terms, you have to evaluate six successive Taylor polynomials, 
whereas to find an approximation for In(1.5) to the same level of accuracy 
you have to evaluate 17 successive Taylor polynomials. For In(1.9) you 
need 92 successive Taylor polynomials! 


In the next activity you’re asked to use the method of Subsection 2.2 to 
find an approximation for a particular value f(x) of a function f, 
obtaining the required Taylor polynomials by truncating the Taylor series 
for f about a point a close to «. 
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Activity 20 Finding an approximate value for a function 


You saw in Activity 18 that the Taylor series about 0 for the function 
f(z) =(14+ 2)? is 
1 1x3 1x3x5 
tee 1 2 3 4e 
(Lael hot = oe Some a 
and that it is valid for —1 < x <1. By writing 1-1 as 1-- 0.1, use this 
series to find the value of V1.1 to three decimal places. 


5) 


(Notice that 2 = 0.1 lies within the interval of validity —l< 2 < 1 for the 
Taylor series.) 


3.3 Using a computer to find Taylor polynomials 


In the following activity you'll learn how to use the module computer 
algebra system to find Taylor polynomials. 


Activity 21 Taylor polynomials on a computer 


Work through Section 12 of the Computer algebra guide. 


4 Manipulating Taylor series 


In this final section, you’ll see some methods that allow you to obtain 
Taylor series for many functions from a few known Taylor series such as 
the standard ones in the box on page 142. This usually involves much less 
work than obtaining the required Taylor series by using one of the general 
formulas in the box on page 138. 


When finding a Taylor series for a function, you can use any of the 
standard Taylor series. You’re not expected to derive any of the standard 
series unless explicitly asked to do so. 


4.1 Substituting for the variable in a Taylor series 


You’ve seen that the Taylor series about 0 for the function 
g(x) = 1/(1 — 2) is given by 
1 


Wi fornia =< | 


Consider the effect of substituting 2 = 2¢ in this equation. This gives 
ew De 3 
1a = 1+ 2t+ (2t)* + (2t)°+--- 
Swe Ap eee ee 


We have obtained a series equal to 1/(1 — 2t). Since the Taylor series for 
g(x) = 1/(1 — 2) is valid for —1 < x < 1, the series in t above is equal to 
We 2t) for —F < 2¢ <1, that is, for —5 <t < 3. 


Let’s now replace t by x, since it’s nore usual to use x rather than t for 
the variable. This gives 


1 

3 
The series in equation (7) is equal to the function f(x) = 1/(1 — 2x) for 
—5 eee 5, but is it a Taylor series? It’s of the right form to be a Taylor 
series about 0, since each of its terms is a power of x multiplied by a 
constant. However, if we were to use formula (6) on page 138 to find the 
Taylor series about 0 for the function f, would we obtain the same series? 
The answer to this question is yes. This follows from the following fact, 
whose proof is beyond the scope of this module. 


Soil Oy Ge Saale Sree eae for —§ <@< 5. (ea 


Uniqueness of Taylor series 
Let f be a function. If you can by any means find a series 
co + c1(x — a) + co(x — a)? + c3(2 — a)? + °°: 


that is equal to f(a) for all x in some open interval containing a, then 
this series is the Taylor series about a for f, and hence it is the only 
series of this form that is equal to f(a) for all x in that interval. 


You can assume this important fact throughout the rest of this unit. 


You can find Taylor series for many functions by substituting for the 
variable in a Taylor series that you already know, and you can often 
deduce an interval of validity for the new series from an interval of validity 
for the original Taylor series. When substituting for the variable, it’s 
quicker to avoid introducing a new variable t as was done above, and 
instead replace x in the original Taylor series by an expression involving x, 
as illustrated in the next example. 


Example 13 Substituting into a Taylor series 


Find the Taylor series about 0 for the function 


ae. 


and determine an interval of validity for this series. 
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Taylor polynomials 


Solution 

©. The expression 1/(1 + 27) is similar to 1/(1 — x), for which there’s 
a standard Taylor series (given on page 142). The first expression is 
obtained from the second expression by replacing x by —_*, 


The Taylor series about 0 for 1/(1 — 2) is 
I fear 2 3 ei —s 
a et + 2° + MOR eb eel 
—£ 


Replacing each occurrence of x by —a* gives 


l 2 22 2)3 
eee ee (a iar ae es 8 
ey Ga (8) 
that is, 
1 Oe ea 26 
Loa ee ae ee 


This is the Taylor series about 0 for 1/(1 + 2”). 


© Deduce an interval of validity for the new series from the interval 
of validity for the original series. 


The Taylor series for 1/(1 — x) is valid for —1 < x < 1, so the series 
for 1/(1 — (—x7)) is valid for—1-< =a? <1. 

©. The double inequality —1 < —x? < 1 is equivalent to the two 
single inequalities —1 <—g#? and —a* <1. @ 


The left-hand inequality is —1 < —x?, which is equivalent to 1 > 2?; 
that.is, =1 <a <1. 

The right-hand inequality is —2? < 1, which is equivalent to x? > —1 
and therefore does not place any restriction on x, since the square of 
any real number is non-negative. 


Thus the Taylor series about 0 for 1/(1 + 2?) is valid for -1 <a <1. 


In Example 13, the variable 2 was replaced by —x?. This is equivalent to 
making the substitution « = —t? and then replacing t by x. 


As illustrated in Example 13, when you deduce an interval of validity for a 
Taylor series from an interval of validity for another Taylor series, you 
usually have to rearrange inequalities. Rules for rearranging inequalities 
were given in Subsection 5.2 of Unit 3. 


When you have to rearrange a double inequality like —1 < —x? < 1, it’s 
often helpful to split it into two single inequalities and rearrange each 
independently, as was done in Example 13. With simple double 
inequalities, such as —1 < 2% < 1, you may be able to rearrange both 
single inequalities together; for example, in this case we simply multiply 


both inequalities by j to obtain —} sl oa ‘. 


When you replace each occurrence of x in a Taylor series by an expression 
involving 2, it’s helpful to enclose the whole expression in brackets at each 
replacement, and then simplify the resulting terms, as illustrated in 
Example 13. Make sure that you enclose the whole expression in brackets. 
For instance, in equation (8) the third term is (—a2?)? = «7, not 

—(x?)? ae, —4. 


Activity 22 Substituting into a Taylor series 


By substituting for the variable in a standard Taylor series, find the Taylor 
series about 0 for each of the following functions. In each case determine 
an interval of validity for the series. 


(a) f(@e) = 1/(1-+4 2a) Wes) Ge sabe (Cia) = In 37) 
(d) fa) 


You’ve seen that substituting for the variable in a Taylor series gives a 
Taylor series for another function. In each case so far, the new series has 
had the same centre as the original series. However, some substitutions 
lead to a new Taylor series with a different centre. For example, suppose 
that the Taylor series about 0 for a function g is 

g(z) =co tert cnr? +c3x°+---. 
If you replace each occurrence of x by x — a, then you obtain 

g(x — a) =e +(x — a) + co(x — a)? +3(2 — a)? + °° 


This is the Taylor series about a for the function f given by 
f(a) = g(a — a). You're asked to use this fact in the following activity. 


Activity 23. Changing the centre of a Taylor series 


In Example 11(a), the binomial series was used to show that the Taylor 
series about 0 for 1/(1+ 2) is 
1 
ie ral 


By replacing x by x — 1 in this series, find the Taylor series about 1 for the 
function f(x) = 1/x. Determine an interval of validity for this series. 


tee ee lore dar 


Remember that you can be sure that the series found in the solution to 
Activity 23 is indeed the Taylor series about 1 for 1/a, because of the fact 
about the uniqueness of Taylor series in the box on page 147. 


Sometimes you can find a Taylor series for a particular function by 
rewriting its rule to make it more similar to a function whose Taylor series 
you already know, and then replacing the variable x by a suitable 
expression in x. This is demonstrated in the following activity. 


4 Manipulating Taylor series 


149 


Unit 11 Taylor polynomials 


Activity 24 Rearranging in order to find a Taylor series 


(a) Find the Taylor series about 0 for the function 
3 


FO) 5 On” 
by writing 
a il 
f(a) 


7 Se ee fr 
Determine an interval of validity for this series. 


(b) Find the Taylor series about —1 for the function 


1 
oss 3+ 2a’ 
by writing 
1 1 
f(x) 


En eee) 
Determine an interval of validity for this series. 


4.2 Adding, subtracting and multiplying Taylor 
series 
Another way to find Taylor series for some functions is to apply standard 


arithmetical operations to known Taylor series, doing this term by term, as 
illustrated in the following example. 


Example 14 Adding Taylor series 


Find the Taylor series about 0 for the function 
1 
1-2’ 


Tee 
explicitly evaluating the coefficients of the first five terms. Determine 
an interval of validity for this series. 

Solution 


©. There are standard Taylor series about 0 for e? and for 1/(1 — 2) 
(given on page 142). Adding these two series together term by term 
will give the required Taylor series. 


We have the following standard series: 


1 1 1 
i ads ONG Saree, be eee 
ee Nav cay +32 tale ; for « € R, 
1 Dae ae eee 
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It follows that 
if il 1 1 
oe A aia ier Se gulag a hae 
e€ A Se (14045 ai Tahoe 
+(l+ata? ta? tatt---) 


=(41)+04104 (541) 


=2+2¢+3e°+ hao + Bott... 


This is the Taylor series about 0 for the function 
PO Se* if (Le a). 


©. Deduce an interval of validity for the new Taylor series from the 
intervals of validity for the original Taylor series. 


The series for e” is valid for x € R, and the series for f(x) = 1/(1 — 2) 
is valid for —1 < x < 1. The second interval is contained within the 
first, so both series are valid for -1 < x < 1. Hence -1 <x <1 isan 
interval of validity for the Taylor series for f(x) =e”? +1/(1— 2). 


You can add or subtract any two Taylor series with the same centre term 
by term in the way demonstrated in Example 14. The resulting Taylor 
series is valid for all values of x for which both original Taylor series are 
valid, and possibly for a larger interval of values. 


Activity 25 Subtracting Taylor series 


The following standard Taylor series about 0 was stated earlier (page 142): 


In(i+ 2) =2 yo? + 40° tet tees, hele Ll eit ae APS 


In the solution to Activity 22(b) this series is used to deduce the following 
Taylor series about 0: 
2 


ln(i—a) =—a« 5x 5a" Fit a ealoke= l <aG< 1, 


By using the fact that 


In (=) = In(1+ 2) —In(1 — 2), 
Wes 


use the two series above to find the Taylor series about 0 for 


(=) 
In ; 
1-2 


Determine an interval of validity for this series. 
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The result from Activity 25 turns out to be useful for finding an 
approximation for the natural logarithm of any positive number. Any 
positive number t can be expressed in the form t = (1 + z)/(1 — x) for some 
number x in the interval —1 < x < 1. For example, 3 = (1+ $)/(1— 5). 
You can see that this is possible for every positive number ¢ by rearranging 
the equation above to make x the subject: 


ee eee Cea 
1l-—<z 

(CE eae side 

(tO ee 

Gale he 

t-l=2(t+1) 
i! 

ee 


This final equation gives the value of x corresponding to a positive 
number t. For example, if t = 3, then 2 = (3 — 1)/(3 +1) = $. 


To see that the value of x always turns out to lie in the interval 
—1 <2 <1, note that the expression on the right-hand side of the final 
equation above can be rearranged as follows: 
i tele 2 

eee oa eee ere 
Since t is positive, the value of 2/(t + 1) is positive, and hence x < 1. Also, 
again since t is positive, the value of 2/(t+ 1) is less than 2, and hence 
ay ail 


Thus in principle you can use the Taylor series found in Activity 25 to find 
an approximation for Int for any number t in the domain (0,00) of the 
function In. 


In contrast, you can use the series for In(1 + 2) to find an approximation 
for Int only for 0 < t < 2, since these are the only values of t that can be 
expressed in the form ¢ = 1+ a for some z in the interval —1 < x < 1 (see 
page 145). 


For both series, the further x is from 0, the more terms of the series you 
have to evaluate to obtain the desired level of accuracy. However, to find 
the value of Int for a number t for which you could use either series, you 
usually have to evaluate fewer terms of the series found in Activity 25 than 
of the series for In(1 + a) to obtain the desired level of accuracy. 


Activity 26 Finding the value of a particular logarithm 


Find the value of x = (t — 1)/(t+ 1) that corresponds to t = 1.5. Hence 
use the Taylor series found in Activity 25, namely 


owe 6 
in (72) = 20+ 20° + 20° 4 2a74..., 


to find the value of In(1.5) to four decimal places. 


In Activity 26, it was necessary to evaluate five successive Taylor 
polynomials in order to find the value of In(1.5) correct to four decimal 
places. If you used the series for In(1 + 2) for this task, with 2 = 0.5, then 
you would need to evaluate 17 successive Taylor polynomials, as mentioned 
earlier (page 145). This illustrates the comment above that you need to 
use fewer terms of the series found in Activity 25. 


You’ve seen that you can add and subtract Taylor series. You can also 
multiply a Taylor series term by term by a non-zero constant. The 
resulting series is valid for every value of x for which the original Taylor 
series is valid. 


For example, you can multiply the Taylor series 


1 ey il 
xr : eo) as eee 2 
e€ Saray + 3% + 72 + , forxzeER, 
by 3, to deduce that 
. 3 Su 3 
Tas ey nO Wy 4 ne 
3e So Oh 5 2 aye +a + , forreER. 


In the next activity you’re asked to use the technique of multiplying a 
Taylor series by a constant, together with substitution, to find the Taylor 
series about 0 for the function 1/(3 + x)”. Here it’s useful to use the 
rearrangement 


af ‘| l 
(3+ 2)? Cae 1x)? _ 32(1 + Te 


Activity 27 Finding a Taylor series for 1/(3 + x)? 


You were asked to show in Activity 17 that the Taylor series about 0 for 
the function 1/(1+ 2)? is 


: Sy i ee tor 1 er 
Glick a \2 
Use this Taylor series, together with the fact that 
1 1 1 


= x ; 
Baa) 38" (i+ x)? 


to find the Taylor series about 0 for 1/(3 + x)*, and determine an interval 
of validity for this series. 


You can find the Taylor series about 0 for any function of the form 

(c+ 2x), where c is any positive constant and qa is any real number, by 
deducing it from the series for (1 + x)* using the method of Activity 27. 
That is, you first express (c+ z)® as c*(1+ 2/c)®. 
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The next example and activity involve using the techniques that you’ve 

met in this section to find the Taylor series about 0 for two further 

standard mathematical functions. The function sinh (usually pronounced 

as ‘shine’ or ‘sine-sh’) is the hyperbolic sine function, and is given by 
Me aa) 

The function cosh (pronounced just as ‘cosh’) is the hyperbolic cosine 


function, and is given by 


coshaz = 5(e” +e”). 


The graphs of these two functions are shown in Figure 22. 


“| 


Figure 22 The graphs of the functions sinh and cosh 


Although you might not expect it from their definitions or their graphs, 
the hyperbolic functions sinh and cosh have many properties analogous to 
those of the trigonometric functions sin and cos. For example, cosh, like 
cos, is an even function and sinh, like sin, is an odd function. Also, the 
derivative of sinh is cosh and 


sinh(a + y) = sinha cosh y + cosh sinh y. 


The two properties immediately above are exact analogues of properties of 
trigonometric functions. Some properties of sinh and cosh are similar to, 
but not exactly analogous to, those of sin and cos. For example, for sin 
and cos we have the trigonometric identity sin? 2 + cos? « = 1, whereas for 
sinh and cosh we have the identity cosh? x — sinh? z = 1. Also, the 


derivative of cos is — sin, whereas the derivative of cosh is sinh. 


You'll learn more about the functions sinh and cosh if you study the 
module MST125 Essential mathematics 2. 


You can find the Taylor series about 0 for the functions sinh and cosh by 
using their definitions, together with the standard Taylor series about 0 for 
the exponential function. You have to use the techniques of adding and 
multiplying by a constant, and the technique of substitution. The series for 
cosh is found in the next example, and you’re asked to find the series for 
sinh in the activity that follows. 


Example 15 Finding the Taylor series about O for cosh x 


Find the Taylor series about 0 for the function f(x) = cosha and 
determine an interval of validity for this series. 


Solution 
We use the formula 
cosha = $(e" +e"). 


The Taylor series about 0 for e” is 


1 1 1 
ae : hoes se 0) ee: rt 
e Weare se he + 3? ele , S0rr-e Ik. 
Replacing each occurrence of x by —x gives 
1 1 1 
Gee oie dacie Oe eee: dears ren 1a 
C=. | es 32 +72 , forrxeER. 
Therefore 
1 1 1 1 
iki cde SON om oe |! Bie eo ee, ss Rs 
ale + € )=5((2+e+ 52 + 3% + 7% ote ) 
Le ee 
+ (1-24 52 me + 7% =), for 2 eR; 
that is, , ; 
cosh = 1+ —2° 4 —2* 4+: fore R. 


2! A! 


Activity 28 Finding the Taylor series about O for sinh x 


Find the Taylor series about 0 for the function f(a) = sinha, and 
determine an interval of validity for this series. 


You can see from the solutions to Example 15 and Activity 28 that the 
Taylor series about 0 for cosh has only even powers of x, while that for 
sinh has only odd powers of x. This is because cosh is an even function, 
while sinh is a odd function. 


Notice that the Taylor series about 0 for sinh and cosh are similar to those 
for sin and cos, respectively. The only difference is that all the coefficients 
in the series for cosh x and sinh are positive, whereas the coefficients in 
the series for cosz and sin alternate in sign. 


Multiplying Taylor series together 


You’ve seen that Taylor series can be added, subtracted and multiplied by 
a non-zero constant. You can also multiply together two Taylor series with 
the same centre. The resulting Taylor series is valid for all values of x for 
which both original Taylor series are valid, and possibly for a larger 
interval of values. 
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The next example illustrates the multiplication of two Taylor series. It 
involves finding the Taylor series about 0 of the product of a polynomial 
and another function. Note that it’s easy to write down the Taylor series 
about 0 of a polynomial, 


Ha eo Cia Cian Perens, 


because this is already in the form of the series in the box on page 147 
(with a = 0, and the coefficients of all terms from «t+! onwards equal 


to 0). It follows that the Taylor series about 0 of a polynomial is the 
polynomial itself! It’s valid for all x € R. 


Example 16 Multiplying Taylor series 
Find the Taylor series about 0 for the function 
day, 


and determine an interval of validity for this series. 


Solution 


The Taylor series for 1 — x is 1 — x, and the Taylor series for 
1/(1 +2), found in Example 11(a), is 


1 


ee ple im a for 1 <7 = FF 
Therefore 
1-2 
at i 1 2 che Sere 
was ( Bia cota —a?+---) 


si(l—-e+e* 2 +---\-2c0-272 2 
= (9+ oe? a) = ee eee) 
=] = 2p 97 27 

The Taylor series about 0 for 1 — x and for 1/(1+ 2) are valid for 


x € R and for —1 < x < 1, respectively. Hence the Taylor series for 
(1 —2)/(1 +2) is valid for -l<a<1l. 


In the next activity you’re asked to carry out two multiplications of Taylor 
series. In each case one of the two series is a polynomial. ; 
Activity 29 Multiplying Taylor series 


Find the Taylor series about 0 for each of the following functions. In each 
case determine an interval of validity for the series. 


(alt (roi (Oo) f(a) =" ie eoaa 


Earlier you saw that you can multiply a Taylor series by a non-zero 
constant. This is just a special case of the multiplication of two Taylor 
series. For example, you can obtain the Taylor series about 0 for 3e% by 
multiplying together the Taylor series about 0 for the constant function 
f(x) =3 and the Taylor series about 0 for e”; the Taylor series about 0 for 
the function f(a#) = 3 is simply 3, since 3 is a polynomial. 


In each case where we’ve multiplied together two Taylor series, one of the 
series had only finitely many non-zero terms; that is, it was a polynomial. 
Multiplying together two Taylor series both of which have infinitely many 
non-zero terms is usually a difficult task, and you won’t be asked to carry 
out any complete multiplications of this type in this module. However, it’s 
fairly straightforward to multiply together the first few terms of two 
infinite Taylor series to find the first few terms of the product Taylor series; 
that is, to find a Taylor polynomial. This is illustrated in the next example. 


Example 17 Finding a Taylor polynomial by multiplication 


Find the cubic Taylor polynomial about 0 for the function 
Fie) e" Cos x. 


Solution 


©. Multiply the series in the usual way. At each stage, include 
explicitly only those terms that could eventually result in final terms 
with power 3 or less. Ignore any terms that can lead only to final 
terms with power 4 or more, but use the notation ‘---’ to indicate 
that further terms exist. 


Using the Taylor series about 0 for e” and for cos x, we obtain 


x? x? l x 
es awe 
2 2 
GL L 
a1(1-$4--)+e(1-F+-] 


x? 1 x x? 1 x7 md 
i ee aa! 


6 cos f= (140+ 


= (1-42? +---)+(e—ga°+---)+(527----) 

+ (g2—---) +e 
=1l+a4(-4+4)2?4+(-$+§)O t+: 
=l+a-je°+-::. 


Therefore the cubic Taylor polynomial about 0 for f(a) = e* cos x is 


p(t) =1+a—- 42°. 


You can use a similar method in the next activity. 
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Activity 30. Finding a Taylor polynomial by multiplication 


In Example 11(a), the binomial series was used to show that the Taylor 
series about 0 for 1/(1+ 2) is 
if 
he eae 
Use this Taylor series and the Taylor series for sin x to find the cubic 
Taylor polynomial about 0 for the function 


ee ine al en eh 


sin x 
ek ae 


4.3 Differentiating and integrating Taylor series 


You've seen that the Taylor series about 0 for the function f(x) = sin x is 


Let’s consider the effect of differentiating this series term by term, in the 
way that we would if it had only finitely many terms and so was a 
polynomial. We obtain the series 
Sa Omar, 1 1 

ES ai Tea =e SN eer or pw 
You may recognise this series as the Taylor series about 0 for cosx. So by 
differentiating term by term the Taylor series about 0 for f(x) = sinx, we 
obtained the Taylor series about 0 for its derivative, f’(x) = cosa. 


This observation suggests that term-by-term differentiation of a Taylor 
series about 0 for a function f gives the Taylor series about 0 for its 
derivative, f’. This conjecture can be verified as follows. 


Let f be a function that’s differentiable infinitely many times at 0, and let 
g = f’. The Taylor series about 0 for f is 


ty (3) (n) 
fe ee ee ee 
3! n! 


Notice here that the general term, in x”, has been written down explicitly 
as part of the series. 


4 aces SRO 


Differentiating series (9) term by term (keeping in mind that f(0), f’(0), 


f’(0), ... are constants) gives the series 
V (3) (n) 
04 (0) 4 29g 2D gt np LOO et 
n! 
(3) (0 (n) 
2! (a= 1)! 


Since g = f’, we have 9(0) = f"(0), g/(0) = f"(0), 9"(0) = f (0), and so 
on. Therefore we can write the series above as 


(0 Ua)(Q)e 
dhe oes SO ae Or ae i 
2! (n.— 1)! 


This is the Taylor series about 0 for g = f’. (The general term is expressed 
in terms of n — 1 instead of n.) 


Taylor series can also be integrated term by term. If the Taylor series 
about O for a function f is integrated term by term, then the result is the 
Taylor series about 0 of an antiderivative of f. 


These properties of Taylor series are summarised in the following box. 
Here cp is written for f(0), c; for f’(0), co for f”(0)/2!, and so on, to 
simplify the notation. 


Differentiating and integrating Taylor series about 0 


Let f be a function that is differentiable infinitely many times at 0. 
If the Taylor series about 0 for f is 


Cp + ox + coe? + 3x? + +--+ eye" +:--, 
then the Taylor series for f’ is 
CREP r eee ey ce bc, e” eG 
and the Taylor series for any antiderivative of f is of the form 


Cy C2 Cn 1 
e+ con + — 2? 4+ Sak +--- + eat. 


2 3 (Deal 
where c is a constant. 
Any interval of validity for the Taylor series for f that is an open 


interval is also an interval of validity for the Taylor series for f’ and 
for any antiderivative of f. 


The results in the box above can be extended to Taylor series with centres 
other than 0, but we won’t need to use such series in this module. 
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Example 18 Differentiating and integrating a Taylor series 

In Example 11(a), the binomial series was used to show that 
1 

bes ae 

Also, by either the chain rule or the quotient rule, 


(aa ae 
de \ ea) deen 


and by a standard integral and the rule for integrating a function of a 
linear expression, 


Se ee ea tor = leer = 1 


[pera m tate (x >-1), 


where c is a constant. Use these facts to find the Taylor series about 0 
for each of the following functions. In each case state an interval of 
validity for the series. 

1 


(a) f(#) = eae (b) f(#) = In(Q + 2) 


Solution 


(a) Differentiating the series for 1/(1 + x) gives 


1 

Sp ee] pe eee ee ee 
(14+ 2)? 
Multiplying both sides by —1 gives the required Taylor series, 
1 
——~, =1-20+30°-42° +---, for -1<e#<l., 
(1+2) 
(b) Integrating the series for 1/(1 + x) gives 

In(1 +2) 


eats aes 4 
=c+%— 5u" + 32 — ix + 4x —---, forsake 
where c is a constant. 


©. To find the value of the constant c, put x = 0 in the equation 
above and solve the resulting equation for c. © 


Taking x = 0 gives Inl = c, soc = 0. Therefore the required 
Taylor series is 


eel ville per tere re O)s ay 


An alternative way to find the Taylor series in Example 18(a) is to take 
a@ = —2 in the binomial series, as was done in Activity 17. 
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The result of Example 18(b) is the standard Taylor series for In(1 + x), as 
you'd expect. This shows the connection between this standard series and 
the series for 1/(1+ 2). 


The remaining activities in this subsection require you to differentiate or 
integrate ‘Taylor series. 


Activity 31 Differentiating a Taylor series 


Verify that term-by-term differentiation of the Taylor series about 0 for the 
function f(a) = e* leaves the series unchanged. 


(This result corresponds to the fact that the derivative of e* is e”.) 


Activity 32 Finding the Taylor series about 0 for tan! x 


In Example 13 you saw that 
1 


5 Say ee ee oes « eyeu all ee pce 
1+ 2- 
In Unit 7 you saw that 
d 1 i 
== (ei = 42) == ===. 
dx ( ) 1+ x? 


Use integration to deduce the Taylor series about 0 for tan~! x, and state 
an interval of validity for this series. 


Calculating 7 


In 1706 the mathematician John Machin used the Taylor series 
about 0 for tan~!, which you were asked to find in Activity 32, to 
calculate the first 100 digits of 7. The series is 

tan = fa? + $n — Gar +. , 
An interval of validity for this series is —1 < x < 1, but the series is 
also valid for x = 1. So, since tan7+1 = iT, we obtain a 
representation for 7 as four times the sum of a series: 


m=4tan'1=4(1-$+%-7+-::). 
Unfortunately it’s not practicable to use this particular series to 


calculate m accurately, because 1 is too far from the centre 0 of the 
series. However, Machin discovered the strange-looking formula 


na = 16tan7! (4) LAtan>* (535) 


The values b and 549 are much closer to 0 than 1 is, so relatively few 


terms of the corresponding series need to be evaluated in order to 


calculate tan7! (4) and tan! (535); and hence 7, to 100 digits. 
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John Machin was at the University of Cambridge at the same time as 
Brook Taylor, having acted as a private tutor to Taylor beforehand. 
Machin was later a Fellow of the Royal Society and (for 38 years) 
Professor of Astronomy at Gresham College, London. He was also a 
member of the committee to adjudicate the claims of Newton and 
Leibniz to have invented the calculus. 


In the final activity of this unit you’re asked to use both substitution and 
integration to find the first few terms of the Taylor series about O for the 
inverse sine function. 


Activity 33. Finding-the Taylor series about 0 for f(x) = sin x 


In Example 12, the binomial series was used to show that 


<3 ix S 
=)/ 20 1 ae Saas 
thet) a 2 oe 8x3!” 


that is, 
i] 

a= tp 34? Sees AE eo tor =< <a 

(pe 1 Pa 3 


(a) By using substitution, find the first four terms of the Taylor series 
about 0 for the function 1/1 — «?. Determine an interval of validity 
for this series. 


(b) You saw in Unit 7 that 


a 1 
fips (sin o) = ipso 
By using this fact and integrating the series in part (a) term by term, 
find the first three non-zero terms in the Taylor series about 0 for the 
function f(x) = sin7! 2, explicitly evaluating the coefficients. State an 
interval of validity for this series. 


Learning outcomes 


After studying this unit, you should be able to: 


e = find Taylor polynomials about particular points for particular 
functions 


e use Taylor polynomials to find approximations for values of functions, 
estimating such values to a particular accuracy 


e find Taylor series about particular points for particular functions 


e use known Taylor series to find further Taylor series by substitution, 
addition, subtraction, multiplication, differentiation and integration, 
and deduce intervals of validity for such series from intervals of 
validity for the original series. 


Solutions to activities 


Solution to Activity 1 


(a) Since f(0) = cos0 = 1, the constant Taylor 


polynomial about 0 for f(a) = cosx is p(x) = 1. 


The approximation is 1 in each case; that is, 
Ot) eal arc “pO —= 1. 


The corresponding remainders are, to five 
decimal places, 


cos(0.01) — p(0.01) = cos(0.01) — 1 = —0.000 05, 


cos(0.1) — p(0.1) = cos(0.1) — 1 = —0.005 00. 


Since f(1) = In1 = 0, the constant Taylor 
polynomial about 1 for f(x) = Inz is p(x) = 0. 


—_—_— 
& 


The approximation is 0 in each case; that is, 
pl 0L) — 0) Vand “pill S50: 


The corresponding remainders are, to five 
decimal places, 


In(1.01) — p(1.01) = In(1.01) — 0 = 0.00995, 
frat) (din 1) (0 = 0.09551. 


Solution to Activity 2 
(a) We have f(x) =sinz, so 
ee cost 
Hence 
f(0)=sin0=0 and f’(0)=cos0=1. 
Thus the linear Taylor polynomial about 0 for 
the sine function is 
p(x) = f(0) + f'(0)x 
= WS ae 
ie 
The linear Taylor polynomial gives the 
approximations 
p(0.25) =0.25 and p(0.5) = 0.5. 
A calculator gives (to 4 d.p.) 
sin(0.25) = 0.2474 and sin(0.5) = 0.4794. 
Hence the two remainders are 
sin(0.25) — 0.25 = —0.0026, 
sin(0.5) — 0.5 = —0.0206. 


The magnitude of the remainder is about 8 
times larger at x = 0.5 than it is at x = 0.25. 


— 
2 


Solutions to activities 


Solution to Activity 3 
(a) We have f(x) = cos, so 
f(s) = —sinz. 
Hence 
f(0)e=scos Vi=1) and. / (0) si 00 
Thus the linear Taylor polynomial about 0 for 
the cosine function is 


p(x) = f(0) + f"(0) 
=1+02 
= 15 
(b) The approximation for cos(0.2) given by the 
linear Taylor polynomial p is p(0.2) = 1. To 
four decimal places, the remainder is 
cos{ 072) Tf == 0.0199: 


Solution to Activity 4 
(a) We have f(x) = (1+ 2)!/2, so 
f@=slea) 
Hence 
(O30 20)) 21 
and 
UUs oe 
Thus the linear Taylor polynomial about 0 for 
f(x) =)? is 
p(x) = f(0) + f'(O)x 
= l-- $2, 
(b) We have 
V7 100 = GOO 97 (0.01). 
The corresponding approximation for /1.01 is 
p(0.01) =1+ 4 x 0.01 = 1.005. 
To six decimal places, the remainder is 
f (0.01) — p(0.01) = 1.004 988 — 1.005 
= —0.000 012. 


as required. 


Solution to Activity 5 
We have f(z) = e”, so 


He) =e, 
Hence 
f)=el=e and f'(1)=e' =e. 
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Thus the linear Taylor polynomial about 1 for 
ie Se is 
p(x) = fl) + ff )(@—-1) 
=e ¢7 —4) 


= €L. 


Solution to Activity 6 


(a) We have f(x) = cosz, so 


{ @)=]—sing “and. (@)='—cos 7. 
Hence 
f(0)=cosO=1, f’(0)=—sin0=0 


and 

f" (0) = —cos0 = -1. 
Thus the quadratic Taylor polynomial about 0 
for the cosine function is 


p(x) = f(0) + f’(O)a + $f" (0)a? 


2 


The corresponding approximation to cos(0.2) is 
p(0.2) = 1 — 4(0.2)? = 0.98. 
To six decimal places, the remainder is 
cos(0.2) — p(0.2) = 0.980 067 — 0.98 
= 0.000 067. 


This remainder has much smaller magnitude 
than that found in Activity 3(b), so the 
approximation to cos(0.2) by using the 
quadratic Taylor polynomial p(#) = 1 — 5x" is 
much better than the approximation by using 
the linear Taylor polynomial p(a) = 1. 


Solution to Activity 7 


We have f(x) =sinz, so 


Mio cos” and f (#7) =—sin7, 
Hence 
FOO 0. 7. (0) cog 01 


and 

f (0) = —sin0'— 0. 
Thus the quadratic Taylor polynomial about 0 for 
the sine function is 


plz) = F(0) + f’ Oe + of" (0)z” 
=0+2+ 02? 


= wv. 
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Solution to Activity 8 
We have f(x) = e”, so 


Wigan ee) Se 
Hence 

iO = (Uy Sc Se 
and 

MOM ee =e 


Thus the quadratic Taylor polynomial about 1 for 
(a) =e. 1s 
Dot (ae Ea Ce 
=e+e(a—1) + de(x — 1)’. 
(By multiplying out the squared brackets and 
collecting like terms, this can also be written as 


p(x) = 4e(14+27).) 
Solution to Activity 9 


(a) To find the quartic Taylor polynomial about 0 
for f(x) = cosz, we need to evaluate f(0), 
f'(0), f’"(0), f(0) and f(0). We have: 


f(e)=cose, — f(0) =1; 
f(z) =—sing, f'(0)=9; 

7) a) =. Cos ee Oa 
f2@)=snz, (0) =0 
f(a) =cosz, fY@=1. 


Hence the quartic Taylor polynomial about 0 
for the cosine function is 


" 0 (3) 0 
p(x) = f(0)+ f'(O)x+ ae + oo 
oO 
ae mm x 
A. Dieser slog 
=]- ky? == re 


(b) Similarly, to find the quartic Taylor polynomial 
about 0 for f(x) = sinz, we need to evaluate 


f(0), f’(0), f’(0), f(0) and f(0). We have: 


f(s) sin a Oa 
t (@)=cos a, iF (Oars 
f(a) =—sinz, f"(0) =0; 


f°\(2)=—cose, f© (0) ==1 
f(z) S=ccliiees f (0) =0. 


Hence the quartic Taylor polynomial about 0 for 
the sine function is 


" (3) 
(4) 
£90) 
=7— ao 
= wT — Ly a 


(You may have noticed that the quartic Taylor 
polynomial about 0 for the cosine function contains 
terms in even powers of x only, whereas that for the 
sine function contains terms in odd powers of x only. 
This property is explained later in the subsection.) 


Solution to Activity 10 


(a) (i) Applying the chain rule gives 


= (-k)(1— 2)! x (1-2) 


Sei bx (=1) 
= (1 == De 
f. k 
a= 7a 
as required. 
(ii) Applying the result from part (a)(1), 
Withee = 1D. 3, ecives 


fe)=— =, FO) =1 

f@=qoae  fO=% 
f@=——as 10) =2 
(Olle mee 


Solutions to activities 


(iii) Hence the cubic Taylor polynomial about 0 
forej is 


ple) = f(0) + FO) + LO. 
kis ar 


Dee SN 
ee ae ae 


=la-a pa. 


(b) (i) The 4th derivative of f(x) is 


d 3! 
Me= 5 (aaa) 
A 3! 4) 


=a)" (Wa) " 
the 5th derivative is 


d 4) 
@)= 5 (aa) 
5A! 5! 


Ga 2e ey 
and so on. The pattern is now clear; 
the nth derivative will be 
(n) — 1: 
fr") (1 — x)ntt" 
(ii) By putting z = 0 in the formula for 
f\™ (ax) above, we obtain 


ni 


(iii) Hence the Taylor polynomial of degree n 
about 0 for f is 


ple) = f0) + FOr+ Le 


= epee ee ee eee 
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Solution to Activity 11 
To find the cubic ‘Taylor De ees about 7/6 for 


f(x) = sina, we evaluate f(/6), f’(7/6), ), f"(n/6) 
and f& (7/6), as follows: 

(2) sie, f |) =1, 

(ey seosen, iv i) = 173: 


Ae de, 


f(x) =—cose, #® (Z) =-4V3. 


Hence the cubic Taylor polynomial about 7/6 for 
the sine function is 


pte) = (5) + (5) (@- §) 


fl fh apogee ft je 

a G) (» *) + () (» =) 
71% 1 \ 2 
25 WA aloe, 


1 T\ 3 
= lege 
Solution to Activity 13 


Using the given Taylor polynomials 
: 1 1 hee 
Pa(w) =1+a+5 2° ie a ena 
and calculating values to six decimal places, we 
obtain 


pi(—0.05) = 1+ (—0.05) = 0.95 


p2(—0.05) = pi(—0.05) + 4(—0.05)* 
= 0.95125 

p3(—0.05) = p2(—0.05) + 4(—0.05)* 
= 0.051229. (to16 dp.) 

pa(—0.05) = p3(—0.05) + 3,(—0.05)* 
== O51 229) A too dep.) 


The values of p3(—0.05) and p4(—0.05) agree to six 
decimal places, so it is likely that 


e 9 — 0.9512 


to four decimal places. (‘This is indeed the case.) 
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Solution to Activity 14 


Using the given Taylor polynomials, and calculating 
values to eight decimal places, we obtain 
pow0:2) = 1 


1 
Ua ha (0.2)? = 0.98 


1 
pa(0.2) = p2(0.2) + 5 (0.2)* = 0.980 066 67 


1 : 
pe(0.2) = pa(0.2) — a (0.2)° = 0.980 066 58 


pg(0.2) = pe(0.2) + aT (0, 2)° = 0.980 066 58. 


The values of pg(0.2) and pg(0.2) agree to eight 
decimal places, so it is likely that 


cos(0.2) = 0.980 067 


to six decimal places. (This is indeed the case.) 


Solution to Activity 15 


(a) From the solution to Activity 9(a), we can see 
that the values of f‘”)(0) form the repeating 
sequence 

POs. 
Hence the Taylor series about 0 for f(x) = cosx 
is 


1 i 1 1 
_ rt 


ae =a 
Similarly, from the solution to Activity 9(b), we 
can see that the values of f‘)(0) form the 
repeating sequence 

OedF Ore eres 


Hence the Taylor series about 0 for f(a) = sinx 
is 


il i 1 9 
Sa ae = eka 


Solution to Activity 16 


We proceed initially in a similar way to the solution 
to Activity 9(b). To find the Taylor series about 0 
for f(x) = sina, we need to evaluate f(7/2), 


fm] 2)5 Fy 2 yeh al 2) eee 


We have: 


fle)=sinz, (2) =1, 
fi(a)=cose, —f' (2) =0; 
is Sette (=) ae 
f(x) =—cose, f°) (2) =o, 
f%e)=sinz, fO (*) o 


The values of f'")(/2) form the repeating sequence 
ik aha eee 


Hence, from formula (5), the Taylor series 
Bpeuten/ 2100 f(a) — sin a is 


1 il ( Eye il ( T\ 4 il T\ 6 
Dion! emia! Sle ees een 
I 5 ay 7) 6! (2 ) 
1 T\ 8 
+ 3 (2 x 
Solution to Activity 17 


Since 1/(1+ 2)? = (14+ z)~?, we take a = —2 
in the binomial series, to give 


1 EAE 
eeay Ae =1+(-2)r+ I ED 
(—2)(—3)(—4) . 


=1-—2¢43a7? —4¢°4+52*—----. 
This Taylor series is valid for -l<a<l. 


Solution to Activity 18 


Taking a = 5 in the binomial series gives 


HB) a HDS 5 


9 1x3 3 


~ ot xal 
This Taylor series is valid for -1 <a <1. 


Solution to Activity 19 


The cubic Taylor polynomial about 0 for the 
function f(x) = In(1 + 2) is obtained from the 
Taylor series for In(1 + x) by deleting all the terms 
after a", to give 


a 5x" ~ $x". 


Solutions to activities 


Solution to Activity 20 


Using the series from the solution to Activity 18, 
we obtain, to five decimal places, 


pi(0.1) = 1+ 4(0.1) = 1.05 


p2(0.1) = p,(0.1) — (On)* = 1048 75 


27)! 
p3(0.1) =; (ny ee a tote 
ogee ae ee OSE ais aaa 
oak 1x3x5 4 


The values of p3(0.1) and p4(0.1) agree to five 
decimal places, so it is likely that 


Ve OAG 


to three decimal places. (This is indeed the case.) 


Solution to Activity 22 


(a) The Taylor series about 0 for 1/(1 — x), from 
page 142, is 
ms =ltgterte +t... 
1-2 
for —1 < a <1. Replacing each occurrence of x 
by —2x and using the fact that 
1/(1 — (—2x)) = 1/(1+ 22) gives 


1 
= 14 (-2 OD (es | eae 
(eos (= 235 (= 20) (2) 


=1-22+4z? —82°+---. 

This is the Taylor series about 0 for 1/(1 + 2x). 
It is valid for —1 < —2zx < 1; that is, for 

1 1 
(This part could also be answered by taking the 
binomial series from page 142 for (1+ x)°, with 
oa = —1, and then replacing each occurrence 
of x by 22.) 

(b) The Taylor series about 0 for In(1 + x), from 

page 142, is 

niet) = ee hae ao ha 


KEV ie eal ee a 


I) A 
qv ae 28g 


Replacing each occurrence of « by —x and using 
the fact that In(1 + (—x)) = In(1 — a) gives 
In(1 — x) 


This is the Taylor series about 0 for In(1 — 2). 
Its valid for = < —% = I thatas, for 
= hc 
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(c) The Taylor series about 0 for In(1 + x), from 


page 142, is 
Ini +2) =2=— Ax + $x" -- 


4 
qv aR 80° « 


for —1 < x <1. Replacing each occurrence of x 


by 3a gives 
In(1 + 32) 


= (8x) — 3(32)” + 332)* — G32)" + 


2 33 


3 ees" 
39 


2 3 4 


This is the Taylor series about 0 for In(1 + 32). 
It is valid for —1 < 3x < 1; that is, for 


1 iL 


S 


1S 


ip 1 2 1 3 


) 


The Taylor series about 0 for e”, from page 142, 


for x ER. 


Replacing each occurrence of 2 by x° gives the 


Taylor series about 0 for er: 


1 
ex =a (x?) ee A ey aa 


3! 


1 1 
=l+e°t+ie®+in7+--, 


2! 3! 
Solution to Activity 23 


= ee 


for x ER. 


The Taylor series about 0 for 1/(1 + 2) is given as 


1 
l+a 


Ne Sgp th iyo a =e 


for —1 < x < 1. Replacing each occurrence of x by 


xz — 1 in this equation, we obtain 
1 


1+ (x-1) 


Sa (a= 1) =(¢—1)° 4 


But 1/(1+ (a — 1)) = 1/z. Therefore the Taylor 


series about 1 for 1/z is 


if 
wl 


x e 


IS Goa (Gp eet. 


This Taylor series is valid for —1 < x —1 < 1; that 


is, tor Ur =< 2. 


Solution to Activity 24 


In each part, we use the Taylor series about 0 for 


1/(1+ x), from page 142, which is 
ih 

Ua ae 

fons <i. 


=l-x4+a7-—2?+--., 


168 


(a) Replacing each occurrence of x by 2x in this 
equation, we obtain 


1 _ = 1~ (x) + (Be)? - Ge) + 
3 
=1 a + $27 Sax? + 


It follows that the Taylor series about 0 for 
g(t) = 3/(3+ 22) = 1/ (1 + 3a) is 


3 2 open 

mine oe gL + of Sse eee 
This Taylor series is valid for —1 < 24 < 1; that 
is, for ~ <u 3. 

(b) Replacing each occurrence of x by 2(a + 1) in 
the series for 1/(1 +2), we obtain 
1 
1+ 2(2 +1) 


= 1 — (2(x+1)) + (2(@ +1)? — (Q(2 +1))? + --- 


=1-—2(¢+1)+4(2 +1)? —8(4 +1)? +-:- 
It follows that the Taylor series about —1 for 
1/(3+ 27) =1/(1 + 2(4+ 1)) is 

Pare =1-—2(¢+1)+4(@ +1)? 

~8(x+1)?+---. 

This Taylor series is valid for 
—] < 2(¢ +41) <1: thats, for 
or equivalently ae en << —s. 


1 it 
a a a ae 


Solution to Activity 25 


Using the given Taylor series about 0 for In(1 + z) 
and In(1 — x), we obtain 


In(1 + x) —In(1 — 2) 


ae ee see as ee Eins A eet 

= (4 — 52 + 30" — 4x + ea ) 
ees bee lh haa 

= 2r + 30° + 20° 4---; 


that is, 


1l+2z 
n(} SJ = Bet BaP 4 Ba bo 


The Taylor series for In(1 + 2) and In(1 — x) are 
each valid for —1 < x < 1, so the Taylor series 
derived here is also valid for —1 < x < 1. 


Solution to Activity 26 


If t = 1.5, then the corresponding value of x is 
pee OES) 225 
Poca eo, 1S * 
Using the series given, we obtain, to six decimal 
places, 


pi(0.2)=2x0.2=0.4 

p3(0.2) = p;(0.2) + $(0.2)* = 0.405 333 
ps(0.2) = p3(0.2) + 2(0.2) = 0.405 461 
p7(0.2) = ps(0.2) + 2(0.2)" = 0.405 465 
po(0.2) = p7(0.2) + 2(0.2)? = 0.405 465. 


The values of p7(0.2) and po(0.2) agree to 
six decimal places, so it is likely that 
140.2 
ies: in cm 
1—0.2 
to four decimal places. (This is indeed the case.) 


) = 0.4055 


Solution to Activity 27 


The given Taylor series is 
1 


(+2) 
ton — lea = I. 


= SO psog ar et, 


Using this series and replacing each occurrence of x 
by zu gives 
1 1 i! 


(Gz)? 3? ‘ (1+ 3x)? 


mgr sag 340) a5 


This Taylor series is valid for —1 < 5x a ane is, 
{Ok —3 < @ <3. 


Solution to Activity 28 


We use the formula 


smb le — 
The Taylor series about 0 for e* is 
ae 3 4 
= es i vee for 7 e IK 
Se eat at ; 
On replacing each occurrence of x by —x, we obtain 
2 3 4 
a iy iE 
az — — 6s; he 
Cn x + 5 aia cal , forxzER 


Solutions to activities 


Therefore 


$(e* ies a) = 


a 
a 
— 
a 
Q 
8 - 
N 
ae 
a 
qo] Ss 
—| w 
au 
mw] & 
=| ys 
45 
SL 


for x € R; that is, 


i) 1 
sinhe=ao+—e2°4+—27°4:--, forz eR: 


3! 5! 
Solution to Activity 29 


(a) Using the Taylor series about 0 for sin zx, from 
page 142, we obtain 


il il 
palit Ee = 2) ee 
18 Sin 4G = 4 (: ae aF aie -) 
1 il 
moe 5 Caany, 
ee. ai == ae , forxeER. 


(b) Using the Taylor series about 0 for cos x, from 
page 142, we obtain 


1 = oie a al : z 
(1+ 2)cosx =(1+2) Foi oe — 


== 1} cl : ae 
= de 


Le, tA 
re(i oa ati 5 


1 
3 5 
+ (0-52 ap --) 
il 1 
S Deets: ls tare aes ee 
= 1% we ae ome ee : 
for x ER. 


Solution to Activity 30 


Using the Taylor series about 0 for 1/(1+ a) and 
sin, and ignoring all terms that lead to 4th or 
higher powers of «, we obtain 


Sint =a ta?--)(e- Fa +} 
=(- 55° a | =a(e- re Cc 
@--)4+@=—)— 
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Hence the cubic Taylor polynomial about 0 for 
f(a) = (sina) (1 a) is 


p(a) =a — 2? + 32”. 


Solution to Activity 31 


The Taylor series about 0 for e” is 


ae ey Sel. renee 
cae Disk Vat Tat  ieaager 


Differentiating this series gives 


, 2 Slot Aha 
04 Mai at Te +.--- 
ele eke a gle eee, 


which is the same series, as required. 


Solution to Activity 32 


We have 
1 


1+ 2? 
for —1 < xz < 1. Integrating both sides of this 
equation gives 


il : 
[pete [0-2 tat 2 + ae 
that is, 


ena 


Se a eee 


te =ct+a— fart ea —tal+--- ; 

for —1 < x < 1, where c is a constant. Taking 7 = 0 
gives tan’ 10 =c, so c= 0. Therefore 

=i oxi fe: : 


tan e=a— 42° + 30° — 


for =lL<a@ <1. 
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Solution to Activity 33 


(a) The given series is 


1 


Wem ay 
for -1 <x <1. Replacing each occurrence of x 
by —x? gives 

ag = HH) + 0)? — OP to 

=1+4+42?4 824+ 32° +---. 
This Taylor series is valid for —1 < Sh hy 
The left-hand inequality here is —1 < —2?, 
which is equivalent to 1 > x7; that is, 
—1 <a <1. The right-hand inequality is 
—x? < 1, which is equivalent to x? > —1 and 
therefore does not place any restriction on 2, 
since the square of any real number is 
non-negative. Thus this Taylor series is valid for 
el 


= 1 Sipe Dy Ps 
=1—54%+ 32 ge ot : 


Integrating both sides of the equation above 
gives 


i) 

Sate = ft he? + fate da. 
= ( ep i ) 
that is, 

sn-'e@=ctat+har+fpart-::, 
for -—1 <x <1, where c is a constant. Putting 
x = 0 gives sin™'0 =c, soc = 0. Therefore 
Met Ne iy BA 
Let Gis ee age ete 
for == ae 


Sina) 
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Unit 12 


Complex numbers 


Introduction 


Introduction 


As you know, every positive real number has two square roots, one positive 
and one negative. For example, the positive real number 9 has square 
roots 3 and —3. Another way to express this fact is to say that the 
equation 


xr? =9 


has solutions 3 and —3. Suppose now that you want to find a square root 
of a negative number, such as —1. That is, you want to solve the equation 


CS 


You may believe that this equation has no solutions; after all, the square of 
any real number is positive or zero. In this unit you'll learn about a system 
of numbers, known as the complex numbers, in which —1 and all other 
negative numbers have square roots. 


The complex numbers are created by first introducing a new number, 
written as i, with the property that i? = —1 (so 7 is a square root of —1). 
It may seem like cheating to simply define 7 in this way, but you'll see that 
the resulting new system of numbers is incredibly powerful and useful. The 
other complex numbers are created by multiplying i by any real number, 
and then adding any real number. For example, the following are complex 
numbers: 


3+ 41, =4/2-599; and 0:7 — zi. 


Each real number can also be considered to be a complex number 
(3 is 3+ 0i, for example). The number 7 is a solution of the equation 
x? = —1, and there’s a second solution of this equation, namely —7. 


The first publication to include a reference to complex numbers was 
the book Ars Magna (1545) by Gerolamo Cardano (1501-1576). The 
possibility of using complex numbers first emerged when Italian 
mathematicians were developing methods for solving cubic equations, 
such as x? + x? +62 +3 =0. Both Scipione del Ferro (1465-1526) 
and Niccold Fontana Tartaglia (1499/1500-1557) independently 
discovered how to solve any cubic equation, using methods that 
sometimes involve complex numbers. Tartaglia revealed his method in 
secret to Cardano, who later published it in his Ars Magna. This 
angered Tartaglia, who insulted Cardano for revealing the method. 
Cardano, in his defence, claimed to have also seen del Ferro’s method, 
which was unpublished, and so he no longer felt obliged to keep the 
method of solving cubic equations secret. 


Niccolo Fontana Tartaglia 


At first, complex numbers may seem abstract, because they don’t obviously 
represent physical quantities in the way that real numbers do. However, 
they’re of fundamental importance in mathematics — as you'll begin to see 
in this unit — and they’re an essential tool in many scientific disciplines, 
such as electromagnetism, fluid dynamics and quantum mechanics. 
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Figure 1_ A transistor 


Figure 3. A fractal in the 
complex plane 
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Quantum mechanics, for instance, is about the motion of very small 
objects, such as atoms. The foundational equations of the subject involve 
complex numbers. 


Discoveries in quantum mechanics led to the development of the modern 
transistor, midway through the last century. Transistors (one is shown in 
Figure 1) are devices used to control current in circuits, and are an 
essential part of electronic systems, such as those found in cars, computers 
and portable media players. 


It’s instructive to think of complex numbers geometrically, using the 
complex plane, which is a plane such as that shown in Figure 2. Each 
complex number is represented by a point on the plane. For instance, the 
complex number 2 + 3% is represented by the point with coordinates (2° 3)e 
You'll learn more about the complex plane in Section 2. 


ez t 3 


Figure 2. The complex plane 


In higher-level modules involving complex numbers you can find out how 
some simple formulas involving complex numbers give rise to fractals in 

the complex plane, which are intricate shapes with repetitive structures, 
such as that shown in Figure 3. 


Not only do complex numbers have fascinating geometric properties that 
give rise to beautiful fractals, but the system of complex numbers also has 
some useful algebraic properties that the system of real numbers lacks. For 
instance, you saw in Unit 2 that, if you’re working only with the real 
numbers, then some quadratic equations have no solutions. An example is 
the equation x” — 42 + 5 = 0: if you write this equation as (x — 2)? +1 =0, 
then you can see that for every real number x the left-hand side is greater 
than or equal to 1, and hence the equation has no solutions that are real 
numbers. You'll see in Section 3 that if you’re allowed to use complex 
numbers, then every quadratic equation has at least one solution. In fact, 
you'll meet an even stronger result: if you’re allowed to use complex 
numbers, then every polynomial equation has at least one solution. A 
polynomial equation is an equation of the form ‘polynomial expression = 0’ 
(where the polynomial expression has degree at least 1), such as 


jc SOF av’ — 130° + 34° — =). 


1 Arithmetic with complex numbers 


In Section 4 you’ll be shown Luler’s formula, 

e” = cos6 + isin 8. 
This is a hugely important equation that relates the exponential function 
to the trigonometric functions. Euler’s formula allows you to write 
complex numbers in a helpful manner, called exponential form, which is 
widely used in mathematics, engineering and other scientific subjects. 


Some of the blue boxes in this unit give you a taste of some of the ways in 
which complex numbers are used in higher-level mathematics. Remember 

that these boxes are only for your interest; you won’t be assessed on their 

contents. 


1 Arithmetic with complex numbers 


In this section you'll learn the details of what complex numbers are, and 
how you can add, subtract, multiply and divide them. You'll also learn 
about another arithmetic operation, called complex conjugation, which is 
particular to the complex numbers. 


1.1 What are complex numbers? 


To define the complex numbers we start by considering the equation 
2 
Cae 


This equation has no solutions that are real numbers, because the square 
of any real number is non-negative. To overcome this problem, we 
introduce a new number, which we call 7, and declare that 7 is a solution of 
the equation. 


The number i is defined to have the property i? = —1. 


So i is a square root of —1. You learned in Section 4 of Unit 1 that 

the symbol Vis used to denote the non-negative square root of a 
non-negative real number. In other texts you may see i written as //—1, 
even though neither —1 nor i is a non-negative real number. This notation 
isn’t used in this module, as it can be misleading. To see why, remember 
the rule /avb = Vab, also from Unit 1, which is true when a and 6 are 
non-negative real numbers. If you try to apply this rule with a= b= -—1, 
then you obtain the incorrect statement 


SS eel) = vila 
This statement is wrong because /—1/—1 should equal —1, not 1. 


To avoid this kind of pitfall, it’s best not to use the notation V—1, except 
in certain particular circumstances, such as those described in 
Subsection 3.1, where you’ll meet expressions involving +V/. 
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Let’s now look at how the complex numbers are obtained by combining 
this new number i with the real numbers. For instance, you can multiply 2 
by a real number such as 5 to give another number, 5?. You can then add 
5i to a real number such as 3 to give another number, 3 + 57. The complex 
numbers are all the numbers that you can obtain in this way. 


Complex numbers 


A complex number is a number of the form a + bi, where a and 6 
are real numbers. 


The set of all complex numbers is denoted by C. 


For example, —7 + 31 and : +197 are complex numbers. Using the usual 
conventions of algebra, we can write some complex numbers in a form 
simpler than a + bi. For example, we write 
45 + (—11)i as 45 — 112 
Soe Le as Stet 
6 + 02 as 6 
0+ (-l)t as —1 
Ove as 0. 


Note that since 2 is a square root of —1, the number —7 is also a square 
root of —1, as you’d expect. You'll see this confirmed later. 


: Ahoy, matey! “ 
cia -1 aS a Square number! 


CS 
ew 
ey 


NS 


Rea 


A Ned, 
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1 Arithmetic with complex numbers 


In the rest of this section, you’ll meet some of the basic properties of 
complex numbers, and practise manipulating them. To start with, here are 
two important definitions. 


Real and imaginary parts 


For any complex number z = a + bi, the real number a is called the 
real part of z and the real number 6 is called the imaginary part 
of z. We write 


ReZi=a and Im(z)=b. 


For example, 

Re(—7 + 31) =—7 and Im(-—7+ 3%) =3. 
Also, 

Re(52)=0 and” Im(5:) = 5. 


Notice that it is b, and not bi, that is the imaginary part of a + bz. For 
example, the imaginary part of —7 + 32 is 3, not 32. 


If the real part of a complex number is 0, then the complex number is 
sometimes called an imaginary number or a purely imaginary 
number. For instance, the complex numbers 52 and —7 are imaginary 
numbers. 


If the imaginary part of a complex number is 0, then that complex number 
is in fact a real number. For instance, the complex number 5 (which you 
could write as 5 + 07) is also a real number. In the same way, every real 
number is a complex number. This implies that the set of real numbers is 
a subset of the set of complex numbers; that is, R C C. 


Activity 1 /dentifying real and imaginary parts 


Write down the real and imaginary part of each of the following complex 
numbers. 


pero ye (8 -% “@)0 (1 )1=i 


You can also write complex numbers in the form a+ 7b, which is equivalent 
to a+ bi, and both forms are used. Your choice may depend on the nature 
of the real number b. For instance, you may prefer to write 1 + iv/2 rather 
than 1 + V2i, to avoid possible confusion with 1 + V/2i. 
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Over the centuries, mathematicians have struggled with definitions of 
numbers. Few people have trouble understanding the natural 
numbers 1,2,3,..., but the concept of zero was more troublesome. 
One of the first people to bring the idea to Europe was Fibonacci 
(Leonardo of Pisa) in his Liber Abaci (1202), the text that spread the 
Hindu—Arabic numeral system through Europe. Even so, the 

symbol 0 was not widely used in Europe until the seventeenth 
century, and in 1759 the English mathematician Francis Maseres 
wrote of the negative numbers that they 


darken the very whole doctrines of the equations and make dark 

of the things which are in their nature excessively obvious and 

simple. 
Likewise, many mathematicians at first doubted the validity of 
complex numbers, which Cardano had described in Ars Magna as 
‘some recondite third kind of thing’. In fact, the renowned French 
philosopher and mathematician René Descartes (1596-1650) coined 
the term imaginary numbers for real number multiples of 7 because he 
considered them to be illusory. 


Francis Maseres (1731-1824) Today we’re aware of the many uses of different types of numbers, 
and the foundations of mathematics are well established, so there’s no 
longer any doubt about the validity of zero, negative numbers or 
complex numbers. 


1.2 Adding and subtracting complex numbers 


You can add or subtract complex numbers by adding or subtracting their 
real and imaginary parts separately. For example, 


(5+ 62) +(34+22)= (54+3) + (6+2)i =8+8i, 
—_— — 
add real add imaginary 
parts parts 
and 
(5 + 62) —(84+27)= (5-3) + (6—2)i =2+4 4. 
See a 
subtract subtract 
real parts imaginary parts 


In essence, to add or subtract complex numbers you treat 7 as a variable 
and add or subtract in the normal way. 


Example 1 Adding and subtracting complex numbers 
Let z= 7+ 192 and w = 18 — 107. Work out z+ w and z— w. 
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Solution 


(7 + 19%) + (13 — 102) = (7 + 13) + (19 + (—10))i = 20 + 91 
(7 + 19%) — (13 — 10¢) = (7 — 13) + (19 — (—10))i = —6 + 29% 


Activity 2} Adding and subtracting complex numbers 


Work out z+w and z — w for each case below. 
(a) z=24+57, w=—-7413i (bie ==—4, w——9r 
(c) z=3-Ti, w=3-T Qe2=34 W330 


(ec) z=4-H, wH=-ZtH = (ff) z= 1.2, w=3.4i 


Many familiar rules for adding and subtracting real numbers also apply to 
complex numbers. For instance, the order in which you add two complex 
numbers z and w doesn’t matter: 


at —"W) + 2: 
Also, any three complex numbers u, v and w satisfy 
(utv)+w=ut+(u+w). 


You’ve met similar rules before, when you learned about addition of 
vectors, in Unit 5, and addition of matrices, in Unit 9. Recall that an 
operation (in this case, addition of complex numbers) that obeys the first 
rule is said to be commutative, and an operation that obeys the second 
rule is said to be associative. Together the two rules tell you that you can 
add several complex numbers in any order that you choose. 


The number 0 has the same role in the arithmetic of complex numbers as 
it does in the arithmetic of real numbers, in that adding 0 to any number 
leaves that number unchanged. 


You should approach the next activity using the usual rules of algebra, 
remembering to treat 7 like a variable. 
Activity 3. Adding and subtracting several complex numbers 


Let u=4+6i, v= —3+ 5% and w = 2—1. Work out the following. 
(a) utvutw (b)wtv+u (c)u-(tw) (d) u-(v—w) 
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1.3. Multiplying complex numbers 


You can multiply two complex numbers using the usual rules of algebra 
and the fact that i? = —1, as shown in the next example. 


Cc) Example 2. Multiplying complex numbers 
Find the product of 3 + 27 and 5 +2. 
Solution 
©. Multiply out the brackets. & 


15 Qi? 


(3+ 2i)(5 +7) = 154 34+ 100 + 27? 
/ 
10) = 15 +133 + 27 
3t 

@. Simplify using 77 = —1. # 
= 15+ 132 + 2(-1) 
easy ase” 
= 134 131 


As usual, you can also write products using the x symbol. For instance, 
the product (3 + 22)(5 +7) can also be written as 


(3 4+ 2%) x (5 +2). 


Activity 4 Multiplying complex numbers 


Find the following products of complex numbers. 
(a) (1 + 3%)(2 + 42) (b) (—2 + 3%)(4 — 72) (c) 32(4 — 52) 
(d) 7(-2+5t)  (e) (2—31)(24+34) = (f) (§ +4) (1+ 32) 


Multiplication of complex numbers, like addition of complex numbers, is 
both commutative and associative. This means that, for any complex 
numbers z and w, 


2 Uc Eas 
and, for any complex numbers u, v and w, 


UX (XW) = (ter 
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Multiplication of complex numbers is also distributive over addition of 
complex numbers; that is, for any complex numbers u, v and w, 


ux(u+tw)=uxvtuxw. 


When you add and multiply real numbers, you probably apply the 
commutative, associative and distributive laws without thinking about 
them. You should be comfortable doing the same for complex numbers. 


The numbers 0 and 1 play the same roles in the multiplication of complex 
numbers as they do in the multiplication of real numbers. That is, 
multiplying a number by 0 gives the answer 0, and multiplying a number 
by 1 leaves that number unchanged. 


Activity 5 Adding and multiplying several complex numbers 


Let u=1+4 27, v= 4— 3% and w = —7. Work out the following. 
(a) u(v+w) (b) wo + uw (c) wow 


When multiplying a complex number z by itself, you should write Den 
rather than zz or z X z, just as for real numbers. Other positive integer 
powers of a complex number z, such as 2° or z!° are defined in the usual 
way. When z is not zero, the zeroth power 2° of z is defined to be 1, just 
as for real numbers. You'll learn about negative integer powers later on. 


The index laws from Section 4 of Unit 1 continue to hold when the base 
numbers are complex numbers and the powers are positive integers. For 
example, one of these laws for complex numbers states that, if z and w are 
complex numbers and n is a positive integer, then 


(any 2 ei 


In fact, once you learn about negative powers you'll see that these laws 
hold when the powers are any integers (not necessarily positive integers). 


Activity 6 Working out powers of i 


Work out 1°, i, 22, 7°, i*, i? and i°. Predict the pattern that would emerge 
if you continued to work out higher powers of 7. 


As you learn more about complex numbers, you'll come to see that the 
system of complex numbers has richer properties than the system of real 
numbers. One example of this is in taking square roots of numbers. 
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You know that each positive real number has two square roots. For 
example, the number 3 has the two square roots +,/3. If you’re working 
with the complex numbers, then it’s also true that each negative real 
number has two square roots. For example, the number —3 has the two 
square roots +i/3, because 


(iv3) = (v3) Se ae 
and 
Ca) = (2-08) (9)? <p 


As you'll see later, these are the only two square roots of —3. In general, 
we have the following useful fact. 


Square roots of a negative real number 


If d is a positive real number, then the square roots of —d are +iVd. 


For example, the square roots of —4 are +iv/4, that is, +27. 


Activity 7 Checking the square roots of a negative number 


Show that 37 and —37 are both square roots of —9. 


Gaussian integers 


As you know, an integer p greater than 1 whose only integer factors 
are +1 and +p is called a prime number, or just a prime. The first 
few primes are 


PA NRG of ear a ies 8 = 
Notice that even though 2 is a prime, 
Ce a 


This shows that 1 +72 and 1 —2 are both factors of 2, so if we allow 
not only integer factors but also factors that are complex numbers 
whose real and imaginary parts are integers, then 2 is no longer a 
prime! A complex number a + bi for which a and b are integers is 
Gauss in his prime known as a Gaussian integer, after the German mathematician 
Carl Friedrich Gauss (1777-1855), who first developed them. 


Just as any ordinary integer x can be factorised in two ‘trivial’ ways 
as x = 1x x and & = (—1) x (—2), so any Gaussian integer z can be 
factorised in four trivial ways as 


zg=1xz2=(-1) x 2) =1x% (2) = (©) x 2). 
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If these are the only ways in which a Gaussian integer z can be 
factorised as a product of two Gaussian integers, then z is called a 
Gaussian prime. You’ve seen that 2 is not a Gaussian prime, and 
neither is 5, because 


(2+%)(2-i) =5. 


However, it can be shown that 3 is a Gaussian prime, as is 1 + 7, and 
in fact there are infinitely many Gaussian primes. 


You can learn about the Gaussian integers in more advanced modules 
on number theory. 


1.4 Complex conjugation 


Before you find out how to divide complex numbers, it’s useful for you to 
learn about another operation that you can perform on complex numbers, 
called complex conjugation. 


Complex conjugation 
The complex conjugate of a+ bi is a — bi. 
The complex conjugate of z is denoted by Z. 


The operation of transforming z to Z is called complex 
conjugation. 


For example, 
if z=-—-3+2i then Z=-—3-— 27, and 
i 2 —o— 32 then Z=85+ 32. 
Activity 8 Finding complex conjugates 


Find the complex conjugate of each of the following complex numbers. 


(a) 442i (b) -3-8) (c) 9% (d) 5 


Notice that if z is a real number, then Z = z. So complex conjugation has 
no effect on real numbers. 


In the next activity you’re asked to show that to undo complex 
conjugation, you just apply complex conjugation again. 


Activity 9 Applying complex conjugation twice 


Let z=a+bi and w =Z. Show that w = z. 
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There are some more properties of complex conjugation in the box below. 
The last property involves division of complex numbers, which you ll meet 
shortly. 


These properties, and all the other complex number properties stated in 
this unit, hold for all complex numbers for which the expressions in them 
are defined. For example, the fourth property below holds for all complex 
numbers z and w with w ¥ 0. 


Some properties of complex conjugation 


You can prove these properties by writing z = a+ bi and w =c+ di. This 
gives 


z+w =(a+ bi) + (c+ di) 


=—(@- o)--(04-d)2 
=(a+c)—(b+d)i 
= (a — bi) + (c— dt) 
=Z+W. 


In the same way you can show that z-w=2Z-—wW. 


To prove the third property, let’s work out the sides of the equation 
separately. We have 


Zw = (a — bi)(c— di) 
= ac — adi — bei + bdi? 
= (ac — bd) — (ad + be)i. 


zw = (a+ bi)(c + dt) 
= ac + adi + bei + bdi? 
= (ac— bd) + (ad =F be)r, 
which gives 
Zw = (ac — bd) — (ad + be)i. 
So both ZW and Zw are equal to (ac — bd) — (ad + bc)i, which implies that 
Di = 2 W. 


The fourth property will be proved in the next subsection, once you’ve 
seen how to divide complex numbers. 


In the next activity you’re asked to prove two further properties of 
complex conjugation. 
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Activity 10 Proving two identities involving complex numbers 


By writing z = a+ bi, prove the following identities. 
(a) 2+2Z = 2Re(z) (b) 2 —2= 21 Im(z) 


Here’s the property of complex conjugation that’s useful when you want to 
divide complex numbers: whenever you multiply a complex number by its 
complex conjugate, you obtain a real number. To see why this is, recall the 
formula for the difference of two squares from Unit 1: 


Cea AB) =A = Be 
Given any complex number z = a + bi, we can apply the difference of two 
squares formula with A =a and B = bi to give 
OLD) G28) S02 2S i a ai 
ee 
z Zz 


So we have the useful fact below. 


For any complex number z = a+ bt, 


zz=a't+b’. 


For example, 


ee (i 2) i ed 55, 


Activity 11 Multiplying complex numbers by their complex 
conjugates 


Multiply the following complex numbers by their complex conjugates. 


(a) 2+ 3% (b) —1— 2: (Core hl) a2 


1.5 Dividing complex numbers 


In this subsection you'll learn how to divide complex numbers, making use 
of the complex conjugation operation that you met in the previous 
subsection. 
Suppose, for example, that you want to divide 5 + 32 by 1 + 20. You can 
write the result as 

Oo + 32 

2: 


187 


Unit 12 Complex numbers 


To see that this really is a complex number, you can simplify it by 
multiplying the top and bottom of the fraction by the complex conjugate 
of the denominator. For our fraction, the denominator is 1 + 27, so its 
complex conjugate is 1 — 21. Multiplying the top and bottom of the 
fraction by 1 — 22 gives 

5 i > (5b 30)(b 27) 85 = 107 ett Ot ee ate 

(oe 2 S27) 12 22 Se 
You can write this number as 

F(Il =). Gr et. 
The second alternative has the form a + bi, which shows that it is indeed a 


complex number. However, it’s fine to leave the answer in any of the final 
three forms above. 


Simplifying fractions in this way may remind you of simplifying fractions 
involving surds, such as 


14+5V3 
ee 


which you met in Section 4 of Unit 1. To do this, you used a conjugate of 
an expression involving surds, which performs a similar role to the complex 
conjugate. 


CS) Example 3. Dividing complex numbers 


3% 
as a single complex number. 


I 
Write the fraction = 


Solution 


©. Multiply the top and bottom of the fraction by the complex 
conjugate of the denominator, which is 5 + 7, and simplify the 
resulting expression. 


1+3i  (1+3i)(5 +i) 
5-i (5-12)(5+72) 
_ bt + Loi 317 
7 52 (1)? 
2 ie 
a Os ; 
Seles: 
aa s 
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You can check that the answer that you obtain from a division of complex 
numbers is correct by using multiplication. In the example that you’ve just 
seen, for instance, you find that 


ig (1 + 82) x (5-4) = 4 (5 + 39% — 8”) = 413 + 391) = 143i, 
as expected. 


Activity 12) Dividing complex numbers 


Write each of the following fractions as a single complex number. 


1 21 11 — 8% 1 1 
, b a a 

eee! ee) ee 
A+ Ti 8+ 3i aay 

(yee eee yy ee el 

Dire 88 yaa YY tee; 


It isn’t possible to divide a complex number by 0, just as it isn’t possible 
to divide a real number by 0. 


As for real numbers, if z is a non-zero complex number, then the number 
1/z is called the reciprocal of z. Also, as for real numbers, 


1 1 1 
— is denoted by z~1, — is denoted by me —3 is denoted by ae 
Zz Z Z 


and so on. 


As mentioned earlier, the index laws from Unit 1 hold when the base 
numbers are complex numbers and the powers are any integers, positive, 
negative or zero. For example, the following index laws hold for all 
complex numbers z and w and all integers m and n: 


a AE eg nivel "(Ca (h) eaee AGT oe 

When you’re using complex numbers as base numbers, you should be 
careful to apply index laws only in cases in which the indices (such as m 
and n above) are integers. This is because the definitions of expressions 
such as z!/?, where z is a complex number, are beyond the scope of this 
module. As you'll see in Section 3, all complex numbers other than 0 have 
two square roots, so an expression such as z'/2 is potentially ambiguous 


since it could refer to either of the square roots. 


Finally, as promised, here’s the proof of the fourth property of complex 
conjugates stated in the box on page 186. The property is 


z/w=2/w. 

i ws 0, then 
CAD) eo) (z/w) x w = 7. 

Hence, by the third property in the box on page 186, 
z/w xX W=zZ. 


Dividing both sides by @ gives the property stated above. 
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2 Geometry with complex numbers 


In this section you'll learn how complex numbers can be represented by 
points in a plane, called the comple plane, which gives a rich geometric 
way of interpreting the arithmetic operations described in the previous 
section. You’ll see that you can add and subtract complex numbers 
represented by points in the complex plane in a similar way to how you 
add and subtract vectors. 


2.1 The complex plane 


You saw in Unit 1 that the real numbers can be represented as points on a 
line, called the real line or the number line, as shown in Figure 4. 


—§ -4 -3 -2 —-l 0 Ih 2 3 4 5 


Figure 4 Part of the real line 


Since a complex number is made up of two real numbers, its real part and 
its imaginary part, it can be represented by a point in a plane. 


The complex plane 


The complex plane is a plane in which the complex number a + bz 
is represented by the point (a, b). 


The horizontal axis is called the real axis and the vertical axis is 
called the imaginary axis. 


For example, the complex number 3 + 4% is represented in the complex 
plane by the point (3,4). This complex number is shown, with others, in 
Figure 5. Notice that the origin represents the complex number 0. 


imaginary axis 


real axis 


Figure 5 Complex numbers in the complex plane 


2 Geometry with complex numbers 


The grid in Figure 5 is a unit grid, which means that adjacent horizontal 
lines in the grid are separated by one unit, and adjacent vertical lines are 
also separated by one unit. All the grids that you’ll see in this unit are 
unit grids. 


Note that for simplicity we usually don’t distinguish between complex 
numbers and the points that represent them in the complex plane. For 
example, we say that the complex number 7 lies on the imaginary axis, 
rather than that the point representing the complex number 7 lies on the 
imaginary axis. 


Activity 13. Marking complex numbers in the complex plane 


Mark the following complex numbers on a diagram of the complex plane: 


2 — 42, —3 + 21, os —1 and Abs 


The complex plane is also known as the Argand diagram, after a 
French mathematician with the surname Argand, who in 1806 wrote 
an essay on representing complex numbers geometrically in a plane. 


Recent research has shown that reliable biographical information 
about Argand is extremely limited; not even his first name is known! 
There is no evidence that he was a certain Swiss-born man called 
Jean-Robert Argand, as was previously believed. Information in one 
of Argand’s publications suggests that he was a scientifically oriented 
technician, based in the Parisian clock-making industry. 


The idea of introducing a complex plane had been proposed before, by 
the English mathematician John Wallis (1616-1703), and separately 
by the Norwegian—Danish mathematician Caspar Wessel (1745-1818), 
but these earlier proposals failed to gain popular acceptance. 


Let’s consider what happens in the complex plane when you add two 
complex numbers. By the usual rule for adding complex numbers, 


(a+ bi) + (c+di) = (ate) + (b+ d)i. 


So if you add the complex numbers represented by the points (a,b) and 
(c,d), then you get the complex number represented by the point 
(a+c,b+d). That is, you just add the coordinates separately, in the same 
way that you add the components separately when you add vectors. 


Because of this, you can add two complex numbers in the complex plane 
by drawing (or imagining) a parallelogram, as illustrated in Figure 6. This 
is the parallelogram law for the addition of complex numbers, which is 
similar to the parallelogram law for vector addition. 
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fo == Ub) 


Figure 6 The parallelogram law for the addition of complex numbers 


Next let’s consider what happens in the complex plane when you multiply 
a complex number by a real number. We have 


m(a + bi) = ma + mbi. 


So if you multiply the complex number represented by the point (a, 6) by 
the real number m, then you get the complex number represented by the 
point (ma,mb). That is, you just multiply the coordinates separately by 
the real number, in the same way that you multiply the components 
separately when you multiply a vector by a scalar. 


The effect of this is that when you multiply a complex number z by a real 
number m, the resulting complex number mz remains on the line that 
passes through the origin and z, but is |m| times as far from the origin as z 
is. If m is positive, then mz lies on the same side of the origin as z, and if 
m is negative, then mz lies on the opposite side of the origin from z. These 
effects are illustrated in Figure 7. They’re similar to the effects of 
multiplying a vector by a scalar. 


22 


(a) (b) 


Figure 7 (a) Multiplication by 2 (b) Multiplication by —1 
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Complex conjugation also has a simple geometric interpretation in the 
complex plane: the number 7 = a — bi is the image of z = a + bi under 
reflection in the real axis, as shown in Figure 8. 


Figure 8 Complex conjugation in the complex plane 


Activity 14 Adding complex numbers, multiplying complex numbers 
by real numbers, and complex conjugation in the complex plane 


On a copy (or several copies) of the diagram below, mark the complex 
numbers in parts (a)-(f). Do this by thinking geometrically, in the ways 
described above, rather than by first writing z and w in the form a+ bi 
and using the algebraic methods from Section 1. 


(a) z+w (is) (coer (d) z+2Z (e) —w (f) z-—w 


(Remember that z — w = z+ (—w).) 


You can check your answers to Activity 14 by writing z and w in the form 
a+ bi and using the methods from Section 1. You can see from the 
diagram that z = 2+i and w=1+ 3i. Therefore, for example, 


gm = (241) +1431) =24+)+14+3=3+4. 


If you plot this answer 3 + 47 in the complex plane, as shown in Figure 9, 
then you obtain the same point that you found in Activity 14(a) by using 
the parallelogram law. 
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ztew=3+4 
w—=1+32 


Figure 9 Adding 2+ 7 and 1 + 37 in the complex plane 


2.2 Modulus of a complex number 


You saw in Section 2 of Unit 2 that the modulus of a real number x, which 
is denoted by |x| and is also called the magnitude or absolute value of 2, is 
the distance of x from zero. For example, |3| = 3 and | — 3] = 3. 
Essentially, the modulus of a real number z is the ‘size’ of z. 


In the same way, the modulus (or absolute value) of a complex 

number z, which is denoted by |z|, is its distance from the origin, and is a 
measure of its size. (We don’t use the word ‘magnitude’ for complex 
numbers.) Pythagoras’ theorem gives the formula below for the modulus of 
a complex number, which is illustrated in Figure 10. 


Modulus of a complex number 


Let z=a+bi. The modulus |z| of z is its distance from the origin, 
given by 


al =n a be, 


The plural of ‘modulus’ is moduli. 


Figure 10 The distance between the origin and z = a + bi 


is. |2| =.07 -2 o>. 
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Let’s calculate the moduli of some particular complex numbers. For 
example, 


|3 — 4i| = \/32 + (—4)? = V94 16 = V25 =5 
and 
| — 7| = /(-7)2 = V49 = 7. 


As illustrated by the second example, if z is a real number, then |z| is just 
the usual modulus of this real number. 


Activity 15 = Finding the moduli of complex numbers 


Find the moduli of the following complex numbers. 
(a) 3+ 4% (b) —4+ 32 (ew (d) —31 (e) 17 
ge io ee elie 19°19) et) =e Gee es 


In Subsection 1.4 you saw that, for any complex number z = a + 0i, 
zz=a° +b’. 

The expression a? + b? is equal to |z|?, so we have the useful identity 
Zz = |z|*. 

We can obtain another useful identity by replacing z by zw in the 

identity |z|? = zZ, to give 
|zw|? = zwzw. 

You learned earlier that zw = ZW, so 
|zw|* = zwzw = zwz Ww = 22ww = |z|?|w|?. 

Hence |zw|? = |z|?|w|?, and taking square roots gives the useful identity 
|zw| = |2llel. 


From this identity you can deduce a third useful identity, as follows. If 
tia O.then 


eB Zz a |z| 
al = |= x w| = |=] II, so =|=—. 
w w wl — |w 


Properties of modulus 


zz = \z|" 
[zw] = |zlle 
z\_ || 
Fl ee 
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Activity 16 Proving identities involving modulus 


By writing z = a+ bi, show that |—z| = |z| and [z| = |z\. 


If you divide both sides of the identity 2% = |z|? by Z, then you obtain 
2 


|2| 


a 
lad — 


Zi 
Taking the reciprocal of both sides of this equation gives you a neat 
formula for finding 1/z, as follows. 


Lene 


2 zi 


For example, the reciprocal of 1 + 37 is 


1 3 Lot ot 


14037.) desde « eee © 0 


Activity 17. Working out the reciprocals of complex numbers 


Find the reciprocals of the following complex numbers. 


Gees cara se Beira 


2.3. Argument of a complex number 


You can completely specify a particular complex number by stating its 
modulus, that is, its distance from the origin in the complex plane, 
together with the direction in which it lies from the origin. This direction 
is usually specified by stating a particular angle associated with the 
complex number, which we call an argument of the complex number. 
You'll learn about the arguments of a complex number in this subsection. 
Together, the modulus and an argument of a complex number can be used 
to express the complex number in a helpful form, called polar form, which 
you'll meet in the next subsection. ; 


Arguments of a complex number 


An argument of a non-zero complex number z is an angle in radians 
measured anticlockwise from the positive real axis to the line between 
the origin and 2. 


The number 0 doesn’t have an argument. 
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For example, one argument of the complex number —4 + 41 is 37/4, as 
shown in Figure 11(a). You can see that this angle is 37/4 because it’s 
three-quarters of a half-turn, and a half-turn is 7 radians. Other 
arguments of the same complex number are —57/4 and 117/4, as shown in 
Figures 11(b) and (c). The angle —57/4 is negative because it’s measured 
clockwise, rather than anticlockwise. 


—4+4+ 4) | —4-+ 4 n —4+ 42 
1A 
4 
on 
4 


(a) (b) (c) 


Figure 11 Three different arguments of —4 + 42 


You’ve encountered this sort of situation before, in which the same 
direction is specified by different angles. For example, it occurred when 
you worked with the directions of vectors in Section 6 of Unit 5. The 
angles —57/4 and 117/4 each have the same rotational effect as 37/4, 
because they each differ from 37/4 by an integer multiple of 27: 


Oi on Ge aT 

a 2 and i 
In fact, you can see that each non-zero complex number has infinitely 
many arguments, because you can add any integer multiple of 27 to an 
argument to obtain another argument. Exactly one of these arguments lies 


in the interval (—7, 7], and it’s often the simplest one to use. 


Principal argument of a complex number 


The principal argument of a non-zero complex number z is the 
argument of z that lies in the interval (—7,7]. This angle is denoted 


by Arg(z). 


For example, the principal argument of z = —4+4+ 4i is 37/4. That is, 
; 37 
Arg(—4 + 41) = a 


In some other texts, the principal argument is called the principal value 
of the argument, and sometimes the interval (0,27) is used rather 

than (—7, 7]. 

Let’s now consider how to find the principal argument of a complex 
number. If the complex number lies on one of the axes, then you can find 
the principal argument just from a sketch, as the next example 


demonstrates. 
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Example 4 Finding the principal argument of a complex number 
that lies on one of the axes 

Find the principal argument of the complex number 32. 

Solution 

@. Sketch 3i in the complex plane. & 


wlA 


From the diagram, Arg(37) = 1/2. 


Activity 18 Finding the principal argument of a complex number 
that lies on one of the axes 


Find the principal argument of each of the following complex numbers. 


(a) Ji (b) 42) -8— () 2 


The method for finding the principal argument of a complex number that 
doesn’t lie on one of the axes is similar to the method for finding the 
direction of a two-dimensional vector from its components, which you met 
in Unit 5. It involves finding values of inverse tangent, so you may find it 
helpful to refer to Table 1, which contains the tangents of special angles 
that you met in Unit 4. 


Table 1 Tangents of special angles 


; ’ : tan 0 . 
in radians oul 

Be Vowel 

6 V3 

T 

— 1 

4 

T 

— 5) 

3 v3 
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Example 5 Finding the principal argument of a complex number 
that doesn't lie on one of the axes 


Find the principal argument of the complex number —1 + iV3. 
Solution 


@. Sketch —1 + 7/3 in the complex plane. The important thing is to 
get it in the correct quadrant. Label the principal argument @, and 
label by @ the acute angle between the real axis and the line from the 
origin to z. @ 


©. Draw a line from z to the real axis that is perpendicular to the 
real axis to form a right-angled triangle. Mark the lengths of the 
horizontal and vertical sides of the triangle. & 


@. Use the triangle to work out the acute angle ¢, and hence work 
out the principal argument 0. Bd 


From the diagram, 


tan ¢ = vs = V3. 


Therefore ¢ = 7/3. So the principal argument is 


Pas 
Ye eee 


® 
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Activity 19 Finding the principal arguments of complex numbers 
that don't lie on one of the axes 


Find the principal argument of each of the following complex numbers. 


(a) 1+4 ~(b) 1-iv3 (ce) -V3-4 ~~ (d) 2V3 - 2 


Ee ES 


What's ara (z)? 


You're both wrong! 


Possible origin of the term ‘argument’ 


2.4 Polar form 


All the complex numbers that you’ve met so far have been written in the 
form a+ bi, for real numbers a and b. This form is known as the 
Cartesian form of a complex number. In this subsection you'll learn 
about an alternative way to write complex numbers, using the modulus 
and argument, known as polar form. In fact, the idea is not entirely new to 
you, as you met a similar procedure in Unit 5 when you saw how to find 
the components of a vector from its magnitude and direction. 


To find the polar form of a non-zero complex number z, we begin with the 
Cartesian form z = a+ bi, and express a and b in terms of the modulus 
and one of the arguments of z. Let’s write r for the modulus |z|, and @ for 
one of the arguments, as shown in Figure 12. In this case @ happens to be 
the principal argument of z, but the discussion that follows is valid no 
matter what the choice of argument. 
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| z=a+bi 
| 


Figure 12 A complex number z = a+ bi with modulus r and argument 6 


To see how to write a and b in terms of r and 9, first consider the complex 
number w that has the same argument as z, namely @, but whose modulus 
is 1, as shown in Figure 13(a). This complex number w lies on the unit 
circle, and hence it follows from what you saw in Unit 4, Subsection 2.2, 
that its coordinates are (cos@,sin@). This is true whatever the size of the 


argument 6. 


(a) (b) 


Figure 13. The complex numbers (a) w, with modulus 1 and argument 0 
(b) z, with modulus r and argument 0 
In other words, 
w = cos + isin 0. 
Since zy = rw, as illustrated in Figure 13(b), it follows that 
z= r(cos@ + isin 8). 
f z, in which z is written in terms of its modulus 


This is the polar form of z, 
and one of its arguments. 


Polar form of a complex number 
A non-zero complex number z is in polar form if it is expressed as 
z= r(cosé + isin 6). 


Here r is the modulus of z, and @ is an argument of z. 
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For example, the complex number z with modulus 2 and argument 37/4, 
which is shown in Figure 14, can be written in polar form as 


s=2(o(%) +00 (%)) 


Figure 14 The complex number z with modulus 2 and argument 37/4 


As you saw in the previous subsection, any angle that differs from 37/4 by 
an integer multiple of 27 is also an argument of the complex number z in 
Figure 14. For instance, —57/4 and 117/4 are also arguments of z, so you 
can alternatively write z in polar form as 


s-2(oe(-2) s9(-2)) 
s-2(oe(22) so (2)) 


However, unless there’s a good reason not to do so, you should use the 
principal argument when writing a complex number in polar form, which 
in this case is our original argument 37/4. 


or 


The number 0 doesn’t have an argument, so it doesn’t have a polar form 
either. If you want to write the number zero, then you should just use the 
symbol 0, whether you’re working with Cartesian or polar forms. 


Let’s now consider how to convert between the Cartesian and polar forms 
of a complex number. To convert a complex number from polar form to 
Cartesian form you need to work out values of sine and cosine. You can 
use your calculator to do this, but you'll develop a better understanding of 
the procedure if instead you use techniques from Unit 4 for working out 
sines and cosines of simple fractions of 7, and refer to Table 2, which 
contains the sines and cosines of special angles from Section 1 of Unit 4. 


2 Geometry with complex numbers 


Table 2 Sines and cosines of special angles 


6 

in radians ae Soe 
0 0 1 
i 1 v3 
6 2 2 
n eee 
4 V2 V2 
i v3 u 
3 2 2 
1 0 
2 

Example 6 Converting from polar form to Cartesian form Cc) 


Witemue Compiexsmumbers —  —- <2 is 


2.1 cos on +7sin 2 
4 A 
in Cartesian form. 


Solution 


@. Evaluate the cosine and sine, then expand the brackets. © 


2 (cos (=) + isin (=)) =2 (-= +S) =-V2+iVv2 


Activity 20 Converting from polar form to Cartesian form 
Write the following complex numbers in Cartesian form. 
ae as ens T 
(a) 3(cos0 + isin 0) (b) 7 (cos (5) +isin Gh 
T - T 
(c) 6(cos a + isin 7) (d) cos (-3) + isin (-3) 


(e) 5(cos(—7) + isin(—7)) (ia (cos S) + osin G)) 


a 2fee(-f)e(-)) 0) «6 (m() m2) 


To convert a complex number from Cartesian form to polar form, you need 
to calculate its modulus and principal argument. 
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Co Example 7 Converting from Cartesian form to polar form 
Write the complex number —2 — 2,/3% in polar form. 


Solution 
@. First find the modulus. 


The modulus is 
2 
r= \/(-2)? + (-2v3) = V4+12 = VI6 = 4. 


©. To find the principal argument, sketch z = —2 — 2,/3i in the 
complex plane. The important thing is to get it in the correct 
quadrant. Label the principal argument @, and label by ¢@ the acute 
angle between the real axis and the line from the origin to z. 


©, Draw a line from z to the real axis that is perpendicular to the 
real axis, to form a right-angled triangle. Mark the lengths of the 
horizontal and vertical sides of the triangle. 
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©. Use the triangle to work out the acute angle @, and hence work 
out the principal argument 9, © 


From the diagram, 

2/3 

ie 

Therefore @ = 1/3. So 
@=—(n—$)=-(n-T) =-S. 


©. Write z in polar form. & 


tang = 


Hence 
Zo ANCOS zl +%7sin er 
5] — —_ 1 a, = 
3 3 


When you convert a complex number from Cartesian form to polar form, 
you can readily check your answer by converting back. For example, for 
the complex number in Example 7, 


g= (cos (—2F) +isin(-22)) =a (-5 of) - 2 = 2/31. 


You can use your solutions to Activities 18 and 19 to help you with the 
next activity. 


Activity 21 Converting from Cartesian form to polar form 


Write the following complex numbers in polar fori. 


Oe) 2 (3 G2 fit ay 


(g) -V3-i (bh) 2V3-2% 


2.5 Multiplication and division in polar form 


The Cartesian form of a complex number is convenient for adding and 
subtracting complex numbers, because to add or subtract complex 
numbers you just add or subtract their real and imaginary parts 
separately. In this subsection you'll see that polar form is more suited for 


multiplication and division. 
Consider two complex numbers in polar form, z = r(cos@ + isin 0) 
and w = s(cos¢+isin@). Then 

zw =1r(cos@ + isin@) x s(cos¢ + isin 6) 
rs(cos 6 cos ¢ + 1.cos sin @ + 7sin Ocos @ + i? sin Osin ) 
rs((cos@ cos $ — sin @sin b) + i(cos sin ¢ + sin @ cos @)). 
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Recall the angle sum identities for sine and cosine, from Section 4 of Unit 4: 
sin(@ + ) = sin @cos ¢ + cos @ sin @ 
cos(@ + ¢) = cos @cos ¢ — sin @sin ¢. 

Using these identities we obtain 
zw = rs(cos(6 + ¢) + isin(@ + )). 


This shows that to multiply two complex numbers in polar form, you 
multiply their moduli and add their arguments. 


Product of complex numbers in polar form 
Let z = r(cos@+isin@) and w = s(cos#+isin@). Then 
zw = rs(cos(6 + ¢) + isin(@ + d)). 


Example 8 Finding the product of complex numbers in polar form 


et 
3 
PAO (cos (=) en (=)) 


and 


wno(oe()-me($)) 


Find zw in polar form. 
Solution 
©, Multiply the moduli and add the arguments. © 


zw = 50 | cos heyet +181 GAS Hal 
= 5 5 isin ; = 
% 
==-5) (cos (=) +7sin (=)) 


©. The argument 77/5 doesn’t lie in the interval (—7, 7], so it isn’t 
the principal argument of zw. To find the principal argument, 
subtract an integer multiple of 27 from 77/5 to obtain an angle that 
lies in the interval (—7, 7]. 
Since 

71 tx “100 37 

— —2n = — —- — = -—, 

5 5 5 5 
it follows that 


3 
Zi) SOU) (cos (-=) +isin (-=)) ; 
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In the next activity, remember to use the principal argument in the polar 
form in your answers. 


Activity 22 Finding the product of complex numbers in polar form 


Find zw in polar form in each of the following cases. 


(ele (cos & + isin Gib (Wo (cos al + 7sin cal 
@)s4— 8 (cos (F} +7sin (F)). (Diss) (cos (= + ¢ sin (#)) 
81 81 


You've seen that to find the product of two complex numbers in polar form 
you multiply their moduli and add their arguments. You do the same to 
find the product of three or more complex numbers in polar form. For 
example, the product of 


= 3 (cos (=) +i7sin (=)) , 
27 
we (cos @ + 7 sin ie) 


ieee Ar an, a fo An ana e 
= — i 
uvw = (3 x 2 x 7) | cos 5 5 ts isin | = 5 ts 


-(0e(¥) ve(2)). 


Activity 23 Finding the product of several complex numbers in 
polar form 


is 


Find the product of the following three complex numbers in polar form: 


w= (on(88) +450 (*) 
vy = cos (=) + isin (=) 
w 20m (2) +n ()), 
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Let’s now look at how to divide two complex numbers in polar form. As 
before, let z = r(cos@ + isin@) and w = s(cos@ +isin¢). At the end of 
Subsection 2.2, you saw a formula for the reciprocal of a non-zero complex 
number, which gives 

Le wi 

Foen 
Remember that |w| = s. Multiplying both sides of the equation above by z 
gives 
ZW 
lw? 
r(cos@ + isin@) x s(cos ¢ — isin @) 

me: 


- 
= — (cos 6 cos ¢ —icos@sin ¢ + isin @ cos ¢ — i? sin 6 sin d) 
Ss 


z 
W 


= = ((cos cos + sin @sin ¢) + i(sin 0 cos # — cos @sin ¢)). 


Recall the angle difference identities for sine and cosine, from Section 4 of 
Unit 4: 


sin(@ — ¢) = sin cos ¢ — cos @sing 

cos(@ — ¢) = cos cos @ + sin @sin @. 
Using these identities we obtain 

ae 

—=- 9 — }sin(@ — )). 

ee (cos(@ — @) +7sin(@ — ¢)) 


This shows that to divide two complex numbers in polar form, you divide 
their moduli and subtract their arguments. 


Quotient of complex numbers in polar form 


Let z = r(cos@+ isin) and w = s(cos@+isin¢). Then 
eat a 
ate 5 (cose — ~) +isin(@ — ¢)). 


Example 9 Finding the quotient of complex numbers in polar form 
Let 


2= 10) (cos @ +7sin (=) 
and 


v-s(oe() om (8). 


Find z/w in polar form. 


2 Geometry with complex numbers 


Solution 


©. Divide the moduli and subtract the arguments. © 


a(S) 


@. The argument —67/5 doesn’t lie in the interval (—7, 7], so it isn’t 
the principal argument of z/w. To find the principal argument, add 
an integer multiple of 27 to —67/5 to obtain an angle that lies in the 
interval (—1,7|. & 


Since 
SIU Baten) OHS Fea ese 
5 ers esi 


it follows that 


Es 2 { cos as +7sin oe 
—= — zsin | — : 
Ww a 5 


Activity 24 Finding the quotient of complex numbers in polar form 


Find z/w in polar form in each of the following cases. 


(a) 2=12 (cos (5) + isin Gib w=4 (cos Ga + isin eal) 
(b) z=8 (cos (¥) + isin (#)). w= (cos (=) + 4sin (=)) 
hee (=) + isin (F). w = cos (F) + ésin (5) 


Using the polar form of complex numbers you can now visualise in the 
complex plane how to multiply one complex number by another, as the 
following example demonstrates. 


Example 10 Visualising multiplication by 21 geometrically 
Describe the geometric effect of multiplying a complex number by 22. 


Solution 
@. Start by finding the polar form of 27. , 
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From the diagram, 


2i = 2 (cos (G) +isin (=)) 


©. Consider a general complex number z in polar form, to be 
multiplied by 2%. 


Now let z = r(cos@ + isin 6). 
©. Find the polar form of z x 21. © 
Then 
; ee Tv es Tv 
zx 2i=r(cos?+isin@) x 2 (cos (5) + isin (<)) 


2 
= 27 (cos (0+ 5) + isin (0+ =)). 


©. If you find it helpful, sketch z and z x 27 in the complex plane to 
help you understand how z x 2i is obtained from z geometrically. & 


Le DH 


Therefore, multiplying z by 27 corresponds to an anticlockwise 
rotation of z through a quarter turn (7/2 radians) and a scaling of z 
by the factor 2. 


Activity 25 Multiplying a complex number by —i 


Describe the geometric effect of multiplying a complex number by —i. 
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2.6 De Moivre’s formula 


You've seen how to multiply two or more complex numbers in polar form, 
so it’s now possible to consider powers of complex numbers in polar form. 
There’s a helpful formula for working out powers, known as de Moivre’s 
formula, named after the French mathematician Abraham de Moivre. 

(‘De Moivre’ is pronounced as ‘de mwa-vr’, where the ‘e’ is spoken like the 
‘uw’ in ‘number’.) To obtain this formula, we apply the formulas for 
products and quotients of complex numbers found in the previous 
subsection, as follows. 


You saw that to find the product of two or more complex numbers in polar 
form, you multiply their moduli (to give the modulus of the product) and 
add their arguments (to give an argument of the product). Applying this 
procedure to n copies of the complex number z = r(cos@+7isin@) gives 


=rxrx---xr(cosO+O+---+0)+isin(O+0+---+8)). 
ees er, eZ 
multiply moduli add arguments add arguments 


That is, 
Zz” =r"(cosné + isin né). 


This is de Moivre’s formula, for positive integers. In fact the formula is 
valid for all integers n, as stated below. 


De Moivre’s formula 
Let z = r(cos@+isin@). Then, for any integer n, 


z” =r"(cosné + isinné). 


So far you’ve only seen why de Moivre’s formula is true for positive 
integers. When n = 0 it’s certainly true, because then both sides of the 
formula are equal to 1. To see why the formula is true for negative 
integers, begin with any positive integer n, and write the numbers 

1 and z” in polar form: 


Pecos 2 esin 0 and 2 = 7 (cosn? + vsin ng). 


Now apply the formula for quotients of complex numbers in polar form to 


the complex numbers 1 and z". Dividing the moduli and subtracting the 
arguments gives 


1 


yn 


= atl — nO) +isin(0 —né@)) = r_"(cos(—n@) + isin(—né)). 
rr 
Since z~” is the same as 1/z”, we obtain 
zz" =r—"(cos(—n) + isin(—né)). 


Because —n can represent any negative integer, this confirms that 
de Moivre’s formula is also true for negative integers. 
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Arguably Abraham de Moivre’s greatest contributions to mathematics 
were in the theory of probability. In 1733, in a paper published in 
Latin, he was the first person to discuss the normal distribution, an 
important mathematical tool for modelling probabilities. In 1738 he 
included an English translation of the paper in the second edition of 
his book The Doctrine of Chances: A method of calculating the 
probabilities of events in play. It is said that de Moivre correctly 
predicted the day of his own death after observing that he was 
sleeping 15 minutes longer each night. Assuming that this would 
continue, he predicted that he would die on the day that he slept for 
24 hours, and did indeed die on that day, 27 November 1754. 


De Moivre’s formula allows you to find powers of complex numbers in 
polar form quickly. To find powers of complex numbers in Cartesian form, 
you can convert to polar form, find the power, then convert back to 
Cartesian form, as the following example demonstrates. 


Example 11 Working out-powers of complex numbers 


é AD g 
Find (-V3 + i) in Cartesian form. 
Solution 
©. Write = 3 +7zin polar form. To do this, first find the modulus. 2 


The modulus of —/3 +7 is 


p=4/(-v3) +2 = VisI=Vvi=2 


©. Then find the principal argument, by first sketching —/3 +7 in 
the complex plane. 


oe 
ie 


From the diagram, 


1 
tan @ = —=. 


V3 


Therefore ¢ = 1/6. So 


: 5 

—~/3+i=2( cos a + isin oe : 
6 6 

@. Apply de Moivre’s formula. & 


Therefore 


oS ee) 
poe) eas (2). 
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©. Convert to Cartesian form. To help do this by hand, first rewrite 


the polar form using the principal argument. © 


Since 


PSEC eas T 
ee Tis —) 
6 Gr 


we obtain 
(-vi+i)® = 22 (0 (Z) +isn(2) 


eet ula 
-0(343) 


= 16V3 + 16i. 


Activity 26 Working out powers of complex numbers 
Work out the Cartesian forms of the following complex numbers. 
12 
-\3 1/3 as Mae: a =i /3 7 
(a) (1 +2) (b) (2 (cos (=) + isin (7))) (c) (-1+iv3) 
(a) (V3+i)° — (e) (2424) 


Activity 27 Manipulating complex numbers with the CAS 


Work through Subsection 13.1 of the Computer algebra guide. 


In the final activity of this section you can learn how to work with complex 
numbers on the computer. 
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3 Polynomial equations 


A polynomial equation is an equation of the form 
‘polynomial expression = 0’, where the polynomial expression has degree 
at least 1. For example, 


5r° +8=0 and a” — 184° + 327 -2=0 


are polynomial equations, and every linear or quadratic equation is a 
polynomial equation. 


At the start of this unit you were told the remarkable fact that by 
introducing a solution 7 of the quadratic equation 

o’+1=0 
to form the complex numbers, you make it possible to find at least one 
solution of any quadratic equation. In this subsection, you'll learn how to 
find all the solutions of any quadratic equation, including any solutions 
that are not real numbers. You’ll also learn about the fundamental theorem 


of algebra, which shows that in fact every polynomial equation has at least 
one solution in the set of complex numbers. 


3.1 Quadratic equations 


As you know, a quadratic equation is an equation of the 
form az* + bz +c =0, where a #0. For example, 


927 -—5z—-1=0 and 2z*-—624+25=0 


are quadratic equations. We use the variable z here (rather than the more 
familiar 2, say) because we want to work with complex numbers, and it’s 
traditional to use the letter z for a variable that represents a complex 
number. For the moment, let’s restrict our attention to quadratic 
equations in which the coefficients a, b and ¢ are real numbers, and leave 
the possibility that a, b and c might be complex numbers that aren’t 
necessarily real to the end of this subsection. 


You saw in Section 4 of Unit 2 that the number of real solutions 
(solutions that are real numbers) of the quadratic equation 

az? + bz +c = 0 depends on the value of the discriminant b? — 4ac. The 
equation has 


e two real solutions if b? — dac > 0 

e one real solution if b? — 4ac = 0 

e no real solutions if b? — dac < 0. 

For example, the quadratic equation 227 — 5z — 1 = 0 has discriminant 
Oe i) ee ae: 


so it has two real solutions. In contrast, the quadratic 
equation z* — 6z + 25 = 0 has discriminant 


(—6)?-4x1x 25 = 36 — 100 = —64 


’ 


so it has no real solutions. 


3 Polynomial equations 


Although some quadratic equations have no real solutions, every quadratic 
equation has either one or two solutions that are complex numbers, which 
we call complex solutions. Complex solutions can be real numbers 
(because a real number is a special type of complex number), but they can 
also be complex numbers that are not real, like 1 +7 or —7i. 


One way to find the complex solutions of a quadratic equation is to use the 
method of completing the square, in much the same way as in Unit 2. The 
only difference is that now you have to allow square roots of negative 
numbers. 


Example 12 Solving a quadratic equation that has no real solutions Cc) 
by completing the square 


Solve the quadratic equation z? — 6z + 25 = 0 by comipleting the 
square. 


Solution 

Completing the square gives 
(z— 3)? +16 = 0; 

that is, 
C3) = =16: 


©. Take the square root of both sides. Remember from 
Subsection 1.3 that if d is a positive real number, then the square 
roots of —d are tiVd. © 


Therefore 
z-3=+iv 16; 
that is, 
yi AL, 
so 
wie) te Al, 


Remember that you can check the solutions of a quadratic equation by 
substituting them back into the equation. For the quadratic equation in 


Example 12, we have 
(3 + 41)? — 6(3 + 4%) + 25 = (3 + 41)(3 + 4) — 6(3 + 42) + 25 
Oe, eo or =e 24) 425 
= (9-16 —18 + 25) + i(12 + 12 — 24) 
= 0. 


You can check the other solution, 3 — 47, in the same way. 


215 


Unit 12 Complex numbers 


216 


Activity 28 Solving quadratic equations that have no real solutions 
by completing the square 


Solve the following quadratic equations by completing the square. 


(a) 22-2242=0 ~(b) 2+4z4+13=0 (c) 2+25=0 


Another way to find the complex solutions of a quadratic equation is to 
use the usual quadratic formula. 


The quadratic formula 


The solutions of the quadratic equation az? + bz +c = 0, where a, b 
and c are real numbers, are given by 


—b+ Vb? — 4dac 
z= : 


2a 


As you saw earlier, the quadratic formula gives two real solutions of the 
quadratic equation if b? — 4ac > 0 and one real solution if b* — dace = 0. 


When b? — 4dac < 0, there’s a problem with the quadratic formula, because 
the square root sign VY cannot be used with a negative number inside it. 
For convenience, we make an exception here, and when d is a positive real 
number we allow the notation +,/—d to mean the two square roots of the 
negative number —d, which you learned in Subsection 1.3 are +i/d. This 
practice doesn’t cause errors, because the + symbol means that you'll 
always consider both square roots of a negative number at once. 


For example, if b? — 4ac = —16 then the quadratic formula involves the 
term 


Ey =e. 


which means the two square roots of —16, namely +42. 


Example 13 Solving a quadratic equation that has no real solutions 
using the quadratic formula 


Solve the quadratic equation 27 + 10z + 34 = 0 using the quadratic 
formula. 


Solution 
©. Use the quadratic formula. & 


—10+/10?-—4x1 x 34 
Det 


=10 = +/ 100 = 136 


ve 
—10 + /—36 
2 
©. The term +\/—36 means the two square roots of —36, 
namely +67. © 
ope UE ey 


Z 
=—o0 + 31 


Activity 29 Solving quadratic equations using the quadratic formula 


Solve the following quadratic equations by using the quadratic formula, or 
a simpler method if possible. 


(ye Se 2 = 0 (b) 27+6z2+9=0 (nsec 0 
(d) 27 -4z+8=0 (e)-27 £37=0 (f) 227 -3z+5=0 


You can see from the quadratic formula that when a, b and ¢ are real 
numbers such that b? — 4ac < 0, the two complex solutions of the 
quadratic equation az? +bz+c=0 are complex conjugates of each other. 
For example, the two solutions —5 + 3i and —5 — 37 of the quadratic 
equation 2? + 10z + 34 = 0 in Example 13 are complex conjugates of each 
other. Two complex numbers that are complex conjugates of each other 
are together called a complex conjugate pair. 

The next example shows how you can choose any complex conjugate pair 
and then find a quadratic equation whose solutions are that complex 
conjugate pair. 


Example 14 Finding a quadratic equation with a given pair of 
solutions 

Find, in its simplest form, a quadratic equation that has solutions 
Pi ml 
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Solution 


© For any numbers u and v, a quadratic equation with solutions 
uand v is (z—u)(z—v) = 0. & 


A quadratic equation with solutions 2 + 7 is 

(z —(2+%))(z -(2-1)) =0. 
©. To simplify this equation, expand the brackets. Do this directly, 
or, to do it slightly more efficiently, first write the expression 
(z — (2+ 1%))(z — (2 —1)) as a difference of two squares, by rewriting 
z— (2+) as (z —2)—i and z= (2-1) as (e-2) +1. @ 
Simplifying gives < 

(2 — 2) -i((z- 2) +4) =0 
©, Apply the difference of two squares formula 
(A—B)(A+B) = A* — B? with A= z—2 and B =i. Be 

=a = 0 

2 —4z+4+1=0 

ye Ag a = 0, 


So a quadratic equation with solutions 2+7 is 27 —4z+5=0. 


The procedure in Example 14 always gives a quadratic equation in which 
the coefficient of z? is 1. However, you can multiply the equation through 
by any non-zero number to give a quadratic equation that has the same 
solutions but in which the coefficient of z7 is not 1. 


Activity 30 = Finding quadratic equations with given pairs of solutions 


Find, in their simplest forms, quadratic equations with the following pairs 
of solutions. 


(aye ee is (bee 3 A Ger ee (eer 


So far all the quadratic equations az? + bz + c = 0 that you’ve met have 
had real coefficients a, b and c, and this is the only type of quadratic 
equation that you'll solve in this module. However, the quadratic formula 
also gives the solutions of quadratic equations in which a, b and ¢ are 
complex numbers that aren’t necessarily real. For such an equation, the 
expression +\/b? — 4dac represents the two square roots of a complex 
number. You'll learn how to find square roots, and other roots, of complex 
numbers in the next subsection. 


3.2 Roots of complex numbers 


As you know, if a is any number, then any solution x of the equation 
al 
is called a square root of a. For example, the equation 
a? = 4 
has two solutions; in other words, the number 4 has two square roots, 
namely 2 and —2. Similarly, you’ve seen that the equation 
—=—9 


has two solutions; in other words, the number —9 has two square roots, 
namely 32 and —32. 


Notice that in both the cases a = 4 and a = —9 the pairs of square roots 
lie symmetrically on opposite sides of the origin, as shown in Figure 15. 


(a) (b) 


Figure 15 The square roots of (a) 4 (b) —9 


You can investigate this symmetry property of square roots further in the 
next activity. 


Activity 31 Investigating the symmetry of square roots 


Use the Square roots of real numbers applet to investigate the solutions of 
the equation x” — a = 0, that is, the square roots of a, as a varies. 


In general, any solution z of the equation 

Zh = G, 
where a is a complex number and n is a positive integer, is called an 
nth root of a. (We say ‘square root’ rather than ‘2nd root’, and ‘cube 
root’ rather than ‘3rd root’, as we do for real numbers.) In this subsection 
you'll learn how to find all the solutions of equations of this form. You'll 


see that, if a is non-zero, then there are exactly n solutions, positioned 
symmetrically around the origin. If a is 0, then there’s only one solution, 


namely 0. 
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Let’s start by looking at equations of the form 2" = 1, such as 2° = 1 
and 24 = 1. Solutions of equations of this form are called roots of unity; 
the word ‘unity’ refers to the number 1. More specifically, 


e the solutions of the equation z* = 1 are the square roots of unity, 
e the solutions of the equation z* = 1 are the cube roots of unity, 

e the solutions of the equation z4 = 1 are the fourth roots of unity, 
and so on. 


Let’s consider the cube roots of unity. You know that 1 is a cube root of 
unity, because 13 = 1. There are two other cube roots though, namely 


4 (-1 +iv3) and 5 (-1 — iv3) : 
You'll see how to find such roots shortly, but for now let’s check that these 


numbers really are cube roots of unity. To check the first one, let’s first 
find the square and then the cube of the expression inside the brackets: 


(-1+iv3)° =1~-21v3 +? (v3). 


SL Son 
= —2— 21/3, 


(-1+iv3) = (-1+4v3) (-1 +13) 
= (-2-2iv3) (-1+iv3 
= 2— 2iv3 + 213-21 (v3). 
SOG 
=e 

Therefore 
(44 : (-1 +iv3) 8 
ue) a 23 eae 


So 4(-1 Sr iv3) is indeed a cube root of unity. 


Activity 32 Checking a cube root of unity 


Check that 4(-1 = iv3) is a cube root of unity. 


The three cube roots of unity all have modulus 1, as you can check directly 
if you wish. To see why, suppose that z is a cube root of unity, so z? = 1. 


Taking the modulus of both sides of this equation gives 
Now 


so it follows that 


z/> =1. 


Therefore |z| = 1; that is, z has modulus 1. 


You can see that a similar argument will hold for any nth root of unity, for 
any positive integer n. So, for any positive integer n, the nth roots of unity 
all have modulus 1. 


The three cube roots of unity are shown in the complex plane in Figure 16. 
Because they all have modulus 1, they all lie on the unit circle, which is 
the circle of radius 1 that is centred on the origin. 


a unit circle 


Figure 16 The cube roots of unity 


It appears from Figure 16 that the cube roots of unity are equally spaced 
around the unit circle, and you'll see shortly that this is indeed so. More 
generally, you'll see that for any positive integer n, there are n solutions of 
the equation 2” = 1 and they’re equally spaced around the unit circle. One 
of these solutions is the number 1, of course, which lies on the positive part 


of the real axis. 


The next example illustrates a method for finding the nth roots of unity, 
for any positive integer n, using the case n = 9 as an example. You'll see 
later in the subsection that you can use essentially the same method to 


find the nth roots of any complex number. 
You might find it particularly helpful to watch the tutorial clip for the 


following example. 
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Example 15 Finding the fifth roots of unity 
Solve the equation z° = 1. Sketch the solutions in the complex plane. 


Solution 

©. Write the unknown z in polar form, in terms of an unknown 
modulus r and an unknown argument @. Also write the number on 
the right-hand side of the equation in polar form. ® 


Let z = r(cos@+isin@). Also, 1 = cos0 +isin0. So the equation is 
(r(cos@ + isin 0)? = cos0 + isin 0. 


©. Use de Moivre’s formula to find the polar form of the left-hand 
side. 


De Moivre’s formula gives 
r°(cos 50 + isin 50) = cos0 + isin 0. 


©. Find r by comparing the moduli of the two sides of this equation. 
The left-hand side has modulus r°, and the right-hand side has 
modulus 1. 


Comparing moduli gives 
r= itso 


© Now find @ by comparing the arguments of the two sides of the 
equation. The left-hand side has argument 5@, and the right-hand 
side has argument 0. However, it doesn’t follow that 50 = 0. Instead 
it follows that 59 = 0+ 2mz, for some integer m. So there are 
infinitely many possible values of 58, and hence infinitely many 
possible values of 0. 


Comparing arguments gives 
586 =0+2mar = 2m, where m is an integer. 


Hence 


2m : : 
O= ge where m is an integer. 
<2. Find the five values of 6 given by m = 0, 1, 2, 3, 4. (You'll see 
after the example that other integers m don’t give further salutions. 
In general, if the exponent in the original equation is n, then you 
should find the values of 6 given by n consecutive integer values of m, 
starting with m = 0.) & 


Taking m = 0, 1, 2, 3, 4 gives the following values of 6: 
on An On -oa 


d=0 : 
ath Ce ES ta BN 


©. Write out the solutions. It’s convenient to label them as zo, 21, Za, 
23, 24. 


The solutions are 


Zo = cos0 +3s5in0 = 1 


(=) i$ 
By = Ces ac ae 2 Se 


So 

| 

OQ 

& 

ans 

So 

+ 

. ~. 

: ae 

5 
Va 
eS alley 
See 


5): 


©. Sketch the solutions in the complex plane. Each solution has 
modulus 1, so they all lie on the unit circle. Plot the solution zp = 1, 
and then sketch z1, z2, 23 and z4, in that order, by marking regularly 
spaced points separated by the angle 27/5 anticlockwise around the 
unit circle. Just estimate each angle 27/5; there’s no need for a 
precise drawing. © 


In the solution to Example 15 the fifth roots of unity were given in polar 
form, with arguments in the interval [0, 27) rather than principal 
arguments (remember that principal arguments lie in the interval (—7, 7]). 
In general when you’re finding roots of complex numbers, it’s usually more 
convenient to use arguments in the interval (0, 277) rather than principal 


arguments. 
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To help you see why values of m other than 0, 1, 2, 3 and 4 don’t give 
further solutions of the equation z° = 1 in Example 15, let’s try some of 
these other values of m, to see what happens. 


For example, if you take m = 5, then you obtain the solution 


107 fone 107 
= cos | —— zsin | — ]}. 
COS 5 5 


Since 1071/5 = 27 = 27 + 0, this solution is the same as the solution 2 
found in the example. Similarly, if you take m = 6, then you obtain the 
solution 


127 ei Was 
= cos | —— zsin | —]}. 
ZC 5 5 


Since 1277/5 = 2a + 27/5, this solution is the same as the solution z; found 
in the example. Once you’ve taken m to be 0, 1, 2, 3 and 4, the solutions 
that you obtain just start to repeat. The same thing happens if you take 
negative values of m. 


Here’s an algebraic explanation of this repeating behaviour. When you use 
the method in Example 15 to find the nth roots of unity for some value 
of n, each possible value of @ is of the form 


2mm ‘ : 
9 = ——, where m is an integer. 
n 


Consider any integer m. It can be written in the form 
m= dvr, 


where g is an integer and r is the remainder after m is divided by n. (For 

example, if n = 5, then the integer m = 14, for instance, can be written as 

14=2.x5+4.) So the value of # corresponding to m can be written as 

2(qn+r)T 
n 


= =q x 22a+ zany 

n 
where gq is an integer, and r is one of the integers 0,1,...,n —1. That is, 
the value of 8 corresponding to m differs from the value of 6 corresponding 
to one of the integers 0,1,...,n —1 by an integer multiple of 27. Hence 
the solution z arising from the integer m is the same as the solution arising 
from one of the integers 0,1,...,n— 1. 


The following box summarises the main steps of the method used in 
Example 15. The method is stated for a general equation z” = a, where a 
is any non-zero complex number, rather than just for equations of the form 
z” = 1, because it applies in this more general situation, as you'll see later 
in this subsection. 


Strategy: 

To find the complex solutions of the equation z" = a, where 
a#0 

1. Write the unknown z in polar form, in terms of an unknown 


modulus r and an unknown argument 6, and write the number a 
in polar form. 


2. Substitute the polar forms of z and a into the equation, and apply 
de Moivre’s formula to find the polar form of the left-hand side. 


OO 


Compare moduli to find the value of r. 
4. Compare arguments to find n successive possible values of 6. 
5. Hence write down the n possible values of z. 


It is usually convenient to use arguments in the interval [0, 27). 


The solutions found in Example 15 were left in polar form because in that 
form they’re exact, and it’s difficult to find the exact Cartesian form of all 
of them. Also, the polar form helps you to see that the solutions give five 
equally spaced points around the unit circle. The solution zp was given in 
both polar form and Cartesian form. This is because its Cartesian form is 
so simple (zo = 1) that it would be strange not to mention this. 


In the next activity you’re asked to find roots of unity in both polar form 
and Cartesian form, because it’s fairly straightforward to give exact 
solutions in both forms. You saw the solutions of the equation in part (a) 
of this activity earlier in the subsection, but you should obtain them again, 
using the strategy. 


Activity 33 Finding roots of unity 
Solve the following equations. Give your answers in both polar form and 


Cartesian form. Sketch the solutions in the complex plane. 


Ce — 1 (ez 1 Qe = 


Now let’s look at equations of the form 
a, 


where a is any non-zero complex number. Before we use the strategy above 
to solve an equation like this, let’s look at a particular example of such an 


equation. 
Consider the equation 
2 = -8. 
It has one real solution, namely —2, because (—2)? = —8. It also has two 


other complex solutions, namely 1 + inv/3 and 1 — ix/3, which you can check 
yourself. All three solutions are shown in the complex plane in Figure 17. 
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Figure 17. The cube roots of —8 


The three solutions don’t lie on the unit circle; instead they lie on the 
circle of radius 2 centred at the origin. To see why, suppose that z is any 
solution of the equation, so z? = —8. Taking the modulus of both sides of 
this equation gives 


izl=8, so (2 —&. 
Therefore 

jz| = Se = 2. 
That is, z has modulus 2, and therefore lies on the circle of radius 2 
centred on the origin. 


It appears from Figure 17 that the three solutions are equally spaced 
around this circle, and indeed they are. In general, the following fact holds. 


For each non-zero number a, the equation z” = a has n complex 
solutions, and these are equally spaced around a circle centred on the 
origin. 


The next example illustrates how to apply the strategy that you’ve seen in 
this subsection to find all the complex solutions of an equation of the form 
z" =a, where a is non-zero. Again, you might find it helpful to watch the 
tutorial clip. 


>) Example 16 Finding the roots of a complex number 


Solve the equation z4 = 47. Sketch the solutions in the complex plane. 
Solution 


©. Write the unknown z in polar form, in terms of an unknown 
modulus r and an unknown argument 9. Also write the number on 
the right-hand side of the equation in polar form. © 
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Let z = r(cos@+ isin @). The complex number 4i has modulus 4 and 


principal argument 7/2, so its polar form is 
T 
Ay = 4 (cos © + isin =) : 
So the equation is 
(r(cos@ + isin6))* =4 (cos : +7sin 4 
©. Use de Moivre’s formula to find the polar form of the left-hand 
side. © 


De Moivre’s formula gives 
r4(cos 40 + isin 40) = 4 (cos 2 5 +7sin ae 


@. Find r by comparing the moduli of each side of the equation. 
Comparing moduli gives 
r4 rae SO = 44/4 — V2. 


©. Find 6 by comparing the arguments of the two sides of the 
equation. © 


Comparing arguments gives 
T 
49 = 5 +2mz, where m is an integer. 


Therefore 


eS 3 3 = where m is an integer. 


@®. Find the values of 6 given by m = 0, 1, 2, 3. @ 


The values of 6 for m = 0, 1, 2, 3 are 

jen 6 OR On 

Sas 8. 8 
@®. Write out the solutions. It’s convenient to label them as 20, 21, 22 
and z3. 2 


The solutions are 


z3 = V2 


= (cu (Z) +e (F) 
(om (2) +15 (5) 


— 
00 | & 
BS) 
See ere 
+ 
>. 
ee 
5 
a 
a 
[ee 
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©. Sketch the solutions in the complex plane. Each solution has 
modulus V2, so they all lie on the circle of radius \/2 centred at the 
origin. Sketch the solution zo, and then sketch 2, 22 and 23, in that 
order, by marking regularly spaced points separated by angles 7/2 
anticlockwise around the circle. © 


Al 


20 


As expected, the solutions of the equation z+ = 4i in Example 16 are 
equally spaced round a circle centred on the origin. Note that the infinitely 
many possible values of the argument, 6 = 7/8 + mm/2, where m is an 
integer, give repeating solutions of the equation z+ = 4i in a similar way to 
the solutions of z” = 1 described earlier. 


Activity 34 Finding roots of complex numbers 


Solve the following equations. Give the solutions to parts (a) and (b) in 
both polar form and Cartesian form, and give the solutions to part (c) in 
polar form only. Sketch the solutions in the complex plane. 


(a) 2? = 64 (b) 22 = -8 (c) 2 =-1-i 


3.3. The fundamental theorem of algebra 


As you learned earlier, a polynomial equation is an equation of the form 
‘polynomial expression = 0’, where the polynomial expression has degree 
at least 1. The coefficients in the polynomial expression can be complex 
numbers. For example, the following equations are all polynomial 
equations: 


2P+1+i=0, 327+ 42-18=0 and 2 —(174+3i)2+2=0. 


The first of these equations can be rearranged as z? = —1 — i, which is an 
equation of the type that you learned how to solve in the previous 
subsection. The second equation is a quadratic equation. Cubic 
equations (such as the third equation above) and quartic equations are 
polynomial equations in which the polynomial expressions have degrees 3 
and 4, respectively. This subsection is about the fundamental theorem of 


algebra, which shows that every polynomial equation has at least one 
solution. 


Before you meet the fundamental theorem of algebra, let’s first consider an 
example that will help you to understand it. In Example 12 on page 215 
you saw that the solutions of the quadratic equation 2? — 6z + 25 = 0 are 
3+ 47 and 3 — 47. It follows that you can factorise the quadratic 

z* —6z +25 as 


x — 62+ 25 = (z — (34+ 4t))(z — (3 — 44). 


More generally, if z; and zg are the solutions of the quadratic 
equation az? + bz + c = 0 (there may be only one solution, in which 
case 2; = 22), then you can factorise the quadratic az? +bz+cas 


az? + bz+c=a(z— “)(z— 22). 


The fundamental theorem of algebra says that it’s not only quadratics that 
can be factorised like this, but in fact any polynomial expression can be 
factorised in a similar way. 


The fundamental theorem of algebra 
Every polynomial 

Anz” + An—12" 1 +++: +012 + a0 
of degree n > 1 has a factorisation 

On(% — 21) (2 — 22)*°: (2 — 2n); 


where 21, Z2,---,2%n are complex numbers, some of which may be 
equal to others. 


The fundamental theorem of algebra was first proved by 

Carl Friedrich Gauss, and a proof was also given by Argand, who was 
mentioned in Subsection 2.1. The proof requires techniques more advanced 
than those in this module and is given in higher-level modules. 


The fundamental theorem of algebra tells you that any polynomial 
equation, say 


Anz” + Gea ears ao = U0, 
can be written in the form 


On(z — 21) (% — 22) °°: (2 — Za = Os 
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It follows that the polynomial equation has solutions 21, 22,..-,2n, some of 
which may be equal to others. In particular, every polynomial equation has 
at least one complex solution. 


Although the fundamental theorem of algebra tells you that every 
polynomial equation has at least one complex solution, it doesn’t tell you 
how to find any solutions. Often finding solutions is difficult, and you have 
to use a computer. You can learn how to do that in the next activity. 


Activity 35 Solving polynomial equations with the CAS 


Work through Subsection 13.2 of the Computer algebra guide. 


Insolvability of the quintic 


Not only is there a formula for the solutions of a quadratic equation in 
terms of its coefficients, but there are also formulas for the solutions 
of cubic equations and quartic equations in terms of their coefficients. 
These formulas are long, and difficult to evaluate without a computer. 
For polynomial equations of higher degree, however, it’s impossible to 
find formulas involving the usual arithmetic operations that give all 
the solutions of all the equations. For example, the quintic equation 


2 +3z2+6=0 


is said to be insolvable because, although it has five solutions, it’s 
impossible to obtain these solutions from the coefficients 1, 3 and 6 by 
using only the operations +, —, x, + and Yy- 


One of the first mathematicians to develop the theory of insolvable 
polynomial equations was the French Republican Evariste Galois 
(‘Galois’ is pronounced ‘Gal-wah’). Galois’ discoveries led to the 
development of the subject now known as Galois theory, in which the 
solutions of polynomial equations are studied systematically. Sadly, 
Galois didn’t receive full recognition for his work in his lifetime, 
because he died aged only twenty, as a result of a duel. 


4 Exponential form 


In this section you'll learn about a more concise version of polar form, 
called exponential form. You'll see that when you write complex numbers 
in exponential form, some of their properties, such as the formula for 
multiplication and de Moivre’s formula, become more intuitive. 


4.1 Euler’s formula 


To find the exponential form of a complex number from its polar form, you 
use a formula called Luler’s formula. This formula gives a meaning for the 
expression e’?, where @ is a real number. So far you’ve learned what the 
expression e” means only when « is a real number, but you can get some 
idea of what the natural meaning of e’? might be by considering Taylor 
series. Recall from Unit 11 that the Taylor series about 0 for e” is 
2 ps. gt oe On | git 

oS er Se eens i alae 
Let’s try substituting i@ for x in this series. Since you’ve learned about 
Taylor series only for real numbers, you haven’t been shown that you're 
allowed to do this (in fact you are: it’s justified in more advanced 
modules). Nonetheless, you'll see that the substitution can help you 
understand why Euler’s formula makes sense. We obtain 


(30)? (40)? __ (é0)* | G0)”, (a9)? (40)! 


iO “a we 
SSS HE ps eee ae 
(20 736° i464 729° 466° iO" 
eee ee eanemnrmee aye eee? agie ey Sa 
To simplify this expression, notice the following pattern: 
ae el a Sl, PS. 


This pattern 1,i,-1,-7 repeats. 
(You may remember this pattern from Activity 6.) It follows that 


2 3 4 5 6 a 
e? —~ 1416 d Ai oh ny 4 Ad ee 
2! 3! 4! 5! 6! ic 


62 64 ray 63 Q° all 
=i zt to} +i(6 x te). 


2) al 6! Sloe! 
You also saw in Unit 11 that the Taylor series about 0 for cos@ and sin @ are 
e of 6 | 9 gt 
cos 01 Bie Al Ae and sin? =6 7 a a 
Therefore 
e’? = cos6 + isin #. 


This equation is Euler’s formula. It’s named after its discoverer, the 
Swiss mathematician Leonard Euler (1707-1783), who was mentioned in 
Unit 3. Euler obtained the formula in much the way that we have. 


The manipulation above shows that if the Taylor series about 0 for e* is 
valid with i@ instead of x, then Euler’s formula must hold. So Euler’s 
formula seems to be the natural definition of e’” and hence we use it to 


define e””. 
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Euler’s formula 


Let 6 be a real number. Then e’’ is defined by Euler’s formula 


e”” — cos6 + isin#. 


When 6 = 7, Euler’s formula says that e’™ = cos7+isin7; that is, 
e'" = —]. This equation can be rearranged to give the equation below, 
which is known as Euler’s equation. 


Euler’s equation 
e"41=0 


This equation, which is also sometimes called Euler’s identity, is one of the 
most famous equations in mathematics, because it relates the five 
fundamental numbers 0, 1, 2, e and 7. 


Euler’s formula e’® = cos@ + isin@ tells us that a complex number z in 
polar form 

z=r(cosé + isin 6) 
can be written in a more concise way as 

Vee 


This is the exponential form of a complex number, promised at the start of 
this subsection. 


Exponential form of a complex number 


A non-zero complex number z is in exponential form if it is 
expressed as 


ya Te. 


where r is the modulus of z and @ is an argument of z. 


For example, because the complex number 37 has modulus 3 and principal 
argument 7/2, it has exponential form 3e’*/2_ It also has other exponential 
forms, corresponding to different choices of argument of 37, such’as 3e°7*/2 
and 3e—37/2, However, you should use the principal argument when 
writing a complex number in exponential form, unless there’s a good 
reason not to do so. 


The number 0 doesn’t have a polar form, as you’ve seen, and it doesn’t 
have an exponential form either. When working with complex numbers in 
exponential form, you should write the number zero using the usual 
symbol 0. 


Because the exponential form of a complex number is Just a concise way to 
write its polar form, the process of converting between the Cartesian and 
exponential forms of a complex number is much the same as the process of 
converting between its Cartesian and polar forms, which you learned in 
Section 2. 


Example 17 Converting from exponential form to Cartesian form 
Write the complex number 4e~°*’/® in Cartesian form. 
Solution 


©. Write the number in polar form, evaluate the cosine and sine, and 
multiply out the brackets. £ 


‘ 5 
Ae OA (cos (-= | +7sin (-=)) 


You can use your solutions to Activity 20 on page 203 to help you with the 
next activity. 


Activity 36 Converting from exponential form to Cartesian form 


Write the following complex numbers in Cartesian form. 
(a) 3e° (by) ver (c) 6e'” (cca 2 (e) 5e* 
(f) 4ei7/3 (g) JQe-in/4 (h) J 3827/6 


Example 18 Converting from Cartesian form to exponential form 
Write the complex number 1 — 7 in exponential form. 


Solution 
®. First find the modulus. 


The modulus is 


p= /l2 + (1)? = V1+1= v2. 
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©. To find the principal argument, sketch 1 — 7 in the complex 
plane. © 


From the diagram, the principal argument is —7/4. Therefore 
Lag VQ 


You can use your solutions to Activity 21 on page 205 to help you with the 
next activity. 


Activity 37 Converting from Cartesian form to exponential form 


Write the following complex numbers in exponential form. 
(a) 7/2 (b) —48-. (ee 3-“(d). 2 © (e) Tee lee 
aS 1) ye =e 


It’s often better to use the exponential form re’’ of a complex number, 
rather than its polar form r(cos @ + isin @), because it’s shorter. Another 
reason for preferring the exponential form is that some of the formulas 
involving polar form that you met earlier become more intuitive when 
complex numbers are expressed in exponential form. 


Consider, for example, the formula for the product of two complex 
numbers in polar form: 
r(cos@ + isin @) x s(cos¢ + isin ¢d) = rs(cos(6 + d) + isin(@ + o)). 
——— eee — OO 
ret? se’? rsei(0+¢) 
If you write the complex numbers in exponential form, then this formula 
becomes 


re? x se’? = rset?) 


This version of the formula is more intuitive, and hence easier to remember 
and use, because it agrees with the usual index laws for multiplying powers 
of a real number. 
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In particular, when r = s = 1 you obtain the following equation, which 
looks like it follows from a familiar index law, but involves complex 
numbers. 


el ef — e'(O+¢) 


Similarly, de Moivre’s formula. 
(r(cos @ + isin 9))" = r™(cosn6 + isin nO), 
is simpler and more intuitive when written using exponential form: 


AN TO : 
(re’”) — preind 


Choosing r = 1 gives the rule below, which again looks like it follows from 
a familiar index law, but involves complex numbers. 


BNI : 
(c*) — pind 


Activity 38 Writing a formula for the quotient of two complex 
numbers in exponential form 


The formula for the quotient of two complex numbers in polar form is 


r(cos@ + isin @) Li _ - 7 
s(cos@+isind) — 5 (0088 ob) +isin(6 — ¢)). 


Write this formula using exponential form. 


Activity 39 =Working with complex numbers in exponential form 


Express each of the following products, quotients and powers of complex 
numbers as a single complex number in exponential form. 

4 oor /8 eit /8 
(a) emia aest (b) (a) (c) eit /8 (d) e37i/8 


You can use Euler’s formula to obtain further useful formulas, by 
combining it with properties of sine and cosine. For example, if you replace 
@ by —@ in Euler’s formula then you obtain 


e~? = cos(—0) + isin(—6). 
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You saw in Unit 4 that 


cos(—9) =cos@ and sin(—@) = —sin@, 


which give the following formula for ea 


e? = cos6 —isin# 


Since cos@ — isin @ is the complex conjugate of cos@ + isin @, we can make 
the following useful observation. 


The complex conjugate of eis e704 


The equation e~’? = cos 6 — isin@ is used in the next subsection to obtain 
formulas for sin@ and cos@ in terms of e’? and e~”’. 


Activity 40 Proving an identity by using Euler's formula and 
properties of sine and cosine 


Using Euler’s formula, prove the identity 


0 


ei(O+2n) = e 


Complex impedance 


In an electrical circuit powered by a direct current (from a battery, 
for example), the current J, measured in amperes, and the voltage V, 
measured in volts, are related by Ohm’s law, which says that 


Ves: 
where R is the resistance of the circuit, measured in ohms. 


The electric power in our homes is not supplied by a direct current. 
Instead it’s supplied by an alternating current, generated by an 
alternating voltage. The intensities of the alternating current J and 
voltage V oscillate with time, and are typically given by equations 
such as 


J=Josinwt and V=Vosin(wt+ 9), 


where Jo and Vo are the maximum values of the current 
and voltage, respectively, w determines the rate of oscillation 
of both the current and the voltage, and @ measures how 
far the current and voltage are from being synchronised. 


The graphs of these equations are illustrated in Figure 18. 


i: 


Jo 


HY 


(a) 
Figure 18 The graphs of (a) J = Josinwt (b) V = Vosin(wt + ¢) 


Electrical engineers use complex numbers in exponential form to 
manipulate equations arising from alternating currents. They define 
the complex current J to equal Joe’ and the complex voltage V to 
equal Voe(t+9). Tt follows that 


Im(J) = Im( Joe") = Jo sin wt 
and 
Im(V) = Im(Voe“*+9)) = VY sin(wt + 4). 


So the current J is the imaginary part of the complex current J and 
the voltage V is the imaginary part of the complex voltage V. The 
complex impedance Z is defined to be the ratio V/J. It can be shown 
that Z measures the various ways in which an electrical circuit resists 
the flow of an alternating current. By rearranging the equation 

Z = V/J you obtain a version of Ohm’s law for alternating currents: 


ZI), 


The actual alternating voltage can be found by comparing the 
imaginary parts of each side of this equation. 


4.2 Trigonometric identities from de Moivre’s 
formula and Euler's formula 


In Unit 4 you saw some trigonometric identities, such as 
sin29=—2sin@cos@ and cos20=2cos?6—1. 


In this final subsection you’ll learn how you can use de Moivre’s formula 
and Euler’s formula, together with the binomial theorem from Unit 10, to 
obtain new trigonometric identities. This illustrates the fact that 
techniques involving complex numbers can often be used to deduce results 


about real functions. 
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One way to find new trigonometric identities is to use the special case of 
de Moivre’s formula given in the box below. It’s obtained by taking the 

modulus r to be 1 in the general formula on page 211 and swapping the 

sides. 


Special case of de Moivre’s formula 


cos né + isin nd = (cos @ + isin 0)” 


Example 19 Using de Moivre’s formula to find trigonometric 
identities 
Use de Moivre’s formula to obtain the following trigonometric 
identities: 

cos 30 = 4cos? 6 — 3cos 8 

sin 30 = 3sin 6 — 4sin? 0. 
Solution 


©. Use the special case of de Moivre’s formula. Because the required 
identities involve 36, take n = 3. © 


By de Moivre’s formula, 
cos 39 + isin 30 = (cos@ + isin @)° 
©. Apply the binomial theorem. 
(cos 0)? + 3(cos 8)? (isin @) + 3(cos 6) (isin 0)? 
+ (isin 0)? 
cos? 6 + 3i cos” @sin 6 — 3cos @sin” 6 — isin? 6 
= (cos* 6 — 3cos @sin? 8) + i(3 cos? @sin 6 — sin® 6). 


©. To obtain the first identity, use the fact that the real part of the 
left-hand side is equal to the real part of the right-hand side. To 
express sin? @ in terms of cos @, use the identity sin? @ + cos?@ = 1. © 


Therefore 


cos 30 = cos? 6 — 3cos@sin? 6 
= cos* @ — 3cos 6(1 — cos? 6) 
= 4cos® 6 — 3cos@ 


©. To obtain the second identity, use the fact that the imaginary part 


of the left-hand side is equal to the imaginary part of the right-hand 
side. © 


and 
sin 30 = 3cos? @sin 6 — sin? 6 
= ails sin? 9) sind — sin? 6 
= 3sin6 — 4sin° 6. 


When you’ve obtained a new trigonometric identity, it’s worth trying it out 
with some specific values of the variable 6, to check that you haven’t made 
an error. Consider, for example, the identity obtained in Example 19: 


cos 30 = 4cos® 6 — 3cos 86. 


When 6 = 0, 
Dao ond RAS —4- 3 — |]. 
When 6 = 7/3, 


LHS=-—1 and RHS=4x ($)?-3x4=-1. 
When 6 = 7/2, both LHS and RHS are 0. 


So the identity certainly holds for these particular values of 0, as expected. 


Activity 41 Using de Moivre’s formula to find trigonometric 
identities 


Use de Moivre’s formula to obtain the trigonometric identities 


cos 40 = 8cos* 6 — 8cos?6 + 1 
sin 40 = 4 sin 6 cos 0(cos” 6 — sin” 6). 


To keep your working short, you may find it helpful to write c = cos@ 
and s = sin@. 


Another way to obtain new trigonometric identities is to start by finding 
formulas for sin@ and cos @ in terms of e’” and e~"’, where @ is a real 
number. To do this, recall Euler’s formula and the complex conjugate form 


of Euler’s formula, obtained in the previous subsection: 
e’” = cos6 + isin 8 
e? = cos6 — isin#. 


Adding the two equations gives 


. | ei? 4 e-i0 
ec? +e = 2c0s6, so aa ee cos 0. 
Subtracting the bottom equation from the top equation gives 
. ci0 _ @-i0 . 
e? — ¢ = 2isin8, so at real 0. 


These are the formulas that we need. 


4 Exponential form 
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e ae e 

cos @ = —————_ 
D) 

el = e8 
sin? = : 
21 


The next example shows you how you can use the first of these formulas to 
obtain a trigonometric identity. (In fact this trigonometric identity is one 
of the identities from Example 19, in a rearranged form.) You also have to 
use the rules below, which you met in the previous subsection. 


cei? — i(9+4) 


Nay : 
(<’*) — pind 


Cc) Example 20 Using the formula cos = $ (e"” + e~”) to obtain a 
i trigonometric identity 


Use the formula cos @ = 5 (e? = en} to obtain the identity 
cos 6 = + (cos 36 + 3cos@). 
Solution 


We have cos @ = 5 te? + oe). Therefore 
1 ote 
cos? 6 = 3 Cc oe on) 
@. Use the binomial theorem. & 
il 
ae as ((e#)° Ah Sle ee ae Serene a (er¥?)5) 


©. Simplify by using the rule (e’)” = e’?. © 


= : (cas is 30218 0-10 i 3016 9218 ae ae 


&. Simplify by using the rule ee’? = e+), @ 


i : ; F ; 
eS 3 (3 i 3°29 as 3e—9 a erat) 


©. Rearrange to obtain expressions of the form 5(e’* + e~'), and 
then use the formula given in the question again. © 
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4 Exponential form 


2 De 


4 
1 
= z (00838 + 3.cos 8) . 


Activity 42 Using the formulas cos = 4 (ce? + e~"*) 


and sin@ = = (e"’ — e~) to obtain trigonometric identities 


2i 
Use the formulas 
cosiGi= 5 Ca $ ei?) and sing = = Ci — a) 
to obtain the following identities. 
(a) sin? 9 = : (3 sin # — sin 38) (b) cost @ = i (cos 46 + 4 cos 26 + 3) 


The examples and activities in this section have shown you how to use 
complex numbers to deduce new trigonometric identities that express 
sinné and cos né in terms of powers of sin@ and cos@, and vice versa. This 
should have given you some idea of the power of complex numbers, and an 
appreciation of the fact that their uses are far from ‘imaginary’. 


Quaternions 


You’ve seen that when you work with complex numbers, you're 
performing arithmetic with pairs of real numbers. The Irish 
mathematician William Rowan Hamilton was the first to realise how 
to perform arithmetic with quadruples of real numbers. He did this, 
in a flash of inspiration, while walking beside the Royal Irish Canal 
near Dublin on 16 October 1843. His idea was to use numbers of the 
form a+ bi+ cj + dk, where a, b, c and d are real numbers, and 


P= p=k* =ijk=-1. 
Hamilton scratched this foundational equation on to Broom Bridge as 


he passed by. His scratches are no longer visible and instead a plaque 
records the event. Hamilton called his new system of numbers the 


quaternions. You can perform all the usual arithmetic operations oe 

rh : : sal ditt : psa eRe The plaque on Broom Bridge, 
with quaternions, with one crucial difference: multiplication is Dubieierenanke 
commutative. For example, you can show that Hamilton’s discovery 


ij =k, whereas ji =—k. 


Soon after the discovery of the quaternions, a system of arithmetic 
with octuples of real numbers was developed, called the octonions 
(or Cayley numbers). Multiplication of octonions is neither 
commutative nor associative. This makes them tricky to manipulate! 
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Learning outcomes 


After studying this unit, you should be able to: 


e understand what complex numbers are, and carry out arithmetical 
operations on them 


"me sorry, the 
number You have 
Avalled is imaginary. 
Please rotate your phone 
through 90 degrees 
and redtal. 


e work with the complex plane 


e understand modulus and argument 


e understand the polar form of a complex number, and convert between 
Cartesian form and polar form 


e multiply and divide complex numbers in polar form 

e understand and use de Moivre’s formula 

e find all solutions of quadratic equations, including complex solutions 
e find roots of complex numbers 

e understand the fundamental theorem of algebra 

e state Euler’s formula 


e understand the exponential form of a complex number, and convert 
between this form and other forms 


e use de Moivre’s formula and Euler’s formula to obtain trigonometric 
identities. 
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Closing remarks 
Closing remarks 


Well done for completing MST124 (or skipping to the last page)! You’ve 
covered a broad range of topics, which will provide you with the essential 
mathematical skills that you need to develop as an engineer, scientist, 
economist or mathematician. 


Let’s review some of the key topics that you met, and see how they fit 
together. You learned a good deal about functions, which are among the 
most fundamental objects in mathematics. The exponential function is of 
particular significance, not least because of its use in exponential models of 
real-life situations. The trigonometric functions are also of great 
importance, and their many practical applications include measuring 
distances and modelling waves. In this final unit you met Euler’s 
remarkable formula e’? = cos @ + isin @, which brings together the 
exponential and trigonometric functions by using complex uumbers. With compound interest, 
savings increase exponentially 


Another class of functions that you studied are the polynomial functions. 
You saw that you can approximate functions by Taylor polynomials, which 
is often extremely useful for understanding properties of functions and 
performing calculations with them. 


You saw that functions and sequences can be represented geometrically by 
their graphs. Graphs help to quickly communicate the key properties of 
functions and sequences, and they also provide a simple way to represent 
physical quantities such as velocity and acceleration. 


Through studying gradients of graphs you came to learn about 
differentiation, and then about integration, which is the reverse of 
differentiation. The theory surrounding these two concepts, which is 
known as calculus, is an essential part of almost every discipline that 
involves mathematics, from finance to medicine. You’ll make good use of 
calculus in higher-level modules involving mathematics. 


In Unit 5 you learned about another way of modelling real-life phenomena, 
namely by using vectors. Trigonometry is crucial when you’re working 
with vectors, because you can use it to calculate the directions of vectors. | The acceleration of a diving 
You also learned some geometry in Unit 5, and then, in this final unit, you ae ney ee ie F 
saw how by using the complex plane you can associate the rich structure of arma ela wea ee Oe 
the complex numbers with two-dimensional geometry. Mi 8 


Yet another central topic that you encountered is matrices, which have a 
huge range of applications, in modelling networks, solving linear equations, 
higher-dimensional calculus, and many other topics. 


The MST124 authors hope that you feel inspired to continue to study 
mathematics, whether it’s through engineering, science, statistics or any 
other subject with a mathematical component. 
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Solutions to activities 


Solution to Activity 1 


Solution to Activity 2 
(a) (2+ 52) + (—7 + 13%) = (24+ (-7)) + (5+ 13): 


= —5 + 182 
(2+ 5z) — (-7 + 132) = (2 — (—7)) + (5 — 13): 
= 9 — 8 
(Ji (= 40) (02) = ((—4) + (—9) Ja 
22118) 
(—42) — (—9) = ((-4) - (-9)) 
= i 
(c) (8—7i) + (3 — 7i) = (3+ 3) + ((-7) + (-7))i 
=6-— 141 
(3 — 71) — (3 — Ti) = (3 — 3) + ((-7) — (-7))i 
= () 
(d) (3+ 72) + (3 — 7) = (384+3) + (74+ (-7))2 
='6 
B47) —(3—%)= (8—3) + (7 = (-7)): 
= {4; 


| 


aN 
I |r 
N|R-™ 
|r 
| 
| 
Cle 
a 
eee 
—— 
Fram 
a 
| 
Cole 
= 
| 
ale 
eee 
~ 


iho 

—i; 

2 we 12 3 As 
zg-w=1.2—- 3.42 
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Solution to Activity 3 
(a) utu+w = (44+ 62) + (-3 + 57) + (2-7) 
= (4+ (-3) +2) + (645+ (-1))i 
= aa li 
(b) By part (a), 
wtutu=utu+w=3- 100. 
(c) u-(w+w) =u-—v-—w 
= (4+ 62) — (—3 + 5i) — (2-12) 
= (4— (—3) — 2) + (6-5 — (-1)): 
=5+42i 
(d) uw-(v—w) =u-vt+w 
= (4+ 67) — (-3 4+ 52) + (2-12) 
= (4~(-3) +2) + (6-5 + (-1)) 
=o 


Solution to Activity 4 
(a) (13:2) 47) 22S 4a eG 127 
=2+4i+6i-12 
= —10+ 10% 
(b) (—2 + 31)(4 — 7i) = —8 + 144 4+ 121 — 2177 
= —8 + 144 + 12 + 21 
= 13 + 26: 
(ci 3a 357) 2 
sa eds 
= 15+ 12% 
(d) 7(-2 + 51) = —14+ 351 
(e) (2 —31)(2+ 37) = 4+ 61 — 62 — 977 
=4+ 61-6149 
=18 
(f) ($44) (1+ $i) = 44+ 4i+i4 $7 
=5+q7i+t-5 
= 54 


4 


Solution to Activity 5 
(a) u(v + w) = (1 + 27)((4 = 31) + (-i)) 
= (1 + 27)(4 — 42) 
= 4-41 + 8i — 87? 
=4-44+84+8 
= 12 + 42 
(b) By part (a), 
uv +uw = u(v+w) = 124 4. 
(c) wow = (1 + 22)((4 — 32)(—2)) 
= (1 + 22)(—4¢ + 377) 
(= 


Os e3—4)) 
=o tt 6 — 8 
= fad) ee 
=)— 102 
Solution to Activity 6 

Peal 

ji=i 

f= —1 
2 


®&=(@P)i= (i= -1 


The powers of 2 are, in order, 


[beets Te = pa en eres at ty feed ae ae 
SSS 


This pattern repeats 


Solution to Activity 7 

Since 
(31)? = 374 = 9 x (-1) = -9, 

it follows that 32 is a square root of —9. Since 
(—31)? = (—3)*7* =9 x (1) =—9, 

it follows that —32 is also a square root of —9. 


Solution to Activity 8 
(a) 4= 22 


Solutions to activities 


Solution to Activity 9 
As z=a+ bi, it follows that w = Z =a — bi. 
Therefore 


U— Dia Ot =. 


Solution to Activity 10 

Let z=a+ bt. 

(a) 2+2= (a+ i) + (a — bi) = 2a = 2Re(z) 
(b) z—Z= (a+ bt) — (a — bi) = 261 = 2iIm(z) 


Solution to Activity 11 

(a) (2+ 3:)@ = 31) = 27+ 37 =44 913 
(Se Se) Ey ear = = 5 
(c) (5t) x (—5t) = 5? = 25 

(d) (-2) x (-2) =4 


Solution to Activity 12 
1 —2 — 31 
Orn = ee a 
i) 
Rete 2d 
~ Cys 
_ =22 32 
is 
ae 21 a) 
i = ei) 
22 
= ae 
2 24 
2 
ey 
(c) To simplify this fraction, you could multiply the 
top and bottom of the fraction by the complex 
conjugate of the denominator, namely —2z7. 
However, it’s simpler to multiply the top and 
bottom of the fraction by —7, as follows. 
M82 CUE S2) 2) 
23 =—Ss«éD (2) 
_ —1li+ 8? 
= 24? 
—11i-8 
2 
—8 — 112 
2 
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ji =p Ka) ly) 
4+7i (44 7i)(—1—- 2%) 


(f) —1+2¢ (—1+2%)(—1 — 2%) 
_ —4- 81 — Ti — 14%? 
(elle cee 
_ 10-15% 
a 
=—2— 3) 


8+3i  (8+3%)(1 —3:) 
8) 143i > 43: — 31) 
— 8 — 244 + 31 — 977 
ror 
17 = 212 
aa 10 
—2+4+5i  (-2+5i)(—4 +1) 
27 9 CaaS) 
— 8-21 — 201 + 5? 
2) el) 
322i 
er 7. 
Solution to Activity 13 


(h) 
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Solution to Activity 14 

(The lines in the diagrams below are included to 
help you see how the answers are obtained. For 
example, in part (a) the parallelogram law is used 
to find z + w. Your solutions needn’t include such 
lines.) 


(a) 
i war (0) 

(b) 
2z 

(c) 


Solutions to activities 


(d) (c) |0| =0 
OY = oa 
| (e) |177| = V172 =17 
, (f) 7 -~ivi5| =7+(- 1) 
Be 2) WEEN 
= V64 
= 


(eee ay ea 2 
(h) |19+192| = 192 + 19? = V/192 x 2 = 19/2 
(e) (UP a] 7 (1 Pe 


Solution to Activity 16 
Since z = a+ bi, it follows that 


—2 = —G — 09 
and 
(f) Z=a-— bi. 
Therefore |z|, |—z| and |2Z| are all equal to Va? + b?, 
so they are all equal. 
Solution to Activity 17 
(a) i! Da) Zt pai) 
a = — = 
2+% |24+i|2 2241? 5 
il —l1—32 
I = 
2) Sa) = Scie 
Pee ees 
~ P+? 
aes 
10 
Solution to Activity 15 (c) You could use the formula 
1 Zz 
(a) |3+4i| = V3? + 42 = V9 + 16 = 25 =5 pe we 
(Dy 4-6 37] = 4/ (—4)* + 3? to find 1/27, but it’s easier to multiply the top 
=(/16+49 and bottom of the fraction 1/27 by i to give 
Os aS eae ye 
Dy i i ari 2 


5 
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Solution to Activity 18 
(a) (d) 


From the diagram, Arg(7i/2) = 7/2. From the diagram, Arg(2) = 0. 


(b) Solution to Activity 19 


(a) 


From the diagram, Arg(—47) = —7/2. 
(c) 


From the diagram, 
1 
tan? == =. 
1 
So the principal argument is 6 = 7/4. 


> Alternatively, you may see immediately from 
the diagram that the principal argument is 7/4, 
13 because it’s half a right angle (7/2 radians). 


From the diagram, Arg(—3) = 7. 
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From the diagram, 


ay 


tan ) = i 
Therefore ¢ = 7/3. So the principal argument is 
us 
@=-oe=-—-. 
me 
(c) 
A 
J/3 
Z=—-vV3-1 


From the diagram, 


1 
FR 
Therefore ¢ = 7/6. So the principal argument is 


te-te-8)=-(0-2)=-% 


tan @ = 


(d) 


Solutions to activities 


From the diagram, 


2 
tan ¢ = —— : 


3 4/3 
Therefore ¢ = 7/6. So the principal argument is 


TT 


Solution to Activity 20 


See 


(a 
(b) 
(c) 
(d) 


(e) 


(f) 


3(cos0 + 7sin0) = 3(1+0) =3 


Tv he 7 5‘ : 
i (cos (5) +7sin (5)) = ((OF et) = 1 
6(cosm + isin) = 6(—14 0) = -6 


fa a Le ee 
COs (3) +2sS1n (3) =) =7=-2 


5(cos(—7) + 7sin(—7)) = 5(-1+0) = —5 


2(om(-$) +4s0(-) -2(Fp-F) 


= VP) 
5 (= (#2) +) 


Solution to Activity 21 


(a) 


The modulus is 7/2. From Activity 18(a), the 
principal argument is 7/2. Therefore 


i = i (cos (=) 4 s5in (=)) 

2 oe. 2 Z, 
The modulus is 4. From Activity 18(b), the 
principal argument is —7/2. Therefore 


T Nid 1 

—4,=4 (cos ‘cD “0 SLL 1) : 
The modulus is 3. From Activity 18(c), the 
principal argument is 7. Therefore 

—3 = 3(cos7 + isin7). 
The modulus is 2. From Activity 18(d), the 
principal argument is 0. Therefore 

2 = 2(cos0 + isin 0). 


249 


Unit 12 Complex numbers 


(ec) The modulus is (c) zw =cos & i = + ésin (F ai = 
r=Vl?4+12?=V1iF1=v2. * 
From Activity 19(a), the principal argument is = cos (+> is in ( =) 
1/4. Therefore 
T Chey ie The angle 167/9 lies outside the interval 
ia ae (cos q Sen Gl (—7, 7], so it isn’t the principal argument of zw. 
(f) The modulus is The principal argument is given by 


167 LOi. el om QT 


My yy 8)? esi 4. oun To 


From Activity 19(b), the principal argument is Therefore 


—/3. Therefore Dh 658 (-2) + isin (-=) 
9 9 


1 -iv3 = 2 (cos ls) + isin (-=)) | 


(g) The modulus is 


i Ae, ene ras The ora ae ae 4 
ome (Feet) ter eee) 


Solution to Activity 23 


T 
—+io+—)+ —+2 
From Activity 19(c), the principal argument is ae (ET Pek Be le a iG 
—57/6. Therefore On (Or 
oe = =< (cos (F) +7sin (=)) 
-~/3-i=2 (cos (-3) + isin €3) 
6 6 OT pee OT 
= 8 (cos | -— isin{| -— } }). 
(h) The modulus is ve 7 
ie J (2v3) +(-2)?=V12+4=V16=4. Solution to Activity 24 
From Activity 19(d), the principal argument (a) ES (cos (= = =) a ean (= - =)) 
is —7/6. Therefore w b> | 10 Spal 
T “oh /ia 
273-2 =4 (cos 7) + isin (a) =o (cos l= +isin ce) 
Solution to Activity 22 by “5 a(n ed 
== — —- — isin | — — — 
olution to Activity * or ee 
(a) zw=48 (cos (=+ — | + isin ($+=)) 20 Pa 
5 lo = 9 (cos (-2) oe (-F)) 


48 (cos (=) +7sin (Z ) 
= ae ) 
uD 10 = 2 (cos a) + isin (-=)) 
i 3 
(b) zw=40 (cos (4 + = + isin (4 =| =)) 


S 
Ele 
| 
e) 
5 
7 
|S 
| 

IS 
Se 
‘ 
Z 
p 
aie 
| 
| 3 
a 


9 9 
= A\() (cos (=) ee Sin (=) = cos0 +7sin0 
rf S ae In this case, the Cartesian form of z/w is 1 (as 
The angle 13/ 8 lies outside the interval you would expect since z = w), which is simpler 
(—7, 7], so it isn’t the principal argument of zw. than the polar form. 


The principal argument is given by 
137 ae 13x 167 oT 


eee ar OREGS® a ike a acel 
Therefore 


S 
zw = 40 (cos (-=) +7sin (-=)) ; 
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Solution to Activity 25 


From the diagram, 


pcs (3) isin (-2) 
eee ered | oy \eoe ae 
5 isin |—> 
Let z = r(cos@+isin@). Then 
z xX (-7) 


= r(cos@+isin@) x (cos (=) +7sin (-5)) 


=r (cos (9-5) +isin(@-2)). 


Therefore multiplying z by —7 corresponds to a 
clockwise rotation through a quarter turn 
(—7/2 radians). 
Solution to Activity 26 
(a) The modulus of 1 +7 is 

/12 +12 = V1+1= v2. 


The principal argument of 1 +7 was found to 
be 7/4 in Activity 19(a). Therefore 


ie v2 (cos (=) +7sin (4)). 


Solutions to activities 


3 x 
4 4 
= 2/2 (cos (=) +7sin (F)) 
4 4 
1 


The modulus of —1 + iV/3 is 
eben 3) = ease aa 


The principal argument of —1 + iV3 was found 
to be 27/3 in Example 5 . Therefore 


-1+ivV3=2 (cos (F) + isin (F)) 


Hence 


(—1 + iVv3)" 


2 2 
=? (cos (7 SK +) +7sin (7 x +)) 
14 14 
= 128 (cos (+) +27sin (=) : 


Since 
147 ne 21 
= TT —S 
3 a 
we obtain 
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(d) The modulus of V3 +7 is 
(3) ay sey 


From the diagram, 
1 
tan é = —. 
Vs) 
Therefore the principal argument is 0 = 7/6. So 
V3 +i =2(cos (7) + isin (F)). 
Therefore 


(V3 +%)-® 
= 90° (cos (—6 x >) +7sin (—6 x aD 


= —(cos(—7m) +7sin(—7)) 


(e) The modulus of 2 + 23 is 


J22 +22 = /444 = V8 = 22. 


a PAs 


ALA 
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From the diagram, the principal argument is 
1/4. Therefore 


24+ 21 =2/2 (cos (=) + 7sin (F)) ; 


A 
Hence 


Solution to Activity 28 
(a) Completing the square on the left-hand side 


gives 

(2-1)? +1=0; 
that is, 

(Ca oe 


Taking square roots of both sides gives 

| et SO eee 
(b) Completing the square on the left-hand side 

gives 
(z+2)*?+9=0; 

that is, 
(22a 

Taking square roots of both sides gives 
G2 SE) gS Ot ee ede 


(c) Subtracting 25 from both sides gives 


2? = —25. 
Taking square roots of both sides gives 
ie test 1) 


Solution to Activity 29 


IA eV 0) a eae 
(a) = 
yy S< AL 
WEA 
7 D 
—2+27 


2 
Sigel 


| 


(b) You could solve this quadratic equation by 
using the quadratic formula, but it’s easier to 
solve it by factorising, as follows: 


27+6z+9=0 
(Z-3)2 = 0 
ao) 
Ua 
(c) You could solve this quadratic equation by 


using the quadratic formula, but it’s easier to 
solve it by using a simple rearrangement. 


Subtract 5 from both sides of the equation to 
give 
3e° = —5. that ist 2 =. 


Therefore 


i if? - 1 


Rationalising the ROS gives 


V5. va _, vB 


= sj = eS SS 
Rie OE 

; _ 444/(-4)7 =4 x18 
(d) z= 2x1 

_ 4+ V-16 

sd y 

444i 

ao) 

=21+2i 


(e) You could solve this quadratic equation by 
using the quadratic formula, but it’s easier to 
solve it by factorising, as follows: 

po) 
e430) = 0 
a0 Or 27, 3 — 0 


Zh ee ea = ae 


(f) ya 3tVE 


Solutions to activities 


aA as 


<a, 


ey ol 


A 


321 sl 


4 


Solution to Activity 30 


(a) A suitable quadratic equation is 


C2 ye = 


Simplifying gives 


(= 2 
(gaan 


Bp ald =) 
eA) 


(1 — 2%)) =0. 
—1)+2%)=0 
— (21)? =0 


(b) A suitable quadratic equation is 


ex 


(—3 + 42))(z — (-3 — 47)) = 
Simplifying gives 
((2 +3) — 42)((z + 3) + 42) =0 


(z +3)? — 
z7+6z+9+16=0 
27+6274+25=0. 


— (4i)’ =0 


(c) A suitable quadratic equation is 


(2—Ti)(2— 


Ve’ 


Simplifying gives 


=e 


=0 


27+49=0. 


(d) A suitable quadratic equation is 


at) )(z — (1 


(Z 


(i+ 


Simplifying gives 


((z 


1) 


(as 
2? —22+1+4=0 


si)((z2-1) + 
(51) =0 


5i)) =0. 


0. 
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Solution to Activity 32 
> 2 
(-1-iv3) =14 21v3 +? (v3) 


eae aa 
= 24 2/3. 


I 


Therefore 
(-1-iv3) = (-1-#v3) (-1-v3) 
= (-2 + 2iv3) (-1 -iv3) 


2 
= 2+ 2iv3 — 2iv3 — 2? (V3) 
eG 


-1-iv3\" _ (-1-iv3)*_8_, 
Lk Lire aaron oa 


(There’s another, quicker solution to this activity. 
Bet 4 (-1 +ivV3), so that 2 5 (-1 — iS) 
You’ve already seen that w is a cube root of unity, 
and now you’re asked to show that W is also a cube 
root of unity. To do this, take the complex 


conjugate of each side of the equation 


oo = 1 
to give 

ie ak, 
Since 


ws =w St) XW) =O X 
it follows that 
Gp) 


g| 
x 
g| 
| 
g| 
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Solution to Activity 33 
(a) Let z=r(cos@+7sin@). Then 
r3 (cos 30 + isin 30) = cos0 + isin 0. 
Comparing moduli gives r? = 1, so r = 1. 
Comparing arguments gives 
30 = 0+ 2ma—=2mz7, 
Hence 
aos Me where m is an integer. 
Taking m = 0,1, 2 gives the solutions 


zZ = cos0+2zsin0 = 1 


ne Dg ay. QT = il 
= cos () +isin (F) = 5 
os An eT eee 
za = cos (42) isin (F) = 3 1 
All other values of m give repetitions of these 
three solutions. 


where m is an integer. 


(b) Let z = r(cos6+isin@). Then 


r*(cos 40 + isin 40) = cos0 + isin 0. 
Comparing moduli gives r4 = 1, so r = 1. 


Comparing arguments gives 


46=0+2ma= 2m, where m is an integer. 


Hence 


ma 
§ = —, 

2 
Taking m = 0,1, 2,3 gives the solutions 


Zp = cos0+7sin0 = 1 


smen(f) tie) = 
21 = COS 5 7sin 5 Si 


Zz = cosx + 2S5in 7 = —1 


ek 37 ce 3m me. 
z3 = cos 5 zsin ee 4. 


All other values of m give repetitions of these 
four solutions. 


where m is an integer. 


Solutions to activities 


(c) Let z= r(cos@+isin6). Then 


r°(cos 60 + isin 60) = cos0 + isin0. 
Comparing moduli gives r° = 1, so r = 1. 
Comparing arguments gives 

60 =0+2ma=2mz7, where m is an integer. 
Hence 


MTT : : 
i sar where m is an integer. 


Taking m = 0,1, 2,3,4,5 gives the solutions 


Zo = cos 0\--4sin0 = 1 
(7) oe ip ; 
= = |) sF Sa. = a 
a = COS 3 is 3 5 5 


2 2 1 3 
Z2 = cos (F) Sie rcinal (= ais a 


23 = COST usin m= —1 


At ao An 1 43 
Z4 = COS (=) ar Osun (F) = a nae 

Ye ae OT aed eS 
25 = 005 ($F) + isin () = 5 Ue 


All other values of m give repetitions of these 
six solutions. 
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Solution to Activity 34 


(a) 
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A polar form of the complex number 64 
is 64(cos0 + isin0). Let z = r(cos@ + isin 6). 
Then 

r°(cos 60 + isin 60) = 64(cos0 + isin 0). 
Comparing moduli gives r° = 64, so r = 2. 
Comparing arguments gives 

66 =0+2mz7, where m is an integer. 
Hence 

ma 

= ae where m is an integer. 
Taking m = 0,1,2,3,4,5 gives the solutions 

z = 2(cos0 +isin0) = 2 


A eo (cos i.) +7sin ie) =1+iv3 


2 2 
za = 2 (co (# +7sin (= SE ei 2 


Ze 2 cCos me Silt) — 2 


)) 
z4 =2 (os (5) + isin ($)) = -1-iv3 
te =2 (cos (F) + isin @&) =1-iv3. 


All other values of m give repetitions of these 
six solutions. 


(b) A polar form of the complex number —8 


is 8(cos7 +isin7). Let z= r(cos@ + 7sin 0). 
Then 

r3(cos 30 + isin 30) = 8(cos m + isin 7). 
Comparing moduli gives CS Oe Sa 
Comparing arguments gives 

360 = a+ 2m = (2m + 1)7, 
where m is an integer. 


Hence 
D 1 
= eas where m is an integer. 


3 


Taking m = 0,1,2 gives the solutions 
eye (cos iS) +isin ) =1+iv3 
fy = 2( Cosh 41 Sin 1) = — 2 


ee D (cos (F + isin (=)) See 


All other values of m give repetitions of these 
three solutions. 


(c) The modulus of —1 —7 is 


V(-1)? + (-1)? = JI+1= v2. 


OT 


ee 


From the diagram, 


Arg(—1—i) = * 


Therefore 


= iy (cos (=) +7sin (+) : 


Let z = r(cos@+isin@). Then 
r° (cos 56 + isin 56) 


-a(oe() me) 


Comparing moduli gives r° = V2, so r = 2/10. 


Comparing arguments gives 
56 = 57/4 + 2mz, 


Hence 


jee 
- A 5 


Taking m = 0,1, 2,3,4 gives the solutions 


where m is an integer. 


where m is an integer. 


bo 
3/8 
ae 


ce 
= | SS 


& 
bw 
| 
ho 
rai 
—— 
S 
ENE COREE ates 
(e) 
n 
mT a 
[3 8/8 8/5 
Cly BS) S 
ee, 
aL 
>. . ~. 5 
=) 
ULE LETS FE 
= 
Se 


i) 


0 
All other values of m give repetitions of 
five solutions. 


hese 


Solutions to activities 


Solution to Activity 36 
(a) 3e”° = 3(cos0 + isin 0) 
= 3(1 +0) 

eo 


(b) 7e'"/2? =7 (cos [] + isin (5) 
= 7(0 +12) 
= s/0 
(c) 6e'" = 6(cos a + isin 7) 
= 6(-1+0) 
= —6 
(d) e~*"/? — cos(—x/2) + isin(—7/2) 
=0-i 
(e) 5e-** = 5(cos(—z) + isin(—7)) 
(1250) 
= —5 


(f) 4e'*/5 — 4 (cos i) + isin au 
=2+42V3i 
(g) 26 7/4 = 9 (cos (-3) esciln (-7)) 
=2(4-—) 
eye 
=V2-iv2 
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(nny ae © =o (cos (= + isin (=)) 


(at) 


2 2 
3 
2 2 


Solution to Activity 37 
(a) From Activity 21(a), the modulus is 7/2 and 
the principal argument is 7/2. Therefore 
x (ite 
a — mer * 
(b) From Activity 21(b), the modulus is 4 and the 
principal argument is —7/2. Therefore 
Ai es a 
(c) From Activity 21(c), the modulus is 3 and the 
principal argument is 7. Therefore 
=3:= 37. 
(d) From Activity 21(d), the modulus is 2 and the 
principal argument is 0. Therefore 
Dee es. 
(c) From Activity 21(e), the modulus is 2 and the 
principal argument is 7/4. Therefore 
Se — Oils 
(f) From Activity 21(f), the modulus is 2 and the 
principal argument is —7/3. Therefore 
ety 8 en 
(g) From Activity 21(g), the modulus is 2 and the 
principal argument is —57/6. Therefore 
25 i Je ort/6_ 
(h) From Activity 21(h), the modulus is 4 and the 
principal argument is —7/6. Therefore 


Da) hj Ae (8 
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Solution to Activity 38 


Because 
r(cos@ + isin@) = re? 
s(cos@+ising) = se’? 
= (cos( — @) +isin(@ — ¢)) = ae. 


the formula for the quotient of two complex 
numbers in polar form can be written as 
i0 
Ea C= 3). 
S67 as 


Solution to Activity 39 

We use the formulas in the boxes above the activity, 
and the formula from Activity 38. That is, we use 
the usual index laws. 

(a) eit /8 x e3rt/8 = ei(n/8+31/8) 


= eo (47/8) 
= eit/2 
(b) ez) — pi(4xn/8) _ pin/2 
e371 /8 pes F 
(c) ae — ei(37/8—7/8) 
=. ei (27/8) 
Fe eit/4 
in/8 
2 u(n/8—37 
(d) ae Sr /8—31/8) 
= pi(-2n/8) 
= et/4 


Solution to Activity 40 
Euler’s formula gives 
e042") — cos(O + 2m) + isin(O + 27). 
Since 
cos(@ + 27) =cos@ and 


it follows that 
ei(9+2n) 


sin(@ + 27) = sin 8, 


= cos@+isin@ = e”. 


Solutions to activities 


Solution to Activity 41 Solution to Activity 42 
For brevity, write c = cos@ and s = sin@. Then, by (a) By the given formula for sin@ and the binomial 
de Moivre’s formula and the binomial theorem, theorem, 
cos 46 + 7 sin 46 = (cos@+ isin6)* 1 a 
( ide sin 0) ane Oe : (ei? a — 
= (E4505) (27): 
tC Ae as) 6c*(is)? = fe ((e')3 i 3(e!®)2(—e-#) 
+ 4c(is)? + (is)? es i0/__,-i0)2 ~i0)3 
ee! ae) 2.2 ee wae ee) see) 
=c + 41c’s — 6c’s* — 4ics’ + s 1 
=e 6c 6 g ct Aics(c? — s”). sar (eo? Pibe em eee m= ose) 
—8i 
Comparing real and imaginary parts, and using the ier O y aap 
identity c* + s? = 1, gives es (eo es) 
cos 46 = c* — 6c?s? + 54 1 ; 
3 : i : ‘ = — (3(e% an Ca fy. (e@ on.) 
=e —6¢(l—c)+0—c)Ai—-c) 81 
id _ ,—i0 310 _ ,—3i0 
pe Games ct =7(a(¢ = € ) ev —€ a 
ee = eet | i 2b 22 
= 8cos* @ — 8cos*6+ 1 = 7 (3sin@ — sin 38). 
and : (b) By the given formula for cos@ and the binomial 
sin 40 = 4sc(c? — s”) theorem, 


= 4sin 0 cos 0(cos? 6 — sin? 6), 
which are the required identities. 
(Another way to obtain the identities in this = = ((e")2 Eis A(e\2e? xi 6(e%)2(e#9)? 
activity is to apply the double-angle identities 

=i Ae" (Ee 7 \e A (ens) 


cos! @ = = (e’” =F om 


sin20=2sin@cos@ and cos26 = cos’ @-— sin? 6 


1 ue . 
repeatedly. For example, aie (Cae des en em Genten 4 
sin 46 = sin(2(26)) 4 dei e- 38 ao 
= 2sin 26 cos 20 pie oe ae re 
— 1 1 —2i —4i 
= 2(2sin 6 cos 6) (cos? 6 — sin? 0) iG (ete, (Ore ee 4) 
el Dee l . . 
= 4sin 0 cos 6(cos* 6 — sin” @).) == ((et? 4 6749) 4 4( 629 4 9-28) 4 6) 


= it et9 ae e408 Ate) e208 ae e208 of 5 
5 2 2 


1 
= q (cos4d + 4008 20 +3). 
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